EE 8235: Lectures 13 & 14

Lectures 13 & 14: ... and a bit of fluids

e Themes:

x Linearized Navier-Stokes (NS) equations in a channel flow
* Inner product that induces kinetic energy
= Non-normal nature of the dynamical generator

* Riesz spectral basis

e Approach: informal discussion using tools that we've learned so far
(more later in the course)
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Channel flow

Y —

» Steady-state solution: [ U(y) 0 0]"

e Linearized NS and continuity equations

u + Uz + U'ly)v = —po + - Au
1

ve + Uly) vy = —Dy —|—EAU
1

— —p, 4+ —A

we + Uy) we p: + o Aw

1 — y?, pressure driven flow
Uly) = .
y, Shear driven flow
dU 0? 0? 02
U'ly) = ) A==+ =+ =5
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Streamwise constant fluctuations

S -
y
Poet =0 — Uy + A
Uy = y)v + oo Au
1
vy = — Py + ﬁAv
1
wy = —p, + ﬁAw
0 = vy, + w,

x Define: stream-function in the (y, z)-plane

= Eliminate pressure from the equations

* Rewrite equations in terms of
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Evolution model

8] - [ ooc] 28

Orr-Sommerfeld: £ = A~1AZ?
Squire: S = A
Coupling: C, = —U'(y)0,

e After Fourier transform in z

Laplacian: A = 9,, — k2

"Square of Laplacian™ A% = 9,,,, — 2k20,, + ki
Coupling: C, = —jk.U'(y)

Boundary conditions:

x Dirichlet: u(y = £1,k,,t) = 0

= Dirichlet and Neumann: ¢(y = £1,k,,t) = ¢,(y = £1,k,,t) = 0
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e Re-scaletime: 7 = t/Re

Inner product:

Energy:

U (T)

[ b7 (7)

<§Z51, ¢2>e —

] _
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P1(t), P2(1)

A finite dimensional example

MBI
®2 k=2 ®2

1 b1 1 ®2
s + 1 g s + 2
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AA* £ A* A

Let A have a full set of linearly independent e-vectors

A1
Av, = \Njv; & Alvl U“l:\[vl Unl
v v An
£ — 4
A1
A w;, = \w; & A*l wy, v wnl:iwl ’wnl
7 7 _ .
) X
choose w; such that w}v; = 4,
[\ 1 [ wi
e A —diagonalizable: A= |wu U ] :
I An | | w;,
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e Actionof Aon f €

A f

C’I’L
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e E-value decomposition of A = [

e Solutionto ¢(t) = Ap(t)

o) = (e'viwi + e~

—1 0
ko —2

|

fre el ] - |

for = [P o= |
P w3) ¢(0)

oy o || 00 |
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Back to fluids

= (7) L0 || %)
ur(7) ReC, S u(T)
Orr-Sommerfeld  Coupling Squire
(8
(sI — L)' ReC, (sI — &) ! :
‘glorified vortex viscous
diffusion’ tilting dissipation
(&
L (sI — £)~" ReC, (sI —8)™! :

e Adjoint of A (w.r.t. (-,-)_):

. L 0 T ,CRGCT T . —1 77/
A=\ pie o] = {4 =[5 7| = —kavw)

= A: not normal < not diagonalizable by a unitary coordinate transformation
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Spectral decomposition of A and A"
I R Y I R
ReC, S w | u Su = Au — ReCyv
e Two sets of eigenvalues

(Al — £) not one-to-one = {)\087 Pos ”
: 0

~ fill in details for the e-value decomposition of .4 and AT

[ Lthos = AosWoss  Pos(£1) = P (£1) = 0
\ Suos — )\osuos — Recp?vbos: uos(il) =0

(M — S) not one-to-one =

e Homework:

Orr-Sommerfeld: <

,

. B nm\ 2 5 0 B
s o= (5 #). 2] [

\

x show that A is a Riesz-spectral operator
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Riesz-spectral operator

e Actionof Aon f €¢ H

00
— Z )\os,n vos,n(y> <wos,n7 e + Z )\sq n Usq, n

n=1 n=1

o Solutionto ¢.(7) = A¢(r), ¢(0) = f

00
A T A T
7-) — E erosn vos,n( wos T f + § e n Vsgq, n

n=1 n=1

Y) (Wsq,ns £,

Y) (Wsq,ns £,

12



EE 8235: Lectures 13 & 14 13

e Dependence of u(y, k., 7) on ¢ (y, k,,0) = > " an(k:) Yosn(y, k2)

oo

o) = B 3 (0 k) -

n=1

oo
Um

etsan T Usq,n(y, k-, 7_) <usq,’m Cp wOS,m> )

m—1705m T )\sq,n

LYos = Aostos, ¢08(:|:1) — %s(il) =0
Suos — >\03 Ups — pro& uos(il) =0

Squire: Ay = — ((%)2 T kﬁ) ! [ u(zq ] N ! Sin (n;?y + 1)) ]

Orr-Sommerfeld: <
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Energy growth

e Worst case energy of u caused by the initial condition in v

* Re =1,k, = 2

shear-driven flow pressure-driven flow
(one OS and one Squire mode) (one OS and two Squire modes)
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