/’,}\ ear Plants

of sasﬁm

s Minimize quadratic objective subject to linear dynamic constraint

k-’,\eﬁ‘o\-pofenhk\ ontrel ef orT
1 e /- 1

minimize J(z,u) = 5 /O ({2(r), Q(r)) + (u(r), Ru(r)) ) dr + > (2(T), Qrx(T))

subjectto Axz(t) + Bu(t) — #(t) = 0
33(0) = g, t € [O, T]

v [initetime horizen

~ state and control weights

Q=Q" >0, Qr=Qy 20, R=FR >0
(z(7),Qz(T)) = z*(7)Qz(T) standerd quodrodic
Form similar 45

(u(t), Ru(T)) = u* (1) Ru(T) Previous oliscuyyions




minimize  J(z,u) = -;-/O (5(r), Qu(r) + u(r), Ru(r) ) dr + ¢ (a(T), Qra(T))

subjectto Azx(t) + Bu(t) — #(t) = 0
a:(()) = Zg, t € [O, T]

e Features

« optimization variable is a function (neT o cler)

Control 3'3 ol f— u 0, T] — R™ more ocfiention 15
| mﬂ\crma«ew inout <l?°f¢m1
~ state and control weights @ >R

hows imporfanT 1 Q, Qr symmetric, positive semi-definite
pt\cvl stote '51 {

howo imporfont” ansuife— R symmetric, positive definite

fCoM’rol Pu,r lsl

% infinite number of constraints



o Introduce Lagrangian

ae‘\’ oid £ 'rmdefm:lence_ g t’(\"%rwhg af@r;b‘né ” 3*
\oamna.a m\‘hp‘fé\" (H\a (rice. we are fba;g &(‘ |
V\'o\o:h'fg C“‘D"W'{“+5\. )

L(z,u,A) = J(x,u) + /0 (MT7),Az(T) + Bu(r) — o(7))dr

~ form variations wrt =, u, A

Clout i\ — L)) = /O (Ru(r) + B*A(r),a(r))dr = 0

/

Yoriation WI‘H\ \'eSf’ﬁ‘j to u J/

nece

ssary cf

wrt A = 2(t) = Az(t) + Bu(t), z(0) = x¢
wrt z =A%) —Quz(t) — A*Xt), MT) = Qrz(T)

—~R71B*A(1), t € [0, 7]

wrt v = ul(t)




two-point boundary value problem: ( See notes)
)] [ A —BR'B* az(t)} l
{ OB —A* [ A(t) |
] [ 10 z(0) 0 0 z(T)
o | T oo A0)] T lQr —I ][ A1) | T
/ ' 1= »
,%/' u(t) = —R'B*A(t) \”% ENTU

trix thel relates state L.).+U-
/ (e same Sige of "'\—’dY‘IX)

can show: \(t) = X(t)=z

(t)
_X() = A*X(t) + X()A + Q — X() BRTIB*X(%)
X(T) = Qr (from(#))

ptimal controller: determined by siat

-feedback

= —K(t)z()
— R_—lB*X(t> — Con be Co‘mPLLTQC\ off\fhﬁ
pad agply uih) oy we propogteiy tine L’(j meagury Slecte 2y



minimize J =

subjectto  (t)

u(t) = —Kx(t)
® al controller
K = R 'B*X
no\onaerafmc\‘fOﬂ qr Hime_
x» X = X* — non-negative solution to 2

A*X + XA+ Q — XBR'B*X =0

/-r A unshble modes are. Griwll able_

(A,B) stabilizable

(A,Q) detectable
“”'a(t):g}’é’X{t)

o V o0
J <@ axmdt = J;vcftt)a Q)T = J J o 90t dT

} = stability of £(¢t) = (A — BK)x(t)

o)l unstable modes ave observable in index. QE ouwl copt ,Ewnd‘iono\\



AR +@ - PR P=0O

R=ryo
Q=470 .
r = ar + u
A=a
B=1! 1 [ |
J =3 22(1) + ru®(r)) dr
e s [+ raie)

P = 2o2/4a’e 49 Y{ai ;’aﬁ-'f/r }
L2 ?JCJ— - g‘ F—_—\ ‘—————‘ ) —
\S A ARt g b Tl L

kg = a + 4/a? + 15 z(t) = exp <—w/a,2 + gt) z(0)
r T

r

large ¢/r | small ¢/r

convergence rate | fast v slow
control effort large ow Vv

Motteb:  fqr v oo heitpn LQRC
a¥e. . core dore

)
v . .
. hn\w . me_\, drsc rete. Hime.
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minimize  lim &((z(t),Qz(t)) + (u(t), Ru(t)))

t— oo

subjectto #(t) = Ax(t) + Bad(t) + Buu(t)

E(d(ty) d*(t2)) = Wyd(t1 — t2) ((white in +{me,>
§§ QX pac’hhﬁtm op@ra\_% ‘ No Correlohom between
+L.Oo Olngf‘@f‘@r\'\' ‘h'm& insﬁy\(gb.

ance controller

u(t) = —K z(t)
K = R'B: X
0= A*X + XA+ Q — XB,R'B; X




Bt &6

state equation: i(t) = Axz(t) + Bgd(t) + Byu(t)
measured output: y(t) = Cz(t) + n(t)

d(t) — process disturbance; n(t) — measurement noise

» Estimator (observer)

% copy of th
A#(t) + 0-d(t) + Buu(t) + L(y(t) — (1))

sy we dodt knows Aty and nipyso

we Connot Qo@ ,'+ .

~ estimation error: Z(t) = z(t) — 2(t)

1%

) = (A - LOYE(t) + [ Ba —L | { d(z‘% ]

( n(t

(

Nag!

(A,C): detectable = can design L to provide stability of the error dynamics



‘ 9
( c»th“\ observer in ()P%Qg_,gf
white in time_
z(t) = (t) + By u(t) disturbance &,

Y\Ol"Se_)

£(d(t) d* (b)) = Wadl(ty — to); & (n(t)n*(t)) = Wndl(ts — to)

an filter: optimal estimator

% minimizes steady-state variance of z(¢t) = z(t) — ()

L =YC W'
0 = AY + YA* + B4W,B; — YC W, 'CY




minimize  lim &((x(t),Qz(t)) + (u(t), Ru(t)))

t— oo

g(d(tl) d*(t2>) = Wd5(t1 — tg); g(?’b(t1) n*(t2)> = Wn 5<t1 — tg)

1 variance controller

K LQRgain (femsthe ARE)

L Kalman gain
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¢ BLENDS CLASSICAL WITH OPTIMAL CONTROL

Modeling )
Uncertainty |
: Nominal Plant -
control measu
Controller -

Take Gary’s Robust Control course (EE/AEM 5235) next semester
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L)—(X,U\\ =»‘)-_-J(9LTuc\ax(’Cx+ wEORWTY) dT 4 - %(T) Q@ _X(T)

=~ Axs PDu-—x

L
Lt =
(hu,A) J 0,y 4’5 Y (T (A XD 4+ B w@ -1y ) dT

[

Voriohon wrt. ) .

Z(?&M&J\ —L(%UM = jhft) A?&(fcwﬁ)uyt) x(’t)\ dT =0
LXQA \/’V—\/
=0

/_\___,/,———-—\\

pme: 2= | %]

—

Z(,‘h = A-Z(t)

b - MZ(o+ NyZ(T)

N = [ ] Slicle s

A

Z(1) = QA Z(0) = A‘ [;‘((00))

o~ nkpown
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