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SUMMARY

The atomic force microscope (AFM) is a powerful tool for imaging and manipulating matter at the
nanoscale. An optimal control problem is proposed for the control of AFMs which includes the design of a
sample-profile estimate signal in addition to the set-point regulation and resolution objectives. A new
estimate signal for the sample profile is proposed and it is proved that the transfer function between the
profile signal and the estimate signal is unity. The main contribution in comparison to existing designs is
that there is no bandwidth limitation on estimation of sample profiles! Experimental results are presented
to corroborate these results. Copyright # 2005 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The atomic force microscope (AFM), since its invention in 1986 [1], continues to have a deep
impact in many areas of science and technology. The primary component of an AFM is a micro-
cantilever with an ultra sharp tip that has a diameter of a few nanometers. The micro-cantilever
has a relatively small spring constant but has high resonant frequency due to the small mass.
The small stiffness facilitates detection of the extremely small interactive forces between the tip
and the sample whereas the high resonant frequency reduces the effect of various sources of
vibration. The AFM is most widely used to obtain the topography of samples with sub-
nanometer resolution. Besides topographical imaging, the AFM has enabled probing and
manipulation of different physical variables that include magnetic, electrical, biological, and
chemical properties in the nanoscale [2–4]. However, its considerable potential still needs to be
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tapped. There is still a lot of scope for improvement of these devices in achieving high resolution
images at higher bandwidth. In this context, the control design forms an important component
towards achieving these goals. This has led to a growing interest in atomic force microscopy in
the systems and dynamical systems communities. System tools have been used to study steady
state behaviour of cantilevers [5, 6], explain rich complex behaviour observed in experiments
[7–9], and derive fundamental limitations on this technology [10]. The need for high throughputs
in many applications has imposed severe demands on these devices. Several system theoretic
methods are being applied to address this need such as increasing the detection bandwidth using
observer based control scheme in Reference [11] and increasing the throughput by implementing
an array of cantilevers by using analysis and control tools from the area of distributed control
theory [12, 13]. Significant research has been done in the area of sample positioning for the AFM
[14–18]. Piezo-actuators are widely used for sample positioning. However, piezo-actuation
introduces effects such as hysteresis, drift and creep which adversely affect the performance of
the device. System tools have been applied to study these effects and compensate for them. The
classical PID-design, which is typically employed for control in these devices is inadequate, in
many cases, to realize their full potential. Consequently, robust control tools have been
proposed and implemented which have shown substantial improvement in simultaneously
achieving fine resolution, high bandwidth and robustness of these devices.

Compared to the research on sample positioning, the equally important problem of obtaining
signals which are accurate measures of the sample topography has received little attention.
In this paper, we address this problem especially for fast imaging applications. It forms
an important step towards building a robust high precision microscope with ultrafast
imaging capability. In a typical imaging operation, the sample positioning controller moves
the sample up or down to maintain a set-point deflection for the micro-cantilever while
the cantilever scans over the sample surface. The control effort u which is the input to the
vertical positioner is typically used as an estimate of the sample topography, which is
satisfactory for slow scans but not for fast scans of rough surfaces. In Reference [15] the idea
of using a simulation of the positioner dynamics to obtain better estimates of the sample
profile is presented. However, this leads to added complexity in the design and is more
susceptible to model uncertainties. Sebastian et al. [19] present the idea of using better sample-
profile estimate signals derived from the controller instead of the control effort u: These signals
are considerably better for fast scans but are still bandwidth limited. The main contribution of
this paper is that we propose a new estimate signal and prove that it asymptotically tracks
the profile perfectly for all frequencies, i.e. the transfer function between the estimate signal and
the sample profile signal is equal to one! The proposed signal is obtained by exploiting the
‘quasi-observer’ form of the centralH1-controller and the structure of the model for the device.
It comes at no extra computational cost over the control design}TheH1 controller is designed
to obtain set point regulation and high resolution and the proposed profile estimate signal is
derived in terms of this controller. This scheme is demonstrated by simulation and experimental
results.

An optimal control problem is proposed which includes the objectives of high resolution, set
point regulation and low profile estimation error. We show that the proposed signal is a solution
to this problem. Moreover, we study its robustness to modelling uncertainties. The paper is
organized as follows. In Section 2 the device set up and the optimal problem formulation is
presented. In Section 3 the new signal is proposed and its robustness properties are investigated.
The experimental results are presented in Section 4.

Copyright # 2005 John Wiley & Sons, Ltd. Int. J. Robust Nonlinear Control 2005; 15:821–837

S. M. SALAPAKA, T. DE AND A. SEBASTIAN822



2. SETUP AND PROBLEM FORMULATION

A schematic of an AFM and its working principle is illustrated in Figure 1. Typically the AFM
is used in either of the two modes of operations, dynamic-mode and contact-mode. In the
dynamic-mode operation the cantilever is made to oscillate and the changes to the periodic orbit
due to tip–sample interactions give a measure of the sample profile. In contact-mode operation
the cantilever tip rides on top of the sample and the cantilever deflections due to tip–sample
interactions give a measure of the profile. When these deflections are directly used for imaging
(the controller in Figure 1 is disabled) as in constant height operation, the contact forces can vary
which typically result in unreliable and distorted images and sometimes tip–sample damage.
Therefore in a typical contact mode operation, the cantilever deflection is regulated at a set-
point (i.e. the tip–sample force is kept constant) while scanning the sample. This is achieved by
moving the vertical positioner (Z-piezo) to which the cantilever is attached up or down to
compensate for the undulations in the sample surface by using a feedback controller. The input
to the vertical positioner, i.e. the compensating control signal, is traditionally used as a measure
of the sample profile. However, this method of imaging is valid only for low bandwidth imaging
applications.

Figure 2 shows a system theoretic model of an AFM. Here Gz represents the vertical
positioner, Gc represents the microcantilever, SD represents the deflection transducer and K is
the control transfer function. The cantilever tip encounters the surface topography as a time
signal dðtÞ ¼ hðxðtÞ; yðtÞÞ where hð� ; �Þ represents the sample profile and ðxðtÞ; yðtÞÞ denotes the
lateral co-ordinates of the tip sample contact point set by the X–Y scanner. This sample profile
signal d is viewed as a ‘disturbance’ signal which tries to deviate the cantilever deflection signal
from its set point deflection (see Figure 2(a)). We simplify this diagram by combining the
transfer functions Gz; Gc and SD as in Figure 2(b). If we assume that Gc is equal to a constant
SC (which is a good approximation since micro-cantilevers have much larger bandwidths than
the vertical scanners), then *d represents a scaled sample profile.

Figure 1. Schematic of an AFM. The primary component is a micro-cantilever. The
cantilever deflection is sensed by a laser incident on the back of the cantilever reflecting
into a split-photodiode. The sample is positioned using nano-positioners. In contact
mode operation, the photodiode output is utilized by a feedback controller to maintain
a constant deflection and the control signal gives an estimate of the sample profile.
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The inadequacy of the control signal as an imaging signal at high frequencies is explained
by looking at the requirements on control design. It is required that there is good set
point regulation to avoid tip-sample damage and to retain the validity of the model. A good set
point regulation over a pre-specified bandwidth is achieved by designing K to have high gain
over the bandwidth. This is easily seen from the transfer function from set point r to the
regulation error e given by the sensitivity function S ¼ 1=ð1þ Gð joÞKð joÞÞ which is small when
jKð joÞj is large.

Moreover, the transfer function from the sample profile *d to the control signal u is
Kð joÞ=ð1þ Kð joÞGð joÞÞ which is � 1=Gð joÞ for large K : Typically the positioner transfer
function GðjoÞ is approximately a constant at low frequencies and thus the control signal u is a
good estimate of the sample profile. However, at high frequencies Gð joÞ is not constant and the
dynamics of the positioner has to be dealt with. The control signal is clearly an inaccurate
estimate of the sample profile at these frequencies. Also note that the temporal frequency
content of *d depends on the spatial frequency content of the sample, i.e. how rough the sample
is, and the scanning rate of the lateral positioners, i.e how fast the sample is scanned. In view of
new control designs [14, 16–18] for faster lateral positioning it is imperative to obtain better
estimates of *d especially with high frequency content.

The controller design to use the control effort for imaging is seen in conjunction with other
important objectives imposed on it. The principal objectives on control design include achieving
set-point regulation over high bandwidths, obtaining images with high resolution and keeping
control signal within saturation limits of the piezoelectric scanner. High bandwidths are
required to maintain a small deflection error signal which avoid tip-sample damages in fast
scanning of rough surfaces (having high spatial frequency content) and to keep the validity of
the linear model while at the same time stringent resolution requirements impose limitations on
bandwidths since a wider bandwidth integrates more sensor noise into the system. It needs to be
emphasized that the ultimate goal of microscopy is imaging; the resolution and regulation
objectives are futile if the imaging objective is not achieved. In this context, we lay down an
optimal control problem which captures all these objectives (see Figure 3). In this formulation,
the set point regulation, the high resolution and bounded control objectives are captured by
the regulated outputs z1 ¼WSe; z2 ¼WTv; z3 ¼Wuu and z4 ¼Wded where WS; WT and Wu

are appropriately chosen weighting functions [20]. The main contribution of this paper is
addressing the objective of finding a sample profile estimate. This is captured by requiring the

Figure 2. (a) The block diagram modelling of the AFM where Gc;GzK ;SD are the cantilever, piezo-
scanner, controller and the deflection transducer transfer functions, respectively. The signals r; y; e and n
are the setpoint, the cantilever deflection, the deflection error and the transducer noise, respectively. The
signal d models the sample topography; and (b) G represents a combination of the scanner, lever and the
transducer dynamics. The cantilever has high resonant frequency and is assumed to be a constant over the

frequency region of interest. Hence *d is a scaled version of the sample topography.
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estimate error Wd ð #d � *dÞ to be small. Thus the transfer function P from ½r� n *d�T to z is
described by

z1

z2

z3

z4

2
666664

3
777775 ¼

WSS �WSS

WTT �WTT

WuK1S �WuK1S

WdK2S �Wd ð1þ K2SÞ

2
666664

3
777775

r� n

*d

" #
ð1Þ

where S ¼ 1=ð1þ GK1Þ is the sensitivity and T ¼ 1� S is the complementary sensitivity
function. These multiple objectives on control design are met by solving the following H1
problem:

arg min
K¼½K1 K2�T

jjPjj1 ð2Þ

In practice, for the sake of computational simplicity, we relax this problem in which we seek a
sub optimal controller that satisfies jjPjj15g for some g > minK jjPjj1: Note that the optimal
control problem seeks a two by one transfer function K ¼ ½K1 K2�T where K1 decides set point
regulation, resolution and control within saturation objectives while K2 decides the extent of
sample estimation error.

The problem set up presented here can be further generalized by assuming K to have a
feedforward term. In the formulation presented, K has access to the deflection error signal
e ¼ r� ðyþ nÞ; while the formulation which includes feedforward term can separately provide
the set point r and measured output ym :¼ yþ n: However, in the context of the objectives
discussed in this paper, the lack of feedforward controller does not create any lack of generality.

This is because this paper does not have tracking as an objective but instead has only set point
regulation as an objective. However, two degrees of freedom controllers do become important
when tracking becomes necessary}for instance, in Reference [21] where feedforward law
operates to compensate for the sample topography by predicting the topography in advance by
taking advantage of the fact that two adjacent scan lines are usually quite similar.

Figure 3. Framework for the optimal control problem. The block K ¼ ½K1 K2�T has two outputs}the
control signal u with the objective of achieving robust set point regulation of the deflection signal y and
high resolution through roll off of the transfer function from the setpoint r to the piezo response v; and the
signal #d with the objective of giving an accurate estimate of the sample profile *d : Our design objective is to
minimize weighted performance variable z1 (weighted regulation error), z2 (weighted noise sensitivity), z3

(weighted control effort) and z4 (weighted estimation error).
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Remark
Note that the model in Figure 3, the noise n and the disturbance *d are indistinguishable to the
estimator K2 and therefore the problem of separating the noise and the profile is not addressed
by the design of K2: However Wd can be appropriately designed to filter out the noise.

3. A NEW SAMPLE-PROFILE SIGNAL

In this section we prescribe a profile estimate signal #d: The main features of this signal are (a) It
gives a perfect tracking of the sample profile in the sense that the transfer function from profile *d
to #d is equal to one! (b) It does not create any additional complexity to the control design}in
the sense that #d is prescribed in terms of signals that appear when solving the H1 problem only
with the first three objectives (set point regulation, high resolution and bounded control); i.e.
this prescription of #d renders the fourth objective of small estimation error redundant. (c) Since
new estimator block does not enter the closed loop, closed loop performances remain
unaffected.

The signal #d is obtained by analysing the H1 feedback law designed only for the first three

objectives, i.e.
WSS
WTT
WuK1S

������
������

������
������ and exploiting its quasi-observer structure. It also exploits the fact

that the disturbance signal enters the plant G dynamics only in its output and not in its state
evolution equation. If the state-space representations of G and the weighting functions are
given by

G ¼
Ag Bg

Cg Dg

" #
; WS ¼

As Bs

Cs Ds

" #
; WT ¼

At Bt

Ct Dt

" #
and Wu ¼

Au Bu

Cu Du

" #
ð3Þ

then the corresponding generalized plant is described by

d

dt

xg

xs

xt

xu

2
666664

3
777775 ¼
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�BsCg As

BtCy 0 At

Au

2
666664

3
777775

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼4 A
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¼4 x
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0

Bs

0

0

2
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3
777775

|fflfflffl{zfflfflffl}
¼4 B1

wþ

Bg

�BsDg
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Bu

2
666664

3
777775

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
¼4 B2

u ð4Þ
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|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼4 C1

xg

xs

xt
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0
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|fflfflffl{zfflfflffl}
¼4 D11
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u
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e ¼ ½�Cg 0 0 0 �|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
¼4 C2

xg

xs

xt

xu

2
666664

3
777775þ ½I �|{z}

¼4 D21

w �Dg|ffl{zffl}
¼4 D22

u;

where w ¼ r� n� *d (Here we consider set point r to be 0 without any loss of generality and do
not consider the effect of noise n: Its effect is considered in the next section). The H1 synthesis
procedure [20, 22, 23] yields a controller K1 which can be written as an observer-based state
feedback

’#x ¼ ðAþ B1F121 þ Z1L21F121Þ #xþ B2uþ Z1L21ðC2 #xþD22 u|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
¼4 #e

�eÞ ð5Þ

u ¼ F21 #x ð6Þ

Here the matrices Z1; F121; F21 and L21 are described in Reference [22, pp. 451–452]. We
define the estimate #d of the disturbance signal *d by #d ¼4 #e� e; where #e ¼ C2 #xþD22u is the
estimate of the error, e: Therefore, if we define the state estimation error, *x¼4 x� #x and the
profile estimation error by ed ¼

4 #d � *d; then

ed ¼ #d � *d ¼ ðC2 #xþD22uÞ � ðC2xþD22u� *dÞ � *d ¼ �C2 *x

From Equations (4) and (5), we have

’*x ¼A *xþ B1ðw� F121 #xÞ þ Z1L21F121 *xþ Z1L21ð *d � F121 #xÞ

) EdðsÞ ¼ � C2 *xðsÞ

¼ � ðC2ðsI � A� Z1L21C2Þ
�1B1ðw� F121 #xÞÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

¼4 E1ðsÞ

þ ðC2ðsI � A� Z1L21C2Þ
�1Z1L21ð *d � F121 #xÞÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

¼4 E2ðsÞ

Since, ed ¼ �C2 *x; and *x is the state of a stable system, we expect the ed to be small. But we
prove a stronger result: that E1ðsÞ ¼ 0 and E2ðsÞ ¼ 0 (see Appendix A and B) by exploiting the
structure of the generalized plant! This means that EdðsÞ ¼ 0 which implies that #d tracks *d of
arbitrarily large frequencies. In typical AFM designs the estimates of the sample profile, *d is
obtained by processing the control signal u (as in ‘constant force mode’) or the deflection signal
ym (as in the ‘constant height mode’). The profile estimate #d; on the other hand, derives
information from both u and ym: Note that #d is prescribed only in terms of signals arising out of
the design of K1: Consequently K2 is obtained in terms of matrices representing K1: More
precisely, by using (5), we have

K1 ¼ F21R and K2 ¼ �ð1þ ðC2 þD22F21ÞÞR
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where R¼4 ðsI � A� B1F121 � B2F21 � Z1L21ðF121 þ C2 þD22F21ÞÞ
�1Z1L21: Also, since Ed

ðsÞ ¼ �ðK2S þ 1Þ *d ¼ 0; therefore K2S ¼ �1: In this context the profile estimate using H1 design
does provide many advantages: (a) it is easy to design as there is plenty of commercial software that
solves these optimal control problems and (b) as the signal estimate transfer function K2 in Figure 3
comes as a consequence of design of K1 and does not require any explicit computation}i.e. the
profile estimate #d is prescribed in terms of the internal signals (#e and e) in the loop itself and thus
does not add to the computational burden in the design procedure. Another important aspect of this
design is that the class of controllers that attain the first three objectives can be parameterized as a
lower linear fractional transformation (LFT) FlðKc;QÞ where KC is a central controller (also
K1 ¼FlðKc; 0ÞÞ and QðsÞ is any stable proper transfer function such that jjQjj14g where g is
performance bound as described at the end of the Section 2. Since K2 is completely specified by K1;
this also gives a parametrization of all the controllers that satisfy all the objectives in (2).

3.1. Robustness of this signal to plant uncertainties

An important aspect of control design in AFM is robustness. It is especially important since the
unmodelled nonlinear effects of piezoactuation such as drift and hysteresis are significant; and
these devices are used in diverse operating conditions which necessitate robustness to these
uncertainties. We consider a modified block diagram shown in Figure 4 to study robustness of
the prescribed control design with respect to modelling uncertainties. In this model G is modified
to include input and output multiplicative uncertainties. The matrix transfer function from
½r� n *d� to the vector of regulated variables z¼4 ½z1 z2 z3 z4�T (is the same as given in (1))
describes the nominal performance. The control design prescribed in previous section ensures
that the transfer functions jjWSSjj51; jjWTT jj51 and jjWuK1Sjj51: Moreover, the proposed
choice of K2 is such that K2S ¼ �1: Thus by choosing the weighting function Wd such that it is
small at those frequencies where noise is significant we guarantee all the nominal performance
objectives. The noise n and the disturbance *d are indistinguishable to K and therefore an
appropriate filter Wd is required to separate out the two. The transfer function from
perturbation inputs y¼4 ½y1 y2� to the regulated variables z describes the robust performance

z1

z2

z3

z4

2
666664

3
777775 ¼

�WSGS �WSS

WTGS �WTS

�WuT WuK1S

�WdGK2S �WdK2S

2
666664

3
777775

y1

y2

" #

Figure 4. The schematic for the Robust H1 framework with output and
input multiplicative plant uncertainties.
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The control design for nominal performances for set point regulation, boundedness of control,
and profile estimation error also guarantees robustness with respect to output uncertainty (with
y2). The effect of y2 on z2 given by WTS is not small but this is expected as this model fails to
distinguish the output uncertainty (y2 which is akin to sensor noise) and the disturbance signal
*d: The robustness to input uncertainty (to y1) suggests a careful design of K to account for the
trade off between nominal and robust performances. Thus designing WS; WT and Wd so that
they shape GS; GK1S and GK2S instead of S; K1S and K2S; respectively, ensures robust
performance of bandwidth, boundedness of control and profile estimation with respect to the
input uncertainty. This is evident from the fact that in SISO system we can easily lump together
the input and output uncertainties by transferring the input uncertainties to the output side via
the plant transfer function G [20]. The transfer function from y2 to ½z1 z2�T further shows that
there is a trade off between the robustness in set point regulation and high resolution with
respect to input uncertainty. This trade off is captured by the fact that robust performance of
both requiresWSGS andWTGS to be small simultaneously. The transfer function from ½y1 y2�T

to ed evaluates robust performance of the proposed design. Note that since 1þ K2S ¼ 0;Wd

needs to be chosen so as to make Wd small at the frequencies where n and y2 are significant and
to make WdG small at those frequencies where y1 is significant. This can easily be incorporated
without making any compromise on the transfer function from sample profile *d to the
estimation error z4 which remains equal to zero!

It should be emphasized that input uncertainty is not as significant as the output uncertainty
as illustrated in Section 4.

4. EXPERIMENTAL SETUP AND RESULTS

The experiments were performed using MFP-3D developed by Asylum Research Inc., Santa
Barbara, CA. A schematic of this device is shown in Figure 5(a). XY and Z positioning stages
are employed for sample positioning. A detailed description of the XY positioning stage can be
found in Reference [18]. The cantilever used for the experiment is approximately 120 mm long,
5 mm width and its tip is approximately 10–20 nm in diameter. The resonant frequency of the
cantilever is 13:25 kHz: The device is modified to implement the proposed control design
through a software interface which was used to set up control parameters and to acquire and
analyse the data (see Figure 5(b)). The cantilever deflection is sampled at 5 MHz and then
filtered and down-sampled to 100 kHz: A custom code for the proposed controller (and profile
estimator) which runs at 100 kHz is implemented on an ADSP-21160 Digital Signal Processor
(DSP). This DSP code takes the deflection data as input and generates the control effort that is
applied across the Z-piezo after amplification. The voltage range of Z-piezo is �10 to 150 V and
travel range is 100 mm: The uncertainty in the input signal is mainly contributed by the Digital
to Analog Converter and the uncertainty in piezo dynamics. Given 16 bit precision (Range of
DAC ð20 VÞ � 1

216
� sensitivity (100 nm=VÞ ¼ 0:03 nm) in DAC and small range movement

reliability of piezo (sub-angstrom), output uncertainty outweighs input uncertainty. The output
signal is mainly corrupted by the photo-diode noise, surface vibration and acoustic noise which
add up to 0.5–0:8 nm:

System identification: The transfer function from u; the input to the Z-piezo, to the measured
output ym was obtained using frequency domain based identification techniques. Here, we chose
a specific point in the operating range of the device (where its behaviour is approximately linear)
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and obtained a model of the device at this point by studying its frequency response over a pre-
specified bandwidth. The frequency response of the device at this operating point over a 2 kHz
bandwidth is shown in the bode plot (dashed lines) in Figure 6. Accordingly, an eleventh-order
stable transfer function

G ¼ �
�8:208� 103ðs2 þ 530:9sþ 3:132� 107Þðs2 þ 472sþ 1:558� 108Þðs2 þ 868:3sþ 2:734� 108Þ
ðsþ 2:513� 104Þðs2 þ 768sþ 3:146� 107Þðs2 þ 615:8sþ 1:422� 108Þðs2 þ 918:9sþ 1:777� 108Þ

�
ðs2 þ 249:1sþ 3:011� 108Þðs2 � 2:827� 104sþ 5:021� 108Þ
ðs2 þ 508:8sþ 2:789� 108Þðs2 þ 377:1sþ 3:056� 108Þ

was fit to this data. Figure 6 shows that there is a good match between this frequency response
data and the one fitted to the data, GðsÞ:

Control design, implementation and validation: The control transfer function K1 was obtained
using the hinf function in MATLAB. In this design, the weighting function WS is chosen such
that it has high gains at low frequencies and low gains at high frequencies (see Figure 7(a)). This
scaling ensures that the optimal feedback law is such that the sensitivity function is small at low
frequencies, thus guaranteeing good set point regulation at the concerned frequencies. More
precisely, WS was chosen to be a first-order transfer function, WsðsÞ ¼ ð0:3333sþ 2199Þ=
ðsþ 2:199Þ: This transfer function is designed so that its inverse (an approximate upper bound
on the sensitivity function) has a gain of �60 dB at low frequencies (less than 100 Hz) and a gain
of � 9:5 dB above 1000 Hz: The weight WT was chosen to be WT ðSÞ ¼ ðsþ 2199Þ=
ð10�5sþ 1:1� 104) which has high gains ð100 dBÞ at high frequencies (note that noise is in
the high frequency region) to ensure high resolution. The transfer function, K1S was scaled by a

Figure 5. (a) A schematic of MFP-3D. In this device the sample is kept on a lateral scanner (X–Y
positioning stage) which is a piezo actuated flexure stage. The motion in vertical direction is provided to the
head which houses the cantilever and the detection system comprising of the laser and the photodiode. This
motion is provided by the piezo actuated z-positioner. The photodiode output which measures the
cantilever deflection is utilized by the controller K1 to maintain the set point deflection and by K2 to obtain

the profile estimate signal; and (b) a schematic of the controller-estimator implementation.
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constant weighting Wu ¼ 40 dB; to restrict the magnitude of the input signals such that they are
within the saturation limits. This weighting constant gives control signals that are at most six
times the reference signals.

Figure 6. Experimentally (solid) obtained frequency response is compared
with that of the model (dotted) G:
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Figure 7. Control Design: (a) Weighting functions for Sensitivity, Complementary Sensitivity and
Actuation signal (WS ;WT and Wu), respectively; and (b) transfer functions of controller K1 and observer

K2 obtained from hinfsyn design.
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TheH1 design resulted in transfer functions for K1 and K2 (the transfer functions are given in
Appendix A and B). Figure 7(b) shows the controller and observer obtained from the solution of
stacked H1 problem. Note that K1 and K2 have a similar dynamics at low frequencies and
therefore give similar images at these frequencies. These transfer functions were implemented on
the DSP and the signals #d; r; and u were recorded and used to evaluate images. The
implementation of the loop was validated by comparing the closed loop transfer functions
obtained using HP-Signal analyser with the simulated ones. Figure 8 shows experimental and
theoretical frequency response of sensitivity and complementary sensitivity functions. As seen in
the figures, experimental and theoretical responses match closely except at a particular
frequency range around 400 Hz:

Results: To study the performance of the new estimate signal, it was compared to and
contrasted with the typically used control signal. Figure 9(a) shows that the bandwidth of the
transfer function Tud has a bandwidth of approximately 800 Hz whereas the magnitude of T #dd

(in Figure 9(b)) is within 3 dB for the whole range considered. The phase plots show
considerable phase drop for the Tud while near zero phase for the T #dd

: This explains the
difference seen in the trace and the retrace scans when using the u signal for the image. It is
important to note that the bandwidth of 800 Hz for the transfer function Tud is by itself a huge
improvement over typical commercial AFMs (which have imaging bandwidth in order of few
tens of Hertz).

It is shown analytically that T #dd
is identically equal to one}however, the experimental

transfer function T #dd
slightly deviates from one (see Figure 9). The reason, after careful analysis

and experiments, was attributed to the fact that there is an uncertain pole-zero pair (near
400 Hz) in the plant G: On repeating the experiments to obtain the frequency response of G
showed that the location of the pole-zero pair is not constant. Since the design presented here is
model-based, this uncertainty leads to minor mismatch between the simulations and the
experiments. There are other regions in the frequency range where there is a mismatch (though
within 3 dB) between sample profile and its estimate. This is again attributed to the inherent
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Figure 8. Experimental validation: (a) and (b) The plot compares the simulated and the
experimentally obtained sensitivity and complementary transfer functions, respectively.

There is a good match between the two.
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constraint of model based designs. Due to limited computation power, it is not possible (and
also not advisable) to fit an arbitrary higher order plant to the physical system. However, the
sensitivity to this mismatch is incorporated in the design procedure by appropriately shaping the
K2S transfer function.

In addition to investigating the above transfer functions, imaging experiments were
performed to test the proposed profile estimate signal. A gold calibration grid with
squares of height 180 nm every 10 mm was used for imaging using the #d signal. This image
was compared with the one obtained from the control signal u: In the first experiment, the
grating was scanned at 10 Hz and the corresponding control signal u and the proposed estimate
signal #d were recorded. The control signal was proportional to the profile, in fact u� �0:1d:
Therefore, u signal was magnified by � 10 times to get the profile estimate. The resulting
data is shown in Figure 10(a). Note that the scanned image with the proposed signal is superior
to the image with the u signal. This is more evident in the plots showing a particular line
scan, where the image with u has an oscillatory behaviour in response to the higher frequency
content of the square profile. The main feature of the proposed signal is the high bandwidth
it achieves. The difference in performance between the #d and u signals is much greater in
faster scans. This is shown in Figure 10(b). Here the scan was done at 150, 500 and 1400 Hz
where the reference signal was generated on the computer itself and downloaded onto the
DSP card to mimic a sinusoidal sample profile. At low frequencies (below the bandwidth of Tud )
the control signal u is a good measure of d: However, there is a significant phase lag between
the d and the u signal at 500 Hz: At higher frequency (1400 Hz) control signal gives a poor
estimate of d}it is attenuated (by more than 50%) and has considerable phase lag. The
experimental results show that the proposed signal #d tracks near perfectly the reference
signal even at these high bandwidths, as well as in lower frequencies. This fact is corroborated
from the frequency response of transfer functions shown in Figure 9, where Tud rolls off
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Figure 9. (a) The experimental frequency response of the control effort u to sample
topography showing that it is not a good estimate of topography at high frequencies.
(b) The experimental frequency response of the estimate #d to sample topography
remains flat corroborating the analytical result that this transfer function is a constant,
the magnitude plot is within �3 dB and the phase is near zero over the entire range.
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after 800 Hz with significant phase lag but T #dd
remains with �3 dB with almost zero phase.

This imaging at 1:4 kHz demonstrates a substantial improvement over the existing technology
where images are usually scanned at few tens of Hertz. This same algorithm was also
implemented on another AFM (Veeco Instruments, Santa Barbara, CA) and experimental
results again corroborated that T #dd

� 1 (results not shown here).

5. CONCLUSIONS

The imaging problem in an Atomic Force Microscope is addressed using modern control
theory. An optimal control problem is formulated to address the design of a new profile estimate
signal which is valid even for fast scanning in Atomic Force Microscopy. The objectives of set
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Figure 10. (a) Experimental data showing significantly superior images (left panel) obtained by using the
new imaging signal #d compared to the use of the control effort u as the sample topography estimate; (b,c)
the u signal gives worse estimates as the frequency of the d is increased (150 and 500 Hz). The magnitude
plots are consistent but there is a considerable phase lag. The #d signal on the other hand, has practically no
phase lag; and (d) experimental data that shows that the new imaging signal #d follows a 1:4 kHz reference

sine wave that the control signal is unable to track at all.
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point regulation and high resolution are also included in the formulation. The solution
of this problem yields a new estimate of the sample profile, #d and it is proved that the
transfer function from the profile to the estimate is 1. The design was implemented and a
substantial improvement over traditional designs is shown. Typical controllers in
commercial AFMs use PID feedback laws which do not give reliable images beyond a few
tens of Hertz bandwidth while experiments with the proposed signal at 1400 Hz gave
faithful images. Experiments show a significant improvement in bandwidth in sample-profile
estimation. The proposed signal makes use of both the control signal u and the deflection
error signal e smartly to give the sample profile in contrast to using only the control signal
u in constant force imaging and using only the deflection error signal e in constant height
imaging.

Advanced control tools have been used to tackle an important problem in atomic force
microscopy. This work further demonstrates the immense scope for control theoretic tools to
improve the bandwidth, resolution and reliability of these devices.

APPENDIX A: TO SHOW THAT E1ðsÞ ¼ 0 AND E2ðsÞ ¼ 0

This derivation relies on the structure of the generalized plant P and the quasi-observer
form of the H1 controller developed in Reference [22, pp. 451–452]. The transfer function,
G is proper which implies that D22 ¼ Dg ¼ 0: This coupled with structure of P; when
substituted in equations give Z1 ¼ I and L21 is product of B1 and another matrix,
i.e. Z1L21 is of the form B1 � : This implies that both E1 and E2 are of the form
C2ðsI � A� Z1L21C2Þ

�1B1� and therefore it is enough to show that C2ðsI � A� Z1L21C2Þ
�1

B1 ¼ 0:
By using the fact that A is stable and the identity ðI � uv0Þ�1 ¼ ðI þ uv0=ð1� v0uÞÞ for column

vectors u and v; we show that

C2ðsI � A� Z1L21C2Þ
�1B1 ¼C2ðsI � AÞ�1 I � Z1L21|fflfflfflffl{zfflfflfflffl}

u

C2ðsI � AÞ�1|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
v0

0
@

1
A�1B1

¼C2ðsI � AÞ�1 I þ
Z1L21C2ðsI � AÞ�1

1� C2ðsI � AÞ�1Z1L21

� �
B1

¼
C2ðsI � AÞ�1B1

1� C2ðsI � AÞ�1Z1L21
ðA1Þ

This in turn implies that it is enough to show that C2 ¼ ðsI � AÞ�1B1 ¼ 0: Now C2½�Cg 0�

and A is of lower block triangular form A ¼
Ag 0
� �

� �
and B1 is of the form ½0��: After noting

that ðsI � AÞ�1 is itself a lower block triangular matrix

C2ðsI � AÞ�1B1 ¼ �Cg 0
� � ðsI � AgÞ

�1 0

� �

" #
0

�

" #
¼ 0

Hence E1ðsÞ ¼ 0 and E2ðsÞ ¼ 0:
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APPENDIX B: THE CONTROLLER ½K1 K2�T FROM THE H1 DESIGN

The H1 design resulted in controllers K1 and K2 given by

K1 ¼ ð�6:4657� 10�10Þ

�
ðsþ 2:364� 1017Þðsþ 1:1� 109Þðsþ 2:513� 104Þðs2 þ 768sþ 3:146� 107Þðs2 þ 615:8sþ 1:422� 108Þ
ðsþ 2:567� 106Þðsþ 2:199Þðsþ 8:208� 1011Þðs2 þ 530:9sþ 3:132� 107Þðs2 þ 472sþ 1:558� 108Þ

�
ðs2 þ 918:9sþ 1:777� 108Þðs2 þ 508:8sþ 2:789� 108Þðs2 þ 377:1sþ 3:056� 108Þ

ðs2 þ 868:3sþ 2:734� 108Þðs2 þ 249:1sþ 3:011� 108Þðs2 þ 2:733� 104sþ 9:793� 108Þ

K2 ¼ð9:2684� 10�16Þ

�
ðsþ 1:1� 109Þðsþ 1:163� 1014Þðs� 1:164� 1014Þðs2 þ 530:9sþ 3:132� 107Þ

ðsþ 2:567� 106Þðsþ 2:199Þðsþ 8:208� 1011Þðs2 þ 530:9sþ 3:132� 107Þðs2 þ 472sþ 1:558� 108Þ

�
ðs2 þ 472sþ 1:558� 108Þðs2 þ 868:3sþ 2:734� 108Þðs2 þ 249:1sþ 3:011� 108Þðs2 � 2:827� 104sþ 5:021� 108Þ

ðs2 þ 868:3sþ 2:734� 108Þðs2 þ 249:1sþ 3:011� 108Þðs2 þ 2:733� 104sþ 9:793� 108Þ
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