2012(solutions) Controls — Problem #2 (Solutions)

Q.1

O k s+1 Y
s2+as+b (S‘|‘10):2

Consider the feedback system shown in the figure with transfer function G(s) = ﬁg and a controller

of the form C(s) = ﬁ—ﬁ_—b , where k£ > 0.

1. Determine values of a, b and a range of values for k, so that the feedback system can track a ramp input
r(t) =t, t > 0 with zero steady state error.

2. A block diagram of a servo system for motion control is shown in the Figure below:
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Icp + kd:" s(s+10)

The plant transfer function is given by G(s) = m. For the unity feedback setup, design a
Proportional-Derivative controller such that the resulting closed loop system has a damping ¢ = % —
0.707 and a natural frequency w,, = 8 rad/s. (Note that a second order system of the form m

has a damping ¢ and natural frequency wy,.)

Q 1(a): The open loop gain is L = GK = Wﬁs&zr—m)z. The transfer function with the error £ as output
and the input as R is

E(s) 1

R(s) 1+1L°

IfR = s% if r is a ramp input. If the ramp has to be tracked with zero steady state error then from the internal
model principle, the controller K has to include two poles at zero. Setting a = b = 0 we get the controller to
be k/s% which has two poles at zero. Now we have to determine k for stability. The characteristic polynomial
in this case is

s2(s 4+ 10)% + k(s + 1) = s%(s% + 205 4 100) + ks + 1 = s* + 205> +100s® + ks + k

We use the Routh Hurwitz criterion
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Thus we need 100 — /20 > 0, k > 0 and U00-R/2DE=20k o g Thyg 0 < k < 2000 and 100 — k/20 — 20 > 0.
100—%/20

Thus 0 < k& < 1600. Thus the controller can be of the form k/s? where 0 < k < 1600.

Q 1 (b): Note that L = ég’;—%; and the closed-loop transfer function is ﬁz = ky + kass® + (kg + 10)s + kp.

Thus we need kp = w,% =82 =64 and kg + 10 = 2w,, = 16/\/5 = 84/2. Thus kp, =64 and kg = 8/2 - 10 =
1.313.
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Q.2
Consider the figure given below. Design a lead controller G.(s) = J;f;fl for the plant G(s) = Z5 such that
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the phase margin is 45°. The bode plot of G(s) is given below. Hint: The frequency w,, at which the phase of
1

G.(jw) is a mazimum is w,, = VR

Bods Diagram

Phase (deg)

Frequency (rad/sec)

Solutions to Q. 2: The phase of the plant is constant at -180. Thus to have a phase margin of 45° the
controller needs to have a phase of 45° at gain crossover. We will choose the gain crossover frequency w. = wy,
where w,, = T—l_\/a where the lead controller has the maximum phase. Thus we need ¢, := Z{G.(jwn } = 7/4.

This implies that

S Tt
We also need w,, to be the gain crossover and therefore
|Ge(Jwm)|G(Jwm)| =1
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Thus w, = 1.5537 and T = —= = 1.5537 and G, = 3350553
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Q.3
Consider the systems with the following transfer functions:
_ 1
Gals) = w5577

__4
s2+1s+4

)
)
Geo(s) = gaers
)
)

__ 6
Gp(s) = prma

_ 4
Gp(s) = S 12s+4

_ 1
Gr(s) = 52578

You are required to match these with the unit step responses shown below (Hint: calculate the damping ¢, the
natural frequency wy, for each system and the corresponding steady state output values).
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Solutions to Q. 30)
=gl w, =1 (=025 2,0 =1

524+0.55+1¢

Gp(s) = iz wn =2, (=025, 2o =1

=t wa =2, (=05 gy =15

)
)
Go(s) = g, wn =1, ( =05, 2o = 1.5
) = P Wn

)

m, wn:Q, (::05 woczl



Gr(s) = soaas: Wn =2, ( =025, 25 =15

(I). (II), (IV) have £ = 1. Thus these have to be matched with G4, Gp and Gg. I has the least peak
(indicates greatest damping and thus G corresponds to I. Also (IV) settles slower than II and thus G4

corresponds to IV and Gp to IL
Of the cases with zo = 1.5, V is the least damped and thus Gy corresponds to V. IIT settles faster than

VI and thus Gp corresponds to III and G¢ to VI.



