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Motivating example for cyclic systems
SEQUENCE OF BIOCHEMICAL REACTIONS
end product inhibits the first reaction

ψ̇1 = −f1(ψ1) − gn(ψn)

ψ̇2 = −f2(ψ2) + g1(ψ1)
...

ψ̇n = −fn(ψn) + gn−1(ψn−1)

LINEARIZATION (Tyson & Othmer ’78, Thron ’91)

A =



−a1 0 · · · 0 −bn
b1 −a2 . . . 0

0 b2 −a3 . . . ...
... . . . . . . . . . 0

0 · · · 0 bn−1 −an


ai > 0

bi > 0

SECANT CRITERION:

b1 · · · bn
a1 · · · an

< sec (π/n)n ⇒ stability

ai’s equal ⇒ necessary as well
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Cyclic biochemical networks with inhibitory feedback
CELLULAR SIGNALING
Kholodenko ’00; Shvartsman et al. ’01

Cyclic Biochemical Networks with Inhibitory Feedback

Gene Regulation:  Jacob & Monod (‘61), Goodwin (‘65), Elowitz & Leibler (2000)

:  DNA          :  mRNA         :  enzyme         :  endproduct

Cellular Signaling:  Kholodenko (2000), Shvartsman et al. (2001), and others
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Metabolic Pathways:  Morales and McKay (‘67), Stephanopoulos       et al. (‘98)

GENE REGULATION
Jacob & Monod ’61; Goodwin ’65; Elowitz & Leibler ’00

Cyclic Biochemical Networks with Inhibitory Feedback

Gene Regulation:  Jacob & Monod (‘61), Goodwin (‘65), Elowitz & Leibler (2000)

:  DNA          :  mRNA         :  enzyme         :  endproduct

Cellular Signaling:  Kholodenko (2000), Shvartsman et al. (2001), and others
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Metabolic Pathways:  Morales and McKay (‘67), Stephanopoulos       et al. (‘98)METABOLIC PATHWAYS
Morales & McKay ’67; Stephanopoulos et al. ’98
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Stability via output strict passivity (Sontag ’06)

OUTPUT STRICT PASSIVITY:

γi 〈ui, yi〉 − ‖yi‖2 ≥ −µi

+
SECANT CRITERION:
γ1 · · · γn < sec(π/n)n

⇒
STABILITY:

TYSON & OTHMER, THRON: Hi(s) =
bi

s + ai
, γi :=

bi
ai

LESS RESTRICTIVE THAN SMALL-GAIN

LYAPUNOV-BASED CHARACTERIZATION (Arcak & Sontag ’06):

exhibits classes of nonlinear cyclic systems

provides sharp stability estimates from secant criterion
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Modeling issues
ODE MODELS:

suitable for ‘well-mixed’ environments

neglect exchange of chemical species between spatial domains

MORE APPROPRIATE MODELS: Reaction-Diffusion PDEs

SURPRISE: diffusion can introduce instability and pattern formation
Turing ’52

QUESTION: identify classes of systems where diffusion doesn’t lead to instability
Jovanović, Arcak, Sontag; IEEE TAC’08, Special Issue on Systems Biology
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Diffusion driven instability (Turing ’52)[
ψ1t

ψ2t

]
=

([
c1∂xx 0
0 c2∂xx

]
+

[
α β
γ δ

])[
ψ1

ψ2

]
, x ∈ R

stability ⇔ A(κ) :=

[
α − c1κ

2 β
γ δ − c2κ

2

]
Hurwitz for all κ ∈ R

A HAS UNSTABLE E-VALUES:

corresponding e-functions  exp. growing spatio-temporal patterns

A(κ)ϕn(κ) = λn(κ)ϕn(κ)ySOLVE

ψ(κ, t) = eλn(κ)tϕn(κ)yBACK TO PHYSICAL SPACE

ψ(x, t) = Re
{
eλn(κ)t + iκxϕn(κ)

}
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Outline

¶ CLASSES OF SYSTEMS

? cyclic interconnection of n reaction-diffusion equations

· LINEAR REACTION-DIFFUSION EQUATIONS

? secant criterion and exponential stability
? existence of decoupled quadratic Lyapunov function

¸ NONLINEAR REACTION-DIFFUSION EQUATIONS

? passivity-based approach
? convex Lyapunov-function

¹ BIOLOGICAL EXAMPLE

? simplified MAPK cascade model

º REMARKS
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Linear cyclic reaction-diffusion systems

ψ1t = c1ψ1xx − a1ψ1 − bnψn

ψ2t = c2ψ2xx − a2ψ2 + b1ψ1

...
ψnt = cnψnxx − anψn + bn−1ψn−1

STATE OF Hi: ψi(x, t), x ∈ [0, 1]

NEUMANN BCS: ψix(0, t) = ψix(1, t) = 0

SPECTRAL DECOMPOSITION OF DIFFUSION OPERATOR:

e-functions: ϕ0(x) = 1, ϕl(x) =
√
2 cos lπx, l ∈ N

e-values: λ0 = 0, λl = −(lπ)2, l ∈ N

ψi(x, t) =

∞∑
k=0

zi,k(t)ϕk(x)
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decoupled system on ln2 : żk = Akzk, k = 0, 1, . . .

Ak :=



−α1,k 0 · · · 0 − bn
b1 −α2,k

. . . 0

0 b2 −α3,k
. . . ...

... . . . . . . . . . 0

0 · · · 0 bn−1 −αn,k


αi,k := ai + ci(kπ)

2

⇓
b1 · · · bn

α1,k · · · αn,k
≤ b1 · · · bn

a1 · · · an
< sec (π/n)n


⇒ each Ak Hurwitz

LYAPUNOV-BASED PROOF:

∃ a decoupled Lyapunov function: V (ψ) :=

n∑
i=1

di 〈ψi, ψi〉

m
secant criterion holds
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Nonlinear cyclic reaction-diffusion systems

ψ1t = (h1(ψ1)ψ1x)x − f1(ψ1) − gn(ψn)

ψ2t = (h2(ψ2)ψ2x)x − f2(ψ2) + g1(ψ1)
...

ψnt = (hn(ψn)ψnx)x − fn(ψn) + gn−1(ψn−1)

GLOBAL ASYMPTOTIC STABILITY:

σfi(σ) > 0, σgi(σ) > 0, ∀σ ∈ R \ {0} (C1)

gi(σ)/fi(σ) ≤ γi, ∀σ ∈ R \ {0} (C2)

γ1 · · · γn < sec(π/n)n (C3)

lim|ψi|→∞

∫ ψi

0

gi(σ) dσ = ∞ (C4)

hi ≥ 0, giσ := ∂gi/∂σ ≥ 0, ∀σ ∈ R (C5)

+ (C5) ⇒ convexity of: V (ψ) =

n∑
i=1

diγi

∫ 1

0

(∫ ψi(x)

0

gi(σ) dσ

)
dx
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Stability proof (sketch)

Hi :

{
ψit = (hi(ψi)ψix)x − fi(ψi) + ui
yi = gi(ψi)

KEY:

Hi − Output Strictly Passive with storage function:

Vi(ψi) := γi

∫ 1

0

(∫ ψi(x)

0

gi(σ) dσ

)
dx

V̇i = γi 〈gi(ψi), ψit〉

= γi 〈gi(ψi), (hi(ψi)ψix)x − fi(ψi) + ui〉

= − γi 〈giψi ψix, hiψix〉 − γi 〈gi, fi〉 + γi 〈gi, ui〉y (C1,C2,C5)

V̇i ≤ − 〈gi, gi〉 + γi 〈gi, ui〉

= −‖yi‖2 + γi 〈yi, ui〉
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An example

MAPK CASCADES: responsible for cell proliferation and growth

φ1t = 0.001φ1xx −
φ1

1 + φ1
+

0.4

1 + φ3

φ2t = 0.001φ2xx −
φ2

1 + φ2
+ 0.4φ1

φ3t = 0.001φ3xx −
φ3

1 + φ3
+ 0.4φ2

ψ1(x, t) : ψ2(x, t) : ψ3(x, t) :
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Remarks

PDES WITH A CYCLIC INTERCONNECTION STRUCTURE

? identied classes where diffusion doesn’t lead to instability

LINEAR REACTION-DIFFUSION EQUATIONS

? secant criterion and exponential stability
? existence of decoupled quadratic Lyapunov function

NONLINEAR REACTION-DIFFUSION EQUATIONS

? passivity-based approach
? convex Lyapunov-function


