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Motivating example
ELECTROSTATICALLY ACTUATED MICRO-CANTILEVERS (NAPOLI ET. AL.):

POTENTIAL APPLICATION: MASSIVELY PARALLEL DATA STORAGE & RETRIEVAL

problem: slow scans = low throughput
solution: go massively parallel

ISSUES:

tightly coupled dynamics = spatio-temporal instabilities
large arrays ~ 10000 devices = localized control imperative
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Controller architectures

CENTRALIZED:

1 Go G1 Go [~

FULLY DECENTRALIZED:

. 1 Go Gq Go [~
K K Ko
LOCALIZED:

. 1 Go G1 Go |~

BEST PERFORMANCE
EXCESSIVE COMMUNICATION

WORST PERFORMANCE
NO COMMUNICATION

MANY POSSIBLE ARCHITECTURES
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Motivation

Optimal design with a priori assigned localization constraints: difficult problem
(Voulgaris & Bamieh, Langbort & D’Andrea, Rotkowitz & Lall, Castro & Paganini)

Alternative problem:
given a stabilizing localized controller, is it optimal (in the LQR sense)?

The inverse problem of optimal control (Kalman '64)

Traditional motivation: optimality =- robustness

Additional motivation: insight about spatial extent of the LQR weights
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Outline

@® CLASS OF SYSTEMS
* spatially invariant systems

® EXAMPLES OF OPTIMAL DISTRIBUTED DESIGN
* fully decentralized performance indices = centralized controllers

® THE INVERSE PROBLEM OF OPTIMAL DISTRIBUTED CONTROL
* return difference inequality

® EXAMPLES OF INVERSELY OPTIMAL DISTRIBUTED DESIGN
* departure from fully decentralized performance indices

® CONCLUDING REMARKS
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Spatially invariant systems
Bamieh, Paganini, Dahleh 02

Op(t,€) = AY(L,€) + Bult,§)

spatial coordinate: ¢ € G

spatial invariant operators: A, B

SPATIAL FOURIER TRANSFORM

spatial frequency: k € G

>
>

multiplication operators: A, B,
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HEAT EQUATIONOVER G = R

wt(t7€) — ¢££(t75) + C¢(taf) =+ u(taf)v f c R
)

Un(t) = (c — 62)u(t) + Gu(t), k€ R

MASS-SPRING SYSTEM OVER G := Z
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Distributed LQR design

8t¢(t7€) — Aw(tag) + BU(t,f)
7= 5] wen + R at
)
Galt) = Audhu(t) + Butta(t
J = / / ) Quthe(t) + 05 () Ryt (t)) dredt
Ue(t) = Kuthe(t) = — RIUB*Puabe(t), ke G
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HEAT EQUATION
Q :=gql, R =r] = K,= —(c—£k>) —(c— K22+ q/r

K, - irrational function of x = can’t be implemented by a localized controller

ult, &) = /R K(E - Ou(t,O) d, €ER

MASS-SPRING SYSTEM

A

al 0 Ke = [ K Ko ]
Q= 0 gof = K = 2(1 —cosk) — /4cos k — 1)2 + qi/r
R = rl Raw = —\/=2K10 + aofr

A

K, - irrational function of k = can’t be implemented by a localized controller

u(t,&) = > K(E - Qu(t.(), €

CEZ
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Inverse problem of optimal distributed control

Given stabilizing K, is it optimal wrt some (Q, R)?
)C - localized distributed controller

HEAT EQUATION
Vi(t,§) = ee(t, &) + (¢, §) + u(t,§)
u(t,§) = —(c+ a)y(t )

stability & o > 0

MASS-SPRING SYSTEM

T I S L B R
wt,§) = — | a v |vte)

stabilty < a,v >0
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Conditions for inverse optimality
] s i
(SI o AK)_llgﬁl ,Cr{

SENSITIVITY FUNCTION

SINGLE INPUT SYSTEMS (1, € C)

optimality
0

S.(jw)] < 1, Yw € R, Yk € G

IF SATISFIED, DETERMINE Q,. AND R, FROM
Brljwl + AT Ou(wT — A) B = Ry (1= 1/18c(w)l?)
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Examples of inversely optimal design
HEAT EQUATION WITH FULLY DECENTRALIZED CONTROLLER
Ve(t,8) = vee(t, &) + cp(t,§) + ult,§)
u(t,§) = —(c+ a)y(t,§)

stability & o > 0

optimality & a > ¢

R:=1 = Q= (a® — A — 2(c + o)
)

I =] (@ = )+ 2+ @) e+ ()t
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MASS-SPRING SYSTEM WITH FULLY DECENTRALIZED CONTROLLER

T I S L B R
U(t,g) - = [ a7y ]10(7575)

stability < a >0, v >0

optimalty < a > 0, v > V2«

/ Z Z (1) Qum¥(t,m) + u*(t,n)Ry_mu(t,m)) dt

neZmeZ

o’ + 4o 0 —2a 0
RO_]-:>QO_ [ 0 72_204]7 Q:l:l_ [ 0 O]
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HEAT EQUATION

Examples: summary

1
2

e(t,€) = ee(t,€) + cb(t, &) + ult,€)

@2 = 2(c + /@1 + c2) = fully decentralized controller

MASS-SPRING SYSTEM

[t ]

J =

q3 =

[ o o] [MER] + [ 2w

%/0 > (@W?(tn) + q¥i(t,n) + u(tn))dt +

nez

%/OOO Z g3 ¥1(t,n) (P1(t,n—1) + Pa(t,n+1))di

n ez
2(2 — V& + ¢1) = fully decentralized controller
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Optimal control of vehicular platoons

00 00 00 00

-»> -+

-

ALy Upr EM-10 UM-1 T, U9 €T, U

”1] a [8 é”iﬁ;] T [?]u u = —((al + dL)Y1 + cip)
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(0

1 -1 0 0 0 0 |

—1 9  —1 0 0 0

0 —1 9 0 0 0

L =

. 0 0 0 9  —1 0

0 0 0 1 9  —1
0 0 0 0 —1 1

INVERSE OPTIMALITY WRT:
1 > *k %k %k
J = 5/ (V11 + V53Q20e + ru'u) dt, r > 0
0
Q1 = r(al + bL)*, Q2 = r((c* — 2a)I — 2bL)
a > 0, b>0, ¢c>+2+ dbMI), ML) = 2(1 — cos MU
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Concluding remarks

e INVERSE OPTIMAL DISTRIBUTED DESIGN FOR SPATIALLY INVARIANT SYSTEMS
Jovanovi¢, ACC’05:

* Frequency domain condition for optimality
* Return difference inequality

*x Departure from fully decentralized performance indices

e ONGOING RESEARCH

*x Parametrization of all LQR weights
* A design tool?

* Optimal design for other classes of distributed control problems
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Additional info

Mihailo Jovanovic

www.umn.edu/~mihailo
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