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Lectures 6, 7, 8:
{

Kernel representation of linear operators
Hilbert space adjoint of a linear operator

• Kernel representation of an integral operator

? Generalization of matrix/vector multiplication

? Represents action of integral operators and linear dynamical systems

• Adjoint of an operator

? Generalizes notion of complex-conjugate-transpose to operators

? Useful in linear algebra and functional analysis
(solutions of linear equations, optimization, . . .)

• Self-adjoint operators

? Can be used to characterize complete orthonormal basis of a Hilbert space
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Kernel representation

• Recall: Solution of diffusion equation on L2 [−1, 1] with Dirichlet BCs

φt(x, t) = φxx(x, t)

φ(x, 0) = f(x)

φ(±1, t) = 0

given by

φ(x, t) = [T (t) f ] (x) =

∫ 1

−1

T (x, ξ; t) f(ξ) dξ

• Kernel representation of operator T (t): L2 [−1, 1] −→ L2 [−1, 1]

T (x, ξ; t) =

∞∑
n= 1

e−(nπ2 )
2
t sin

(nπ
2

(x + 1)
)

sin
(nπ

2
(ξ + 1)

)
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T (x, ξ; t = 0.01): T (x, ξ; t = 0.1):

T (x, ξ; t = 0.3): T (x, ξ; t = 1):
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• For operator T : f −→ g given by

g(x) = [T f ] (x) =

∫ b

a

T (x, ξ) f(ξ) dξ

• Vector-valued f and g ⇒ matrix-valued T (·, ·)

g(x) =

[
g1(x)
g2(x)

]
, f(x) =

 f1(x)
f2(x)
f3(x)

 ⇒ T (·, ·) =

[
T11(·, ·) T12(·, ·) T13(·, ·)
T21(·, ·) T22(·, ·) T23(·, ·)

]

• Kernels of identity and multiplication operators are distributions

g(x) = [I f ] (x) = f(x) =

∫ b

a

δ(x− ξ) f(ξ) dξ

g(x) = [Ma f ] (x) = a(x) f(x) =

∫ b

a

a(x) δ(x− ξ) f(ξ) dξ

• Kernel of Ma:

{
impulse sheet supported along the line x = ξ in [a, b]× [a, b]

strength ”modulated” by the function a(·)
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Generalizations
• Can be generalized to T : L2(Ω) −→ L2(Ω), Ω ⊂ Rn

g(x) = [T f ] (x) =

∫
Ω

T (x, ξ) f(ξ) dξ

• Examples of bounded T : L2(Ω) −→ L2(Ω)

? Ω compact; T (·, ·) has no distributions; T (·, ·) bounded

? Ω compact; sup
x∈Ω

∫
Ω

|T (x, ξ)|dξ < ∞; sup
ξ∈Ω

∫
Ω

|T (x, ξ)|dx < ∞

? T Hilbert-Schmidt, i.e.,
∫

Ω

∫
Ω

|T (x, ξ)|2 dx dξ < ∞

• T : discrete spectrum and complete set of orthonormal e-functions

[T f ] (x) =

∞∑
n= 1

λn vn(x) 〈vn, f〉 =

∫
Ω

( ∞∑
n= 1

λn vn(x) v∗n(ξ)

)
︸ ︷︷ ︸

T (x,ξ)

f(ξ) dξ
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Hilbert space adjoint

• The adjoint of a bounded operator A: H1 −→ H2

? the operator A†: H2 −→ H1 defined by

〈ψ2,Aψ1〉2 =
〈
A†ψ2, ψ1

〉
1
, for all ψ1 ∈ H1 and ψ2 ∈ H2

• Examples

? A: Cn −→ Cm with standard inner product A† = A∗

? A: Cn −→ Cm with {〈fi, gi〉i = f∗i Qi gi; Qi = Q∗i > 0} A† = Q−1
1 A∗Q2

? A: Cn×n −→ Cn×n, A(Q) =

∫ ∞
0

eAtQ eA
∗t dt with 〈R,Q〉 = trace (R∗Q)

A†(R) =

∫ ∞
0

eA
∗tR eAt dt

? A: L2[0, t] −→ Cn, [Au] (t) =

∫ t

0

eA(t−τ)B u(τ) dτ with standard inner

products on L2[0, t] and Cn
[
A† x(t)

]
(τ) = B∗ eA

∗(t−τ) x(t)
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? A: L2[a, b] −→ L2[a, b], [A f ] (x) =

∫ b

a

A(x, ξ) f(ξ) dξ with standard inner

product on L2[0, t]
[
A† g

]
(x) =

∫ b

a

A∗(ξ, x) g(ξ) dξ

? A: L2[a, b] −→ L2[a, b], [A f ] (x) =

∫ x

a

A(x, ξ) f(ξ) dξ with standard inner

product on L2[0, t]
[
A† g

]
(x) =

∫ b

x

A∗(ξ, x) g(ξ) dξ

• For bounded A: H1 −→ H2, B: H2 −→ H3, α ∈ C

I† = I, (αA)
†

= αA†, ‖A†‖ = ‖A‖

(A1 + A2)† = A†1 + A†2, (BA)
†

= A†B†, ‖A†A‖ = ‖A‖2
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Fundamental subspaces

• The range space of A : H1 ⊃ D(A) −→ H2

R(A) = {g ∈ H2; g = Af, f ∈ D(A)}

• The null space of A : H1 ⊃ D(A) −→ H2

N (A) = {f ∈ H1; Af = 0}

• For a bounded A: H1 −→ H2

? [R(A)]
⊥

= N (A†); [R(A)] =
[
N (A†)

]⊥
?
[
R(A†)

]⊥
= N (A); [R(A†)] = [N (A)]

⊥

• For bounded A: H1 −→ H2, B: H2 −→ H3

? N (BA) ⊇ N (A) but N (A) = N (A†A)

? R(BA) ⊆ R(B) but R(A) = R(AA†)
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Adjoint of an unbounded operator

• The adjoint of an unbounded operator

{
A : H1 ⊃ D(A) −→ H2

D(A) dense in H1

? the operator A†: H2 ⊃ D(A†) −→ H1 defined by

{
D(A†) = {ψ2 ∈ H2; ∃φ1 ∈ H1 s.t. 〈ψ2,Aψ1〉2 = 〈φ1, ψ1〉1 for all ψ1 ∈ D(A)}
A†ψ2 = φ1

• Informally

〈ψ2,Aψ1〉2 =
〈
A†ψ2, ψ1

〉
1

{
for all ψ1 ∈ D(A) and ψ2 for which the RHS is finite

such ψ2 ∈ H2 determine D(A†)
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Examples (to be solved in class)

•


[A f ] (x) =

[
df

dx

]
(x)

D(A) =

{
f ∈ L2 [−1, 1],

df

dx
∈ L2 [−1, 1], f(−1) = 0

}

•


[A f ] (x) =

[
d2f

dx2

]
(x)

D(A) =

{
f ∈ L2 [−1, 1],

d2f

dx2
∈ L2 [−1, 1], f(±1) = 0

}
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Useful property

•

{
A : unbounded densely defined operator with domain D(A) ⊂ H
B : bounded operator defined on the whole H

? (αA)
†

= αA†; D
(

(αA)
†
)

=

{
D
(
A†
)
, α 6= 0

H, α = 0

? (A + B)† = A† + B†, with domain D
(
(A + B)†

)
= D

(
A†
)

? A has bounded inverse ⇒ A† has bounded inverse:
(
A†
)−1

=
(
A−1

)†

• Examples on L2[−1, 1]

f ′(x) = g(x)

f(−1) = 0

}
⇒ f(x) =

∫ x

−1

g(ξ) dξ =

∫ 1

−1

1(x− ξ) g(ξ) dξ

f ′′(x) = g(x)

f(±1) = 0

}
⇒ f(x) =

∫ 1

−1

(
(x− ξ)1(x− ξ) +

(x+ 1)(ξ − 1)

2

)
g(ξ) dξ
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Self-adjoint operators{
〈ψ2,Aψ1〉2 = 〈Aψ2, ψ1〉1 for all ψ1, ψ2 ∈ D(A)

D(A†) = D(A)

A self-adjoint ⇒

{
all e-values of A are real

vn, vm: e-vectors corresponding to λn 6= λm ⇒ 〈vn, vm〉 = 0

A: densely defined self-adjoint operator in H with discrete spectrum

⇓

A has an orthonormal set of e-functions that span H
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Example (to be solved in class)

• E-value decomposition of
d2

dx2
on L2[−1, 1] with Dirichlet BCs


[A f ] (x) =

[
d2f

dx2

]
(x)

D(A) =

{
f ∈ L2 [−1, 1],

d2f

dx2
∈ L2 [−1, 1], f(±1) = 0

}

• Need to solve 
[

d2v

dx2

]
(x) = λ v(x)

v(±1) = 0

y
{
vn(x) = sin

(nπ
2

(x + 1)
)

; λn = −
(nπ

2

)2
}
n∈N


