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Instructions:

1. Answer all problems.

2. There are 2 problems with a total of 40 points (15 points for Problem 1 and 25
points for Problem 2).

3. Upsampling and downsampling operations are defined mathematically in the se-
quence domain (see below). You do not have to derive the relationships in the
frequency domain. For example, if you know the relationship between X, (e?)

and X (e/*), then simply use it if it is pertinent to your answer.

4. Show work for partial credit.

Upsampling /Downsampling:

(Upsampling)

x[n] Ty [N
xzln/L] forn=0,%+L, £2L,...,
Tun] =
0 otherwise.
M (Downsampling)
z[n] zq4(n]

4[n] = x[Mn]
— p[]\»[n]x[]\/[”]-

Where p[n] is a periodic unit pulse with period Af.
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1. Consider the following system:

z.(t)o &@—>| ho[n] —>{| M| N-pt DFT |—>oY[]

TI ejwon O

The input signal is given by

K-1 ork
Bl 1) = (1 — —;%) cos ( ;jt) ,

k=

o

and the ideally sampled signal is

(o}

zo(t) = Y z(nT)é(t — nT)

n—=—oc

where K = 5 and Ty = 107%. The impulse response, ho[n], is an ideal lowpass
filter with cutoff at w.. In the above implementation, the sampling frequency was
set at 20 kHz with wy = w. = m/4, M = 4, and (for convenience) N = 1000.

(a) Sketch X, (j), X, (), and X (e??) (the DTFT of z[n] = x.(nT)). Carefully

label your axes and the amplitudes of all frequency components. [6 points]

Solution. The Fourier transform of z.(t) can be obtained analytically

o . k ork ork
X. () = 276(Q) + ﬂ]; (1 - 3> [5(9 + To) 180 ~ To)]

and X; (jQ2) is given by

, T 2l = k ok ok
l=—00 k=1
1 X, ()
| 27’1’ "
087 | 087
0.9 0kr 0P ] 067 .4r N 3
1 F (kHz)

QUESTION 1(a) CONTINUES OVER THE PAGE
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1(a) (Continued)
X, () is a scaled version of X, (jQ) (scaling by 4 = 20000) and periodic
with a period of 20 kHz.
The DTFT of the sampled sequence

-t )

k=-—c0

| X (e1)
| ro
0 087 0.87 06
b7 \ NiZy
0.27 04T 047 0.7
3 w
04T 037702 _g1r U gap 027 g3 047 4
Remarks:
e X (e/*) is periodic with a period of 27.
e We have used the scaling property of the § function (§(at) = 6(¢)/ o),
which explains the amplitude scaling of X (ej”)‘
(b) Sketch Y[k] for £k = 0,1,..., N — 1. Indicate the analog frequency range
covered by the values of the DFT index values. [6 points]
Solution. After the modulator,
Xm (ejw) =X (ej(wf%)) periodic shift right
The five frequency components originally at w = —0.47, —0.37, —=0.27, —0.17, and 0

will pass through the filter appearing at w = —0.157r, —0.057, 0.057, 0.157, and 0.257,
respectively. After the compressor, these frequency components will ap-
pear at w = —0.67,—0.27,0.27,0.6w, and =, respectively. For a 1000-
pt DFT, the DFT index k corresponds to a normalized frequency compo-
nent wy = —5%%. Therefore, the five frequency components will appear at
k = 1000 — 300, 1000 — 100,100, 300, and 500, respectively. Since the in-
put frequency components coincide with whole values of k, spectral leakage

components are strictly zero at all other values of k.

X [k] |
1000
300 A00
" 200
h 100 300 500 700 900 k

QUESTION 1 CONTINUES OVER THE PAGE
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1 (Continued)
(c) How are the values Y[k] related to the input signal spectrum, X, (j2)? Com-

ment on your result. [3 points]

Solution. The system implements a 1000-point DFT on the normalized
frequency range [—7 /2, 0], which correspond to the frequency range of -5000
Hz to DC. k = 100 corresponds to FF = —2000 Hz, & = 300 corresponds
to FF = —1000 Hz, k£ = 500 corresponds to DC, k = 700 corresponds to
F = —4000 Hz, and k£ = 900 corresponds to F = —3000 Hz.

This system is an example of a zoom DFT in a limited frequency band start-
ing at —%2¢ with a width determined by the filter bandwidth (2';15).

2. Consider the following system

WPE Fall '10 SP 2:

z[n]o—>{1 L}—>{h[n] —{| L|—oui[n]

U1 [n]v—»T—){T M '—)lh[n] }—>|J, M I—)@—-)O]/Q[’n]
(—1y» (—1)"1

The digital filter prototype, with impulse response h[n|, was designed to meet
the following specifications
0.99 < |H(e?¥)| <1.01, 0 < |w| <0.257
|H (e’)] < 0.005, 0.371 < |w| < 7.
The filter is FIR with linear phase characteristics, 6(w) = —ngqw + [, where

ng = 42.5 and f is either 0 or 7. Assume L = 2 and M = 3 and answer the

following questions:

QUESTION 2 CONTINUES OVER THE PAGE
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2 (Continued)
(a) What is the order of H (2)7 Briefly justify your answer. [2 points]

Solution. The FIR filter has generalized linear phase characteristics. The
possible values of 8 (and the fact that the filter is LP) suggest Type I or
Type II symmetry. The slope of the phase curve is equal to —M /2, where M
is the order. For this filter, M = 85.

(b) For z[n] = Acos(0.17n), is it possible to write y;[n] = A;j cos (0.17n + 6;) and
Yaln] = Agcos (0.17mn + 09)7 If so, specify the range of values of Ay, Ay, 01, & 65.
If not, explain why not. [5 points]
Solution. While the individual operations like modulation, upsampling and
downsampling are time-varying, their balanced use results in time-invariant
effective filters that can be characterized as follows:
The filter Hy (ej“’) =Y (ej“’) /X (ej“’) is related to H (ej“’) as follows:
o Its edge frequencies are scaled by L, i.e., wp = Lwp and ws — Lws.
e Tts gain is scaled by 1/L.
Therefore, for L = 2, Hy (') is a LPF with tolerances:

0.99/2 < |Hy (¢%)] <1.01/2, 0<|w| <057
|H1 (e)| <0.005/2, 0.6 < jw| < 7.
The second filter in the cascade, Hy (e/%) = Y (/%) /Y1 (¢/¥) is related to
H (e7*) as follows:
e The edge frequencies of the LP prototype are scaled by M, ie., w, —
Mew, and w; — Muws.
o Its gain is scaled by 1/M.

e The use of the modulators shifts the center frequency of the modified
filter by =.

Therefore, for M = 3, Hy (ej"") is a HPF with tolerances:
0.99/3< |[Hy(e™)] <1.01/3, 0257 <|w|<m
|Ha (e7)| < 0.005/3, 0< |w| <0.17.

The effective filter Hopp (€7%) =Y (e7%) /X (e7%) = Hy (e/%) Hy (€7*) and it

meets the following tolerances

0.99%/6 < |Heps (e2%)| < 1.01%/6,  0.257 < |w| < 0.57
|Hess (€7)] <1.01%0.005/6,  0.6m < |w| <.
|Hepp (e7)| <1.01%0.005/6,  0< |w| <017,

QUESTION 2(b) CONTINUES OVER THE PAGE
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2(b) (Continued)

()

The filters Hy (ej‘*’) and Hy (ej“) retain their linear phase characteristics and
so does the effective filter.

For z[n] = Acos(0.1mn), y1[n] = (1 £ 0.01) * A/2cos(0.17(n — ny)) and
ya[n] = 0.005 x A/6cos(0.1m(n — 2ny)) (input signal in the passband of the
first filter, but in the stop band of the second filter in the cascade).

For z[n] = Acos (0.27n), is it possible to write y1[n] = Ay cos (0.27n + 6,) and
yo[n] = Az cos (0.27n + 63)7 If so, specify the range of values of Ay, Ay, 0y, & 0,.
If not, explain why not. [5 points]

Solution. For z[n} = A cos(0.27n), y1[n] = (1£0.01)* A/2 cos(0.2n(n—ng))
and yz[n] = 0.67x A/6 cos(0.1m(n—2ny)) (we approximated the filter response
in the transmission band by a linear roll off with 0.27 being 0.057 from the

passband edge and 0.17 from the stopband edge.

For z[n] = A cos (0.47n), is it possible to write y1[n] = A; cos (0.47n + 0,) and
yo[n] = Ay cos (0.4mn + 62)7 If so, specify the range of values of Ay, As, 01, & 65.
If not, explain why not. [5 points]

Solution. For z{n] = Acos(0.47n), y1[n] =~ (1£0.01)% A/2cos(0.4m(n—ng))
and yo[n] = (1£0.02)x A/6 cos(0.4w(n—2ny)) (input signal is in the passband
of both filters in the cascade)

Based on your answers above, describe the filtering operation performed by
the cascade. Specifically, is the overall system LPF, BPF, BSF, HPF, or all-
pass filter? If such characterization is possible, give the filter tolerances for

the frequency range [—m, 7). If not, succinctly explain why not.  [8 points]

Solution. The cascade is a bandpass filter with tolerances as given above.
Apart from the scaling by 1/6, which can be easily compensated for, the
performance of the filter in both the passband and stop bands is worse than
the LPF prototype.

[Hint: For Parts (b) - (d), your answers should be based on the tolerances of
the filter prototype and the cascade architecture of the system.]




