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Distributed systems
• Of increasing importance in modern technology

wind farms micro-cantilevers satellite constellations

• Controller architectures
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best performance
excessive communication

worst performance
no communication

many possible architectures

Structured optimal control problem
ẋ = Ax + B1 d + B2 u

z =
[
z1
z2

]
=
[
Q1/2x
R1/2u

]
u = −K x K ∈ S
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OBJECTIVE: find stabilizing K ∈ S that minimizes ‖ d → z ‖22

• Structured minimum variance problem

minimize trace
(
P (K)B1B

T
1

)
subject to (A−B2K)T P + P (A−B2K) = −

(
Q + KTRK

)
, K ∈ S

• Necessary conditions for optimality

(A−B2K)T P + P (A−B2K) = −
(
Q + KTRK

)
(A−B2K)L + L (A−B2K)T = −B1B

T
1[(

RK −BT2 P
)
L
]
◦ IS = 0

no constraints

{
Kc = R−1BT2 P

ATP + PA − PB2R
−1BT2 P + Q = 0

Structured optimal design
• Expensive control of stable open-loop systems

R = (1/ε) I, 0 < ε� 1

Perturbation analysis

P =
∞∑
n= 0

εnPn, L =
∞∑
n= 0

εnLn, K =
∞∑
n= 0

εnKn

O(1) : K0 = 0

O(ε) :


ATP0 + P0A = −Q

AL0 + L0A
T = −B1B

T
1

[K1 L0] ◦ IS =
[
BT2 P0L0

]
◦ IS

followed by homotopy

• Augmented Lagrangian method

K =
[
�

?

]
⇒ Λ =

[
0 λ1

λ2 0

]
, IcS =

[
0 1
1 0

]
minimize Lγ(K,Λ) = J(K) + trace

(
ΛT K

)
+ γ ‖K ◦ IcS‖2F

update: Λi+1 = Λi + γi (Ki ◦ IcS) , γi+1 = c γi, c > 1

stopping criterion: ‖Ki ◦ IcS‖F < tolerance

Vehicular formations
• Local feedback design for tight spacing at highway speeds

RELATIVE POSITION FEEDBACK:
˙̃xn = ũn + dn

ũn = −fn (x̃n − x̃n−1) − bn (x̃n − x̃n+1)

ũ = −Kx̃ = −
[
Ff Fb

] [ Cf
Cb

]
x̃

K ∼

 f1 0 0
0 f2 0
0 0 f3


︸ ︷︷ ︸

Ff

 1 0 0
−1 1 0

0 −1 1


︸ ︷︷ ︸

Cf

+

 b1 0 0
0 b2 0
0 0 b3


︸ ︷︷ ︸

Fb

 1 −1 0
0 1 −1
0 0 1


︸ ︷︷ ︸

Cb

• Performance measures (1/N) ‖ d→ z1 ‖22

microscopic: local position deviation x̃n − x̃n−1, Ql = Cf + Cb

macroscopic: global position deviation x̃n, Qg = I

Performance vs. size
• Incoherence phenomenon

double integrators: relative position/velocity fdbk

• Structured optimal design
perturbation analysis: homotopy:

forward/backward gains forward gains

• Performance vs. size
microscopic: macroscopic:

• Macroscopic performance: spatially uniform vs.
structured optimal vs. centralized optimal
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