EE 8235: Lecture 9

Lecture 9: Spectral theory for compact normal operators

e Resolvent and spectrum of an operator

e Compact operators

* Direct extension of matrices

e Normal operators

* Commute with its adjoint

e Compact normal operators

* Unitarily diagonalizable

* E-functions provide a complete orthonormal basis of H

e Riesz-spectral operators
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Resolvent

e Want to study equations of the form
M — Ay =u, {A:HDD(A) — H; X € C; ¢,u € H}

Determine conditions under which A, = (A — A) is boundedly invertible

[ (1) Ry= (M — A" exists

Relevant conditions: { (2) R, = (Al — A)~" is bounded

| (3) Thedomainof Ry = (A — A)"" isdensein H
e The resolvent set of A:

p(A) = {A € C; (1), (2), (3) hold}

e The spectrum of A:
0(A) = C\ p(A)
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Spectrum

(1) Ry = (M — A" exists

(2) Ry = (M — A~ is bounded

(3) The domain of Ry = (M — A)~' is dense in H

e o(.A) can be decomposed into
o(A) = o,(A) Uo.(A) U o, (A
* Point spectrum
op(A) == {\ € C; (A — A) is not one-to-one}
* Continuous spectrum
o.(A) := {\ € C; (1) and (3) hold, but (2) doesn’t}

* Residual spectrum

o.(A) = {\ € C; (1) holds but (3) doesn’t}
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Examples

e Point spectrum

{\ € 0,(A): e-values; v € N(AI — A): e-functions}

e Continuous spectrum

multiplication operator on Ls[a,b]: [M, f(:)] (z) = a(x) f(x)

e Residual spectrum

right-shift operator on /5(N): [S, f(:)](n) = fn_1
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Spectral decomposition of compact normal operators

e compact, normal operator A on H admits a dyadic decomposition

[Av,] () = A\pop(x)

<Un7vm> — 5nm

} = [Af](z) = Z An Un () (Up, f) forall f € H

A:H D D(A) — H, with compact and normal A~}

A_lvn xr) = A;lvnx 00
| (v ]v( i Sy " } = A @) = XA va(@) on f), f € H
[Af] (CU) = Z )\nvn(x) <vmf>7 f e D(.A)
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e compact, normal operator A on H

U = URA) T UN(A)
[Av,] () = Aop(z), Ay # 0 . -
<vnavm> = Opm — Z'Un <vn7u> + UN(A)

\ n:1

e Solutions to
M — Ay =u, X#0

1. A — not an eigenvalue of A = unique solution

= (Up, ) 1
Y = Z)\ — 0 T

n=1

A — eigenvalue of A , o ,
2. _ = there is a solution iff (v;,u) = Oforallj € J
J — index sets.t. A\; = A

Vi, U 1
D SRS B o SR S
jeJ jEN\J J
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Singular Value Decomposition of compact operators

e compact operator A: H; — H, admits a Schmidt Decomposition (i.e., an SVD)

Afl(z) = Zanun(aj)<vn,f>

n=1
(AANu,] () = c2un(z) = {un}, oy orthonormal basis of Hs
AT Av,] (z) = oc2vn(z) = {vn}, oy Orthonormal basis of Hj

e matrix M: C" — C™

M = UXV* = iaiuivz‘ = Mf = zr:o'iui<viaf>

i=1 i =
M M*u; = az-zuz-

M*Muv, = O'Z-QUZ'
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Riesz basis

e {v,}, - Riesz basis of H if

* span{v,tneny = H

~ there are m, M > 0 such that forany N € Nand any {a,,},n=1,..., N

N N N
m2|an|2 < HZ O‘nvnHQ < M2|an‘2

n=1 n=1 n=1
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e closed A:H DDA — H

{At,en Simple e-values

[Av,] () = Apvp(x) {

{vn}, ey Riesz basis of H

* [ATw,] (z) = Apwn(z) = {wn}, oy canbe scaled s.t. (wn, vm) = dnm

* every f € H can be represented uniquely by

m Y wn, [Y P < AFIP < MDY [ {wn, )P
or by .
fl@) = D> wal@) (v, f)
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Riesz-spectral operator

e closed A: H D D(A) — H is Riesz-spectral operator if

[Av,] () = Apvg(2)

( {M},en Simple e-values
¢ {vn}, cn Rieszbasis of H

| {Anl, ey totally disconnected

10

l

; e pA) = |- A7 ] (@)
AS (@) = 3 Aawale) (wa, f), D(A)

A — Riesz-spectral operator with e-pair {(\,,v,)}

n €N

{wn}, cn — e-functions of AT s.t. (wy,, v) = nm

U(A) — {)‘n}neNa ,O(A) — {)‘n S C; inanNP\ _)‘n’ > O}




