EE 8235: Lectures 4 & 5

Lectures 4 & 5: Solutions to simple infinite dimensional systems
e Notion of a Hilbert space

*x Complete linear vector space with an inner product

e Examples of solutions to infinite dimensional systems

* Infinite number of decoupled scalar states
* Gontinuum of decoupled states
*= 1D heat equation

= 1D wave equation

e Informal discussion

* Serves as a motivation for formal developments (later in the course)
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Hilbert space
e Hilbert space H: a linear vector space

= complete (i.e., Cauchy sequences in H converge to an element in H)

* has an inner product

e Inner product (-, ): Hx H — C

* (u,v)y = (v,u)
* (u,v+w) = (u,v) + (u,w)
* (u,av) = alu,v); (au,v) = a(u,v)
e (-,-):inducesanormonH: forv € H, |[v|* = (v,v)
* ||lv|| = 0,forallv € H
*x v =0 & v =0

 Jlav| = lal[lv]

Al + ol < lull 4 lof
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Examples of Hilbert spaces
o R*" C"

o (5(Z), l3 (N), £5 (Np)

U (Z) = {{fn}nez, Z frfn < oo}

o [Lo(—00,00), Lo (0,00), Lo |a, b]

L) = {1 [ f@@ar < |

e The geometries of /5 and L, are similar to the geometry of C™
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cn Lo(—00, 0
- w=u-+"v w = u +_v )
2 [ wp | U1 V1 w1 () u1(x) v1(x)
3 2 I A L : = : T :
© Wy, | Uy, | vy, Wy, () | un(x) - Un(x)
© 0
3 (u,v) = / u*(x)v(z)dx
o n o
E. <U,U> = utv = Zﬂivi o M
@ i = = / Z ui(x) vi(x) do
c 00 =1
g 2 * 2 ~ *
S lo]* = (v,v) = v*v [olI* = (v,v) = [ v™(z)v(r)dr
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Infinite number of decoupled scalar states

() = antn(t), n € N

e Abstract evolution equation on /5 (N)

1 () ai 1 (t)
d 2 — a2 2 M —
- (0 :(75) — | 0 :(t) ® = Ap(t)
Solution
 i(t) | [ en? 1 [ ¥1(0) ]
at) | = e ¥2(0) | Jooks like w(t) = e?ty(0)

e Later: conditions for well-posedness on /5 (N)
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Continuum of decoupled scalar states

Y(k,t) = a(k)Y(k,t), kK € R
e Generator of the dynamics
multiplication operator: [M,¥(-,t)] (k) = a(k) ¥(k,1t)
Solution

V(k,t) = e (k,0) looks like (k,t) = [eM“tzp(-,())] (k)

e Later: conditions for well-posedness on Ly (—oco, o)
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Diffusion equation on L, (—oco, o)
Oe(r,t) = Gualz,t) + u(z,t)
¢(x,0) = f(x), z €R

Spatial Fourier transform:

qé(m,t) = —k? cﬁ(m,t) + a(k,t)

#(k,0) = f(k), & € R
i

t
} = o(k,t) = e—Ht F(r)+ / e =) 4k, 7)dr
0

e Abstractly
St) = T(rt) flr) + / T(k,t — )k, 7) dr
0
0

oo.t) = /_OOT<a:—§7t>f<s>ds+/O/_OOT@—s,t—T)u(sm)dsdT
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e Back to physical space

T(x,t) = oy _OOT(n,t) T dr = z—me
6
n
9.
91 1

Solution can be represented as:

¢(z, 1)

A

() £O)] (2) = / T T(a— 1) £(€) de
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Diffusion equation on L, [—1, 1] with Dirichlet BCs

Oe(x,t) = Gpe(x,t) + u(z,t)
¢($,O) — f(CE)

e Consider
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nm

e Properties of {vn(iv) = sin (7 (@ + 1))}neN

1. Satisfy BCs
vp(£1) = 0

2. Of unit length and mutually orthogonal (i.e., orthonormal)

I, n=m

<Unavm> — 5nm — {O, n 7é m

3. Complete basis of Ly |—1,1]

Span {Un}nEN = Lo [_17 1]

2

4. Eigenfunctions of % with Dirichlet BCs
I

d? v, ()
d z?

= A\up(x), Ay = — (n—W)Q

10
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Solution technique

1. Represent the solution as

oo

= Z an (t) vn ()

n=1

=

£

N
|

O‘n(t) — </Un7§b>

2. Substitute into the PDE and use v//(z) = A\, v,(x)

D ) vn(z) = D Anan(t)va(z) + ulz,t)

n=1 n=1

11
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3. Take an inner product with v,,

<vm, Z Gy, (1) vn> =

n=1

4. Use orthonormality of {v,,(2)}, e

G (t) =

<vm, Z An Qi (1) vy

n —

Am 0 (1) 4+ U ()

> + (U, u)

12
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5. Express solution as

p(x,t) = Y e Muy(x) (vn, f) / Z An(t=7) g (@) (U, u(-, 7)) dr

n=1 n=1

:/ Z Ant d§+// Z An(t=7) gy (@) 0 (€) (€, T) A€ dr

n_l P n—l .,

T(x,&5t) T(w,&5t—)

e Green’s function for diffusion equation on L, [—1, 1] with Dirichlet BCs

T(x,&t) = e v () v, (€)
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T(x,&t=0.01): T(x,&t=0.1):

|2.5

P

1.5

N

0.5

0
T(x,&t=0.3): T(x,&t=1):

0.08

0.4
+10.06

- 10.3
- 10.04

1 10.2

0.1

0
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Diffusion equation on L, [—1, 1] with Neumann BCs

de(x,t) = Gpe(x,t) + u(z,t)
(/5(3770) — f(:lf)

1 \ |
N AVA N4
0.5 |
ol
0.5
-1 ‘ ‘ .
1 05 0 0.5 1

15
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2

e Eigenfunctions of % with Neumann BCs
X

d? v, (z)

d x2

e Green’s function

T(x,&;t)

— Ay on(2), {)\0 — 0, )\, = —(

ni

2

.

16
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T(x,&t=0.01): T(x,&t=0.1):

T(x,&t=0.3): T(x,&t=1):

I0.55

- 10.5
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Finite dimensional analogy

(t) = A(t)

Let A have a full set of linearly independent orthonormal e-vectors

Av; = \v; & Aivl vnl:lvl vnl

|4 %

e A —diagonalizable by a unitary coordinate transformation

By 17 ot
A = [vl vn]
i An | | vy
- o 17 vt
At [’01 Un]
] e)‘"t__?];;_
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Dyadic decomposition of matrix A

e Actionof Aonu € C"

e Solutionto (t)

A1
= (v - vy
AV U
— [Ul Un}
| AnUpu

= Anyviu + -

= Zn: Ai vi (v, w)

1=1

= Ay(t)

1=1

*
+ Apvn v u

E ety (v,

19
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Dyadic decomposition of operator A

e Action of operator A (with a full set of orthonormal e-functions) on v € H

[Au](z) = Y Xaoa(2) (vn, u)

e For the heat equation with Dirichlet BCs

[%] (2) = i - (%)2%(9:) (U 1)

n=1

e Solutionto (t) = Awp(t)

20
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A few additional notes
e Orthonormal basis {v,},, ¢

e Properties

1. (,¢) = > (n,¥) (vn,8) = > Bram

n=1

o

2. |92 = (W) = > [ ) P = D |8l

n=1
3. ¢ orthogonalto each v, = v =0

N

4. Convergence in Ly-sense [[¢ — > (v, %) v,

n=1

21
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Projection theorem
e H: Hilbert space; V': closed subspace of H

* For each ¢ € Hi, there is a unique vy € V such that

1Y = vol| = min [l — v

veV

* vg € V minimizing vector < (¢ — v) LV

e Consequence: the best approximation of ¢ using N orthonormal vectors v,

Proof: follows directly from Projection theorem
N
<vn,¢ — Zamvm> =0, n=A1,...,N} = am = (Un, V)
m=1

Orthonormality: approximation improved by adding (vy 11, %) vn11

22
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Wave equation on infinite spatial extent

¢tt(x7 t)

¢(x,0)
I

e Evolution equation
k)

Ya(t)
ot) =

= ¢ Ppp(x,t) + u(x,t)
= f(x), ¢¢(x,0) = g(z), x € R

:c2d20/dx2 é] liiéi%] " [?]u@

o 0|

lFourier trasform

23
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D’Alembert’s formula

e Solution to the unforced problem

o(k, 1)

_ — lﬁl(/ﬁt)

[ b } I 122(/@75)
[ cos(ckt) sin (ckt) /(ck) F(K)

(1 0| ] [ 3 ]

| —ck sin(ckt) cos (ckt)

A sin (ck 1)

= cos(ckt) f(k) +

AN

g(r)

CKR

(ot 4 emdent) F(k) + tsinc(ckt)§(r)

DO | —

linverse Fourier trasform

v@+ww+fw—wm—kgji@a(”‘ﬂg@ms

C ct

DN | —

T+ ct
Flata)+fa—a)+5 [ o

DO | —
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