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I. CALCULATING THE RPA DIELECTRIC FUNCTION AND LOSS FUNCTION

This section describes the modeling of the loss function in graphene on SiO2 as shown in

the intensity plot of Fig. 3b in the main manuscript.

A. Intrinsic phonons

The only intrinsic phonons with momenta and energies similar to the graphene plasmons

in our experiment are the longitudinal/transverse optical (LO/TO) phonons near the Γ

point, with energies �ωop ≈ 0.2 eV. On symmetry grounds[1], their coupling to electrons can

be written as[2, 3]

He-op(r) = g0


 0 uy(r) + iux(r)

uy(r)− iux(r) 0


 =

g0
vF

ĵ(r)× u(r) (1)

where vF is the Fermi velocity and g0 the coupling constant. The coupling constant can be

estimated from the change with bond length of the hopping between nearest neighbor carbon

π orbitals[4, 5], g0 ≈ ∂t/∂l. The electronic Hamiltonian is described within each valley

(and spin) in terms of the amplitudes on A/B sublattices, ĵ(r) is the single-particle current

operator and u(r) is the relative displacement of the two sublattices. Their representation

in terms of electron and phonon ladder operators, i.e. âk and b̂q respectively, are given by,

ĵ(r) =
1

A

∑
kq

vF â
†
kσ̂âk+qe

iq·r ≡ 1

A

∑
q

ĵqe
iq·r (2)

u(r) =

√
�

2ρmAωop

∑
qλ

(b̂qλ + b̂†-qλ)eqλe
iq·r (3)

where σ̂ are the Pauli spin matrices and eqλ are the polarization vectors. λ denotes the

phonon modes, ρm is the mass density of graphene and A is its area. Using standard pertur-

bation techniques, the effective electron-electron interaction mediated by optical phonons

can be written as,

Vop
el-el =

1

A2

∑
qλ

1

v2F
|Mop|2 D0

λ(ω)̂jq · ĵ-q ≡ 1

A2

∑
qλ

vop,λĵq · ĵ-q (4)

where the scattering matrix elements and the free phonon Green’s function are

|Mop|2 =
�g20

2ρmωop

, D0
λ(ω) =

2ωop

�((ω + i�/τop)2 − ω2
op)

(5)

where τop phenomenologically describes the phonon lifetime.
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B. Surface polar phonons

Polar substrates, such as SiO2 and BN have optical piezoelectric modes at energies �ωsp.

These modes induce electric fields which couple to the carriers in graphene[6, 7]. At long

wavelengths, the effect of these can be described in terms of the dielectric function of the

substrate,

He-sp =
1

A

∑
kq

Mspâ
†
k+qâk(b̂qλ + b̂†-qλ) (6)

with the scattering matrix elements defined as,

|Msp|2 =
πe2

ε0

e−2qz0

q
F2 , F2 =

�ωsp

2π

(
1

εhigh + εenv
− 1

εlow + εenv

)
(7)

where z0 is the graphene-substrate separation, F2 describes the Fröhlich coupling strength,

εlow (εhigh) are the low (high) frequency dielectric constant of the dielectric and εenv is that

of the environment. The effective electron-electron interaction mediated by surface optical

phonons calculated from standard perturbation techniques yields[8],

Vsp
el-el =

1

A2

∑
qλ

|Msp|2 D0
λ(ω)ρ̂qρ̂-q ≡ 1

A2

∑
qλ

vsp,λρ̂qρ̂-q (8)

where ρ̂q ≡
∑

k â
†
kâk+q and D0

λ(ω) contains also a phenomenological phonon lifetime of τsp.

C. Dielectric response

The plasmon response of graphene begins with finding the dielectric function. A satisfac-

tory approximation can be obtained by adding the separate contributions independently. An

effective interaction between electrons is given by the sum of the direct Coulomb interaction

vc(q) = e2/2qε0 and the two electrons interaction mediated by surface phonon vsp,λ(q, ω).

The RPA expansion of the dielectric function, εrpaT (q, ω), can be expressed with this effective

interaction[9, 10]

veff (q, ω) =
vc(q)

εrpaT (q, ω)
=

vc(q) +
∑

λ vsp,λ
1− [vc(q) +

∑
λ vsp,λ]Π

0
ρ,ρ(q, ω)

(9)

where Π0
ρ,ρ(q, ω) is the non-interacting part (i.e. the pair bubble diagram) of the charge-

charge correlation function given by a modified Lindhard function[11, 12],

Π0
ρ,ρ(q, ω) = − gs

(2π)2

∑
nn′

∫

BZ
dk

nF (ξk)− nF (ξk+q)

ξk − ξk+q + �ω + i�/τe
Fnn′(k,q) (10)
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where nF (ξk) is the Fermi-Dirac distribution function, Fnn′(k,q) is the band overlap function

of Dirac spectrum and τe is the lifetime of electrons. While the polar surface phonons couple

to the charge density operator, the intrinsic optical phonon couple instead to the current

operator. Its contribution to the dielectric function is given by vop(q, ω)Π
0
j,j(q, ω), where

Π0
j,j(q, ω) is the current-current correlation function. We note that from the usual charge

continuity equation, i∂tρ̂q = q · ĵq, it follows that,

q2Πj,j(q, ω) = ω2Πρ,ρ(q, ω)− vF

〈[
q · ĵq, ρ̂−q

]〉
(11)

where the second term in Eq. 11 is purely real and ∝ q2 as calculated in Ref. [13]. The

imaginary part of Πj,j(q, ω) can be obtained just from �[ω2

q2
× Πρ,ρ(q, ω)]. Collective modes

with self consistent oscillations of the carrier charge can be obtained from the zeros of the

full dielectric function

εrpaT (q, ω) = εenv − vcΠ
0
ρ,ρ(q, ω)− εenv

∑
λ

vsp,λΠ
0
ρ,ρ(q, ω)− εenvvopΠ

0
j,j(q, ω) (12)

where εenv is the dielectric constant of graphene’s environment.

D. Loss function

Our spectroscopy experiments measure the extinction spectra defined as Z ≡ −δT/T0

with δT = T − T0, where T (T0) is the measured transmission with (without) plasmon

excitations. In the experiment, a superlattice of graphene ribbons of width W defines

the momentum i.e. q = π/(W − W0). W0 accounts for the difference between physical

and electrical device’s width. Varying the frequency of the incident light excitation, ω,

polarized perpendicularly (and parallely) to the ribbon, allows one to quantify the extinction

spectra Z(q, ω), as first demonstrated in Ref. [14]. Resonance peaks in Z(q, ω) corresponds

to enhanced optical absorption by graphene originating from plasmon oscillations[14–16]

and can best be described by,

Z(q, ω) ∼ −�
[

1

εrpaT

]
(13)

where the latter is known as the loss function, which describes the ability of the system to

dissipate energy via plasmon excitations and can be calculated from Eq. 12.
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Using the above theory, we plot the loss function in graphene on SiO2 as shown in

Fig. 3b of the main manuscript. The calculations include interactions with the intrinsic

and SiO2 substrate phonons. Graphene doping is assumed to be Ef = −0.43 eV and an

effective εenv = 1.5. The frequencies of the various phonon modes are assumed to be at

ωop = 1580 cm−1, ωsp1 = 806 cm−1 and ωsp2 = 1168 cm−1. The damping time used in

those plots are τe = 0.1 ps, τop = 70 fs and τsp = 1ps. The coupling parameters used are

g0 = 7.7 eVÅ−1, F2
sp1 = 0.2meV and F2

sp2 = 2meV. Note that another substrate phonon at

ωop = 460 cm−1 was not included in the calculation, given that our experiment data are far

above that frequency.

II. CALCULATING LIFETIMES OF THE PLASMON AND COUPLED

PLASMON-PHONON MODES

This section describes the modeling of the plasmon lifetime in graphene on DLC and

SiO2 as shown in Fig. 4a and 4c of the main manuscript.

In the above previous analysis, the damping mechanisms for the plasmons are not dis-

cussed. Exchange of energy and momentum during scattering of plasmons can bring it into

the Landau damping regime, leading to finite damping. In fact, when the plasmon energy

exceeds the optical phonon energy, it can decay into a phonon together with an electron-hole

pair, in such a way that the total momentum is conserved. In a phenomenological way,

this decay can be accounted for through the single particle excitations, which have a finite

lifetime τe, when their energies exceed the optical phonon energy[17], for example. Damping

related to scattering with the ribbon’s edges and a background damping due to impurities

in the bulk can also be incorporated in τe. Finite phonon lifetime, τsp, can also influence to

plasmon damping in the coupled plasmon-phonon modes. Below, we present our description

of plasmon damping in the presence and absence of coupling with the surface phonon modes.

We are interested in the regime where ω > vF q and Ef � �ω. In this limit,

Π0
ρ,ρ(q, ω) ≈

Efq
2

π�2(ω + iδe)2
(14)

where δe is the single-particle related damping in graphene defined as δe ≡ 1/τe. In the
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absence of substrate phonon interactions, such as the case of graphene on a DLC substrate,

the plasmon frequency is simply ω = ωpl + iδe, where ω2
pl = q|Ef |e2/2π�2ε0εenv and δe also

corresponds to plasmon damping. Note that in the regime we are considering i.e. ω > vF q

and Ef � �ω, Landau damping is excluded. Guided by experiments, the plasmon hybridizes

strongly with one of the surface phonon modes with ωsp ≈ 0.145 eV on SiO2 substrate. For

ω > ωsp, we can write a simpler dielectric function,

εrpaT ≈ εenv

[
1− ωpl(q)

2

(ω + iδe)2
−

ω̃2
sp

(ω + iδsp)2 − ω2
sp + ω̃2

sp

]
, ω̃sp ≡

√
4π

�
ωspF2 (15)

where δsp is the surface phonons damping rate defined as δsp ≡ 1/τsp. The frequencies of

the coupled plasmon-phonon modes can be obtained by setting εrpaT = 0 i.e.,

ω4 + i2ω3(δsp + δe)− ω2(ω2
sp + ωpl(q)

2)− i2ω(ω2
spδe + ωpl(q)

2δsp) + ωpl(q)
2(ω2

sp − ω̃2
sp) = 0

(16)

which can be solved numerically. In the limit where δe = δsp = 0, it reduces to a simple

biquadratic equation with coupled plasmon-phonon modes solutions given by,

ω2
± =

ω2
pl + ω2

sp

2
±

√
(ω2

pl + ω2
sp)

2 − 4ω2
pl(ω

2
sp − ω̃2

sp)

2
(17)

In the general case where δe = δph �= 0, we solve for the coupled plasmon-phonon modes

via Eq. 16 numerically. However, in the q = 0 limit, it can be shown by setting εrpaT = 0 in

Eq. 15 that ω = ωsp − iδsp. Therefore, the lifetime of the plasmon with frequency in the

vicinity of the surface phonon frequency is determined by the surface phonon lifetime instead.

In this work, we assume that τsp is constant, to be fitted to experiment. Here, we discuss

model description of the electron lifetime τe. Including relevant scattering mechanisms in

our experiments, τe is given by,

τe(q, ω) ≈
[
τ−1
0 + τedge(q)

−1 + τep(ω)
−1
]−1

(18)

where τ0 describes a background damping due to scattering with impurities and τedge(q) ≈

a/(W −W0)
b is related to scattering off the ribbon edges. τ0 ≈ 85 fs as measured from the

Drude response of large area, unpatterned graphene. a ≈ 2 × 106, of the order of Fermi

velocity and b = 1 as discussed in the main text. τep(ω) is electron lifetime due to scattering
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with optical phonons. It is related to the electron self-energy Σep via τep = �/2�[Σep] given

by[9],

Σep(ω) = −kBT
∑
q,ωλ

|Mop|2Dλ(ωλ)
0G0(kf + q, ω + ωλ) (19)

where G0 is the electron Green function and kf is the Fermi wavevector. According to

density functional calculations, the imaginary part of Σep can be approximated by[18],

�[Σep(ω)] = γ0 |�ω + �ω0 + Ef | ×
1

2

[
erf

(
�ω − �ω0

∆ph

)
+ erf

(
−�ω − �ω0

∆ph

)
+ 2

]
(20)

where γ0 describes the effective e-ph coupling and ∆ph accounts for various energy broad-

ening effects such as the deviation from the Einstein phonon dispersion model. They are

estimated to be γ0 ≈ 0.018 and ∆ph ≈ 50meV from density function calculations[18].

As discussed previously, in the absence of interaction with the surface phonons, the

plasmon lifetime is simply τe(q, ω = ωpl). In the presence of interaction with surface

phonons, the plasmon lifetime for the plasmon-phonon coupled modes can be solved via

Eq. 16 numerically, with δe ≈ [τe(q, ω = ωpl(q))]
−1. The computed plasmon damping

rates or lifetimes on DLC and SiO2 substrates are shown in Fig. 4a and 4c of the main

manuscript. There, graphene doping of Ef ∼ −0.43 eV was found to yield the best-fit to the

dispersions of the various plasmon modes obtained experimentally, and is also consistent

with the observed Pauli blocking in optical measurement.

In Fig. 3b of the main manuscript, we modeled the RPA loss function in SiO2. However,

the electron lifetime there was simply assumed to be constant. In Fig. S1, we calculate

again the RPA loss function in SiO2, but this time including the electron damping δe

which describes our experiment as detailed in this section. After the inclusion of a more

accurate description of electron damping, we note that the loss function can capture very

well the plasmon peak intensity evolution for the three hybrid plasmon-phonon branches as

seen experimentally, featuring two anti-crossings and spectral weight transfer from the low

frequency to high frequency plasmon branch (peak 3) with increasing q.

In Fig. 4c of the main manuscript, we modeled the plasmon lifetimes of ribbons on DLC

and SiO2 with an estimated doping of Ef ∼ −0.43 eV. We discussed here the uncertainty
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in Ef on the calculated plasmon lifetimes through τep. In Fig. S2, we plot the calculated

plasmon lifetimes of ribbons on DLC and SiO2 for dopings i.e. Ef ∼ −0.3 eV and −0.5 eV,

which represents conservative upper and lower bounds in the uncertainty of our estimation

of Ef . As shown in Fig. S2, doping have little effect on the DLC case, since damping is

dominated mainly by edge scattering. The calculated plasmon lifetimes on SiO2, although

more sensitive to doping, varies only on the order of 10% for ω � ω0 within the range of

uncertainty in Ef .

In principle, plasmons can also decay via emission of surface polar phonons from the

SiO2 substrate. Here we discuss their their possible contributions from the surface polar

phonons. As detailed above, the damping of the coupled plasmon-phonon mode is modeled

by the respective lifetimes of their single particle excitations i.e. electrons and surface

phonons, and their relative contributions depends on the plasmon-phonon character of that

particular mode. For example, when the excitation frequency approaches that of the surface

optical phonons, it excites a “phonon polariton” whose lifetime is determined by its phonons

lifetimes. On the other hand, at excitation frequencies far from the surface optical phonons,

it excites a “plasmon polariton” whose lifetime is determined by its electron lifetime. In

our analysis of the plasmon losses, we mainly focus on a particular coupled plasmon-phonon

mode, i.e. 3rd peak in Figure 3b of main manuscript, whose experimental lifetimes (fitted

to theoretical ones) are plotted in Figure 4c of main manuscript. At frequencies much larger

than ωsp2, inelastic scattering of electrons with the second polar optical phonon mode is an

intraband process which entails large momentum q transfer. Since the scattering matrix

element goes as 1/q, this process will therefore be greatly suppressed. Although scattering

with the first polar optical phonon mode has a more favorable scattering phase space due

to its lower energy, its Froihlich coupling strength is much weaker. As a result, inelastic

scattering with optical phonons dominates the lifetime of this particular coupled plasmon-

phonon mode at frequencies much larger than ωsp2. Of course, at frequencies in the vicinity

of ωsp2, losses is determined by the polar phonons lifetimes instead. The other two coupled

plasmon-phonon modes, i.e. 1st and 2nd peak in Figure 3b of main manuscript, located

at frequencies near the surface polar phonon modes are phonon polaritons which exhibits

long lifetime. Away from these phonon frequencies, their experimental resonance intensities

are too weak to extract any meaningful information about their lifetime. Based on these
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arguments, the plasmon losses via the interaction with surface polar phonons are relatively

small in the frequency regions we focus and we neglected this effect in the main manuscript.

III. RESONANCE LINESHAPE AND THE EXTRACTION OF THE PLASMON

DAMPING

This section describes the extraction of the plasmon damping rate from the measured

extinction spectra, used for Fig. 4 of the main manuscript.

The far-IR plasmon resonace lineshape of graphene micro-disks and ribbons can be well

described by a damped oscillator model[19], which is derived from Drude conductivity. In

the mid-IR regime, the lineshape becomes asymmetric, as seen for the third peak in Fig. 3a

of the main manuscript. Because the lineshape of the resonance peaks in the vicinity of the

substrate phonon frequencies might be affected by the plasmon-phonon hybridization, here

we focus on the third peak of relatively narrow ribbons on SiO2 substrate, whose resonance

frequency is far away from those of substrate phonons. Fig. S3 shows a spectrum (black

curve) of a ribbon array with width W = 85 nm. The spectrum is very asymmetric and a

Fano resonance model[20, 21] can well describe it, as shown by the red curve in the figure.

In the Fano framework, the extinction spectrum is expressed as

1− Tper

T//

=
2p

πΓp(1 + q2f )

(qf + η)2

(1 + η2)
(21)

where p is a parameter for the amplitude, qf is the Fano parameter, Γp is the plasmon

damping rate, and η = 2(ω − ω0)/Γp with ω0 being the center frequency. This equation is

used to fit the spectra shown in the main manuscript to extract the plasmon damping rate

Γp. Typical values for Fano parameter qf are around 3.

This Fano type resonance indicates that the plasmon resonance is interfered by a broad

background continuum. As demonstrated before, the optical conductivity of graphene in

the far-IR is Drude like. However, in the mid-IR range we are dealing with here, it’s in the

Pauli blocking regime, i.e., the optical conductivity has a very weak Drude response tail and

some residue conductivity due to many-body effect. It is this residue conductivity serving

as the broad continuum to form a Fano type resonance with the plasmon excitation.
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IV. RESONANCE BROADENING EFFECT DUE TO THE RIBBON WIDTH

INHOMOGENEITY

Long wavelength variations in the ribbon’s width can also lead to an apparent reso-

nance broadening effect indistinguishable from lifetime broadening effects. In DLC rib-

bons, the plasmon dispersion is described by a simple ω2
pl = αq dispersion, where α ≡

|Ef |e2/2π�2ε0εenv. In this case, the resonance broadening δωpl associated with a character-

istic width inhomogeneity of ∆ is given by,

δωpl ≈
√
α∆

2W
3
2
e

(22)

In comparison to the plasmon lifetime broadening due to scattering off the edges, it also has

a power law behavior of the form a/W b
e , the scaling exponent b in this case is 3

2
instead of

1. Fig. S4 plots the experimentally extracted plasmon damping as a function of the effective

width We for two different doping levels. Least-square-error fit to the data yields b = 1.0,

indicating that the broadening is due to carrier scattering off the edges. Furthermore,

as shown in Fig. S4, there is also no noticeable dependence on doping, where the width

inhomogeneity effect would suggest otherwise.
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FIG. S 1: Graphene loss function on SiO2 substrate. Calculated RPA loss function �
[
1/εrpaT

]
,

including interactions with the intrinsic and SiO2 substrate phonons. Graphene doping is assumed

to be Ef = −0.43 eV and an effective εenv = 1.5. Shaded regions represent the intraband Landau

damping regime i.e. �ω/Ef < q/kF . Dashed line on the left plot is calculated from the classical

plasmon dispersion ω2
pl = e2qvFkF /(2π�ε0εenv). The frequencies of the various phonon modes are

assumed to be at ωop = 1580 cm−1, ωsp1 = 806 cm−1 and ωsp2 = 1168 cm−1. The lifetime associated

with the phonons used in these plots are τop = 70 fs, τsp1 = 0.5 ps and τsp1 = 0.2 ps. Calculations

include damping of single particle excitations δe as described in the Suppl. info. text. The coupling

parameters used are g0 = 7.7 eVÅ−1, F2
sp1 = 0.2meV and F2

sp2 = 2meV.
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FIG. S 2: Plasmon lifetimes with doping. Calculated plasmon lifetimes of ribbons on DLC

and SiO2 as the function of the plasmon resonance frequencies with two different dopings as indi-

cated. Calculations includes contributions from scattering with phonons, bulk scattering and edge

scattering as detailed in the Supplementary Information. Symbols are experimental data. The

yellow region represents the frequency range larger than the graphene optical phonon frequency.
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FIG. S 3: Resonance lineshape and fitting. Measured extinction spectra of a W = 85nm

ribbon array on SiO2 substrate, where we show only part of the spectra relating to the peak 3 as

described in the main manuscript. The data can be fitted well by a Fano model, with model and

parameters described in Suppl. Info text.
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FIG. S 4: Damping rate scaling with width. Measured plasmon damping rate in graphene

ribbons on DLC substrate as a function of the effective width We = W − W0, where W is the

physical width and W0 = 28nm. See also main text. The plasmon damping rate is best described

by the scaling relation Γ0 + a/W b
e , where Γ0 = 69cm−1 is related to the background damping, a

quantity determined from the Drude response of large area graphene. a and b are obtained from

least-square-error fit to the experimental data. b was found to be 1.0.
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