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1 Introduction

In this paper, we continue our work on finding a suitable, implementable nonlinear
extension of the powerful linear H* design methodology. In what follows, we will just
consider discrete-time systems, even though the techniques elucidated below carry over
to the continuous-time setting as well.

Our approach is based on previous work ([14], [15]) in which we considered systems
described by analytic input /output operators. A key idea here involved the expression of
each n-linear term of a suitable Taylor expansion of the given operator as an equivalent
linear operator acting on a certain associated tensor space which allowed us to iteratively
apply the classical commutant lifting theorem in designing a compensator. (Our class
of operators includes Volterra series [9].)

More precisely, in such an approach one is reduced to applying the classical (linear)
commutant lifting theorem to an H?-space defined on some D" (where D denotes the
unit disc). Now when one applies the classical result to D™ (n > 2), even though
time-invariance is preserved (that is, commutation with the appropriate shift), causality
may be lost. Indeed, for systems described by analytic functions on the disc D (these
correspond to stable, discrete-time, 1-D systems), time-invariance (that is, commutation
with the unilateral shift) implies causality. For analytic functions on the n—disc (n > 1),
this is not necessarily the case. For dynamical system control design and for any physical
application, this is of course major drawback for such an approach. (The compensators
we obtained were “weakly causal” and causal approximations were discussed.)

Hence for a dilation result in H?*(D™) we need to include the causality constraint
explicitly in the set-up of the dilation problem. It is precisely this problem which mo-
tivated the mathematical operator-theoretic work of [16] and [13] which incorporated
Arveson theory [1] into the dilation, commutant lifting framework.

While, the general method explicated in this paper is based on a causal extension
of the commutant lifting theorem, for the purposes of the operators and spaces which
appear in control we will give a direct simple method for finding the optimal causal
compensators. In fact, we will show that the computation of an optimal causal nonlinear
compensator may be reduced to a classical interpolation problem.

We now briefly outline the contents of this paper. In Section 2, we define causality
and time-invariance as applied to analytic mappings. We show in particular that while
in the linear case, time-invariance and boundedness imply causality, this is not true in
general in the nonlinear setting. In Section 3, we formulate the causal optimization
problem to be studied. In Section 4, we discuss the Fourier representation of certain
Hilbert spaces, a technique which we apply throughout the paper. In Section 5, we
prove the main theoretical result of this paper in which we show how to reduce a causal
optimization problem to a problem solvable via the classical commutant lifting theorem
[25]. This is summarized in a computational algorithm in Sections 6 and 7. Sections 8
and 9 are then concerned with our formulation of the nonlinear generalization of the H*
sensitivity minimization problem, which is then solved via a causal iterative commutant



lifting method in Section 10. Section 11 is devoted to a natural control interpretation
of our optimization procedure, while Section 12 is connected to computational aspects
of our work, namely a nonlinear notion of rationality which reduces our work to finite
dimensional skew Toeplitz calculations. We illustrate our methods with an example in
Section 13, and finally in Section 14, we make some concluding remarks.

We conclude this section by noting that there have been other approaches to nonlinear
H®. These include a nonlinear commutant lifting theorem [3], [4], and a very promising
nonlinear game-theoretic approach [7] as well as a nonlinear version of Ball-Helton theory
[6], and the recent work in [26].

Once again, we will just consider discrete-time systems in what follows.

2 Causal Analytic Mappings

In this section, we will define the class of nonlinear input/output operators which we
will study in this paper. In order to do this, we will first need to discuss a few standard
results about analytic mappings on Hilbert spaces. See [3], [4], [14], [15], [21] and the
references therein for complete details.

Let G and ‘H denote complex separable Hilbert spaces. Set

B, (G):={9€G:|gll <ro}

(the open ball of radius r, in G about the origin). Then we say that a mapping ¢ :
B,,(G) — H is analytic if the complex function (z1,...,2,) — (p(z101 + ... + zngn), h)
is analytic in a neighborhood of (1,1,...,1) € C" as a function of the complex variables
Z1y...y 2y for all gi1,..., g, € G such that ||g1 + ...+ ga|| < 1o, for all A € H, and for all
n > 0.

We will now assume that ¢(0) = 0. It is easy to see that if ¢ : B, (G) — H is
analytic, then ¢ admits a convergent Taylor series expansion ([21], page 97), i.e.,

d(g) = b1(g) + b2(g,9) + -+ dulg, - 9) + -+

where ¢, : G X---xXG — H is an n-linear map. Clearly, without loss of generality we may

assume that the n-linear map (g1, -+, ¢n) = (g1, -, gn) is symmetric in the arguments

g1, -+, gn. This assumption will be made throughout this paper for the various analytic

maps which we consider. For ¢ a Volterra series, ¢, is basically the n'*-Volterra kernel.
Now set

Gulg1 @ -+ @ gn) = bulgr,+, Gn).

Then qgn extends in a unique manner to a dense set of G := G®...®@§ (tensor product
taken n times). Notice by G¥" we mean the Hilbert space completlon of the algebraic
tensor product of the G’s. Clearly if qbn has finite norm on this dense set, then qbn extends
by continuity to a bounded linear operator qbn : G — H. By abuse of notation, we
will set ¢, := qAbn (Recall that an n-linear map on GG x GG x --- x GG (product taken n
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times) becomes linear on the tensor product G®”. For details about the construction of
the tensor product, see [2], pages 24-27.)

We now recall the following standard definitions:

Definitions 1.

(i) Notation as above. By a majorizing sequence for the analytic map ¢, we mean a
positive sequence of numbers a,, n = 1,2, ... such that ||¢,|| < a, for n > 1. Suppose
that p := limsupa,/" < oco. Then it is completely standard that the Taylor series
expansion of ¢ converges at least on the ball B,(G) of radius r = 1/p ([21], page 97).

(ii) If ¢ admits a majorizing sequence as in (i), then we will say that ¢ is majorizable.

Let H%(D") denote the standard Hardy space of CX-valued analytic functions on
the n—disc D" (D denotes the unit disc) with square integrable boundary values. We set
Hj. := H{(D) and and H? := H{. We denote the shift on H}(D") by S(,. Note that
S(ny is defined by multiplication by the function (z;---z,). On Hj we set Sy =: U (U
is given by multiplication by z).

We now consider an analytic map ¢ with G = H = H}. Note that

H:@ .- @ H} = (H)®" = H:(D") with K = k" (1)

where we map 1 @ ---® 2 ®---®@1 (z in the i-th place) to z;, 1 = 1,- -, n. Clearly, S,
corresponds to U®" under this identification.

We will identify ¢, as a bounded linear map from H7 (D") — H} via the canonical
isomorphism (1). Then we say that ¢ is time-invariant if

(We will also say each ¢, is time-invariant.) Equivalently, this means that U¢ = ¢ o U
on some open ball about the origin in which ¢ is defined.
Now set

P =T858, j>1, n>1
Note 4
PO = Py =1 - U0,

Then we say that ¢ is causal if
Pg, = PYG,PY). j>1, n> L. (3)

(We also say each ¢, is causal.) Equivalently, ¢, : Hi(D") — H} is causal if for
F(z1,...,2,) € HE(D™),

Flzi,. . 2,) = Z Fiy a2y ou(F)(z) = Z Jmz",

il ..... ZnZO T)’LZO



each f,, only depends on

{Fifin : 0<001,...,0, <m}
This means that for
Fz1,.. 0 z20) = Z Fioanzt 20,
max{it,.in}>m
we have that
(I =U"U")p,(F(z1,...,24)) = 0. (4)

We would now like to discuss the relationship between time-invariance and causality.
For simplicity, we assume k = 1, i.e., we work with SISO systems. Let ¢ : H?> — H? be
linear and time-invariant (i.e., intertwines with the shift). Then it is easy to see that ¢

is causal. Indeed, ¢U = U¢ implies
which immediately implies

PUgptm) — pimg Ny > 1,

that is, ¢ is causal.

In the nonlinear setting however, time-invariance may not imply causality. As a
concrete example, let @, : (H?)®?* — H? be a linear operator such that U®?¢, = ¢,U,
defined by

(Golf @) = S srfon & St Funthsn) 2"
where "
f(z) = i fmz™, g(z) = i G2
Now set " "

o(f):=do(f@f), feH.

Then ¢ is an analytic, time-invariant map. (In fact ¢ is a homogeneous polynomial of
degree 2.) But ¢ is not causal. Indeed,

(P(l)ﬁb(f))(z) = 2fifo+ fi, z€D
(POSPG (=) = f2. z€D.

Thus PMe(f) # P(l)qb(P((Ql))f), for example for f(z) := 1 4+ z for z € D. (Note that

under the identification (1), P((;)) corresponds to P @ PU)))
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3 Causal Optimization Problem

One of the key techniques in this paper will be to reduce a nonlinear generalization of
the H*° sensitivity minimization problem to a series of linear causal optimization
problems. (This will be done in Sections 8, 9, 10 below.) In this section, we will
formulate this new causal problem.

As above, we let S, denote the unilateral shift on H7-(D") given by multiplication by
(21 2u). Since H(D™) will be fixed in the discussion we will let S := S(ny- As above,
U will denote the unilateral shift on H? given by multiplication by z, and © € H}3, will
be an inner k& x k matrix-valued H* function (i.e., a k x k inner matrix with entries
H*® scalar functions). Finally W : HZ(D") — H} will denote a causal, time-invariant
bounded linear operator (in the sense of (2) and (3) above).

We can now state the causal H* -optimization problem (COP): Find

o= inf{||[W—-0Q|:Q: Hy(D")— H}, Q causal, time-invariant}. (5)
Moreover, we want to compute an optimal, causal, time-invariant ¢),,; such that
o= W = 0Qupull- (6)

If we drop the causality constraint the solution to problem (5) is provided by the
classical commutant lifting theorem [25]. With the causality constraint, the solution to
(COP) is abstractly provided by a causal commutant lifting theorem [16], [13].

In this paper, based on this work we will provide a simple solution to the problem
(COP) without directly referring to the operator theoretic results of [16] and [13]. In
fact, we will show how to directly reduce the computation of o to a classical interpolation
problem handled by the ordinary commutant lifting theorem, a computational procedure
for which was given in [14] and [15]. We will also describe how to get the corresponding
optimal parameter ().

Our technique will be based on a reduction theorem stated in Section 5. In order to
formulate this result, we will first discuss the Fourier representation which we do in the
next section.

4 Fourier Representation

In what follows we will have to use the Fourier representation of elements of H7 (D™).
We refer the reader to [25] for all the details.
We first precisely define all the relevant spaces. First we denote by

C(HE) =D H.
=1

the Hilbert space of all column vectors

f(Z) = [f1(2)7f2(2)7'"7f71(2)7"']/7 (7)



(" stands for tranpose) such that

712 = 3 IR, (3

is finite. (]| || is our generic symbol for a Hilbert space norm (2-norm) as well as the
induced operator norm. So for example in (8), it stands for the usual norm on H3- as
well as the associated norm on (?(H}).) Thus (*(H}) is a vector-valued Hardy space.
Indeed, if f(z) is given by (7), then we may write

flz) =3 amz", (9)
m=0
where each a,, is an infinite column vector with components in C*, and

4 = %[f{m(()), 1),

Clearly, .

111" = ZOHamH?-

Conversely, if f(z) € 2(HZ) is given in the form (9) for
U = [amts s iy,
then f(z) can be written in the form (7), i.e.,
f(z)=[filz),- - fi(2), .. ],

where _

filz) = mZO A

In what follows, we will either use representation (7) or (9). The context should always
make the meaning clear.

Next we let Sg : (*(H7) — (*(H} ) denote the unilateral shift defined by multiplica-
tion by z. Then the Fourier representation of Hi-(D™) is given by the (linear, bounded)
operator

®:=0,: H;-(D") — (*(H}),
which is defined by

f(z) = O(F(z1,22,---,2n))




where

_ R R |
F(Zl, ceey Zn) = Z Fjl,...,]nzl Znnv

j17"'7jn20
and (i1,...,1,) € I, for
Ly ={(01, o yi0) 01y oy > 0, mindiy, ... 0,} = 0}. (11)
We order the set [, in the following manner. We have (iy,...,4,) < (¢f,...,1 ), if
max{i,...,i,} < max{e],..., o }. Thus
[n = U Lgk)v
k>0

where
I = {(iy, ... i) € I, : max{iy,...,i,} = k}.

Each I(® is then ordered by the lexicographical order.
Note that we are taking f(z) in the form (9) in the above representation. Moreover,
note that

H?X'(Dn) = {F(Zl7 trt Zn) = Z Fjlv"'vjn2{1 o 27]7‘” : Z HF]177]71 H2 < OO}
Jlyeeedn 20 J1seeesJn >0

We can also write

F(2) = [fo,.0(2)s fo,.q(2), ooy firin(2), - -]/7 (12)

where

Fivrin(2) =D Fitmintm 2™, (13)

m=0
and (i1,...,1,) € I,.
Next, it is easy to see that ® : HE(D") — (*(H}) is an isometry. Indeed, using (10),
(12), and (13), we have

[e(I* = IIfIP
= 2 Ml

i1yeenrin €1

= Y N Fitmininl?

i1yeenrin €1

= > Ehal?

jl 7~~~7jn20

= |7

A similar computation shows that the adjoint of ® is also an isometry, so that ® is
an unitary operator. We next show that

BS = So0. (14)



Indeed, we see that
= O Y Figaeeearth

m=0

= z®(F)
= Se®(F).

By (14), we see that if W : H7-(D™) — H} is such that W.S = UW, then the operator
Wo* : (*(H}) — HE satisfies

(Wd™)Se = WSO = U(WP™),

that is, W®* intertwines the shifts S¢ and U. Consequently, it is standard (see e.g.,
[12], or [25], page 277) that W®* is represented by a row vector

[Wo....o(2), Wo,.1(2), s Wiy i (2)5 -], (15)
for (i1,...,1,) € I,. Specifically, for any

we have

WO f(z) = Y Wil fiia(2). (16)

We will write that
Wor = [WO ..... O(Z)7WO ..... 1(2)7"'7M/i1 ..... zn(2)7]7 (17)

in the sense expressed by (15) and (16).
We would like to make this representation a bit more precise now. Notice that the
action of W®* is determined by its action on

ker S3 = {a € (*(H}) : a is a column vector with components in CX}.

(This follows from the fact that

C(H;) = @S (ker S3),

=0
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and that W®* intertwines the shifts S¢ and U.) Thus we need only to compute the
action of W on

D ker Sy = {F(21,...,2,) € Hi-(D") : Fz1,...,2,) = Z Fi ... inzil . Z;"
i1 yeenin€ln
(See (11) for the definition of I,.) By linearity,
W( Y Foeast2a)= 3 FooaWEma)
i1 yeensin€ln i1 yeensin €l

So by (10) and (16) we have

Wo* = Wy ol2), Wo, 1(2),. .., Wiy in(2),. -], (18)
where

Wi o (2) = W2y (i, ,0) € I, (19)

The above discussion used only the time-invariance for W. In the next proposition,
we will write down an explicit expression for the row vector of (18) and (19) associated
with W®* in case W is causal.

Proposition 1 Let W : H;-(D™) — H} be time-invariant. Then W is causal if and
only if

Proof. By definition, for all (i1,...,2,) € [, with max{i,...,2,} = m, and for all
v € C*, we have by the causality condition (4) that

(I —U™U™YW*((zi---zimv)) = ([ = UU™ Wi, ...
Thus
Wipin(2) = 2" W () = 2ot e (2), Wiy 10) € L, (20)

[ee)

for some W¢ ; (2) € HS ., as required. 2

By the above discussion (in particular, Proposition 1), we see that for W, 0 as in the

(COP) problem (5), we have
o=inf{||W —-00Q] : Q5 =UQ,Q causal, time-invariant}
= inf{||[Wo™ — 0Qd~|| : (QP™)Se = U(QP"),Q causal, time-invariant}

10



= lﬂf{le — ®Q1H : W17Q1 gQ(HIQ{) — Hl?? W1 = W(I)*,

Q1 = [qo,...0(2),2G0,..1(2), -, 2qu,..1.0(2), 22(]0,...,2(2), )

From now on (unless explicitly stated otherwise), we will just work with the operators
Wi, Q. : (*(H}) — H}. Essentially, via the unitary equivalence ®, we are identifying
the spaces Hi(D™) and (*(H}). In particular, we identify W with W, = W®*, and @
with @1 = Q®*. For simplicity of notation, we will denote

WZWD Q:Ql

The context should always make the meaning clear.
We now translate the notions of causality and time-invariance for an operator W :

(*(H}) — HE. We will say that W is time-invariant if WS¢ = UW, that is,
W= W, 0(2), Wo,.a(2)s oo, Wiy i (2), -0 ]

Moreover, we say that W is causal if the operator W® : H3(D™) — H} is causal, which
means (see Proposition 1) that

Wg[Woc,...,o(z)vZWOC,...,1(Z)7---vZWf ..... 1,0(2)722WOC o (2)s ],

.....

for some

{M/ch zn(Z) € HI?;K : (ilv o 7ln) € [71}

Motivated by the above discussion, for W : ¢*( H}.) — H} time-invariant and causal,
we introduce the operator

.....

WC = [WOC O(Z),WOC 1(2)7"'7W10 ..... 1,0(2)7WOC ..... 2(2)7]

..........

= [WO ..... O(Z)7WO ..... 1(2)/27---,W1 ..... 1,0(2)/27W0 ..... 2(2)/22,---]- (21)

We conclude this section by noting that in order to solve the (COP) problem (5), we
can equivalently solve the following problem: Given W : (*(H} ) — H} time-invariant
and causal as above, find

o=inf{||W —-00Q| : Q%% =UQ, Q causal}. (22)

Thus we have to solve the optimization problem (COP) on the Fourier transformed
operators. This we will show how to explicitly do via a Reduction Theorem in the next
section.
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5 Reduction Theorem

In this section, we formulate and prove our main result which will allow us to reduce the
computation of a causal dilation to an ordinary one based on the classical commutant
lifting theorem, i.e., interpolation in H*. In what follows H, K, H;,72 > 1 will denote
(complex, separable) Hilbert spaces.

In order to prove the result we will need two elementary lemmas:

Lemma 1 Let A: K — H be a bounded linear operator, and let T and S* be isometries
on H and K, respectively. Then
[T AS| = [[A]l-

Proof. By hypothesis, 7T = I, and 55* = I, and so
A2 = 474 = | AT°T A
AT A = [T ASS (T AY|
= [(TASYTAS)| = [|ITAS|?,

as required. 2

Lemma 2 Let .
A= [Al,AQ,...] . @Hz —>H,

=1
where

=1

Further, let U be an isomelry on H; for 1> 1. Then

[AIl = [ITAx; Az, -l = (ITAUL, AU, - -
Proof. Note that
U, 0 0 i
0 U; 0
[AlUl, AQUQ, . e ,AnUn, .. ] — [Al, AQ, . e ,An, .. ] h
0 U,

But if we set S := @2, U;, by hypothesis S* is an isometry on @72, H;, and so by
Lemma 1, we are done. 2

12



Theorem 1 (Reduction Theorem) Notation as above. Then

o=inf{||W —-00Q||}: QS =UQ, Q causal} (23)

= inf{||[Wo....0(2) = Oqo,..0(2), 2(Wo,..1(2) — Ogo,..1(2)), .. ]| : (24)
(G0 0(2)s ooy Giyin(2), .. ] € LIC(HE), HE), (i1,...,00) € 1}

= inf{||W. — 0Q|| : QS = UQ}. (25)

(Note in (24) the norm is the operator norm in L((*(H}), HE). In general, for Hilbert
spaces H and K, L(H,K) denotes the space of bounded linear operators from H to K.)

Proof. The second equality (24) follows from Proposition 1. To prove the third equality
(25), it is enough to prove that for any causal, time-invariant operator

Q%’ [WO ..... O(Z)vwo ..... 1(2)7"'7wi1 ..... ’Ln(Z)7]7
we have ||Q]] = ||Q.||. (See (21) above.)
Now since
HQH = €88 sup{H[wo ~~~~~ 0(§)7w0 ..... 1(§)7 sy Wi, Zn(C)? .. ]H : |§| = 1}7
HQCH = €88 sup{]\[w07...7o(§),w8 ..... 1(§)7 s 7wz'cl ..... Zn(§)7 .. ]H : |§| = 1}7

we need to prove that for any fixed ¢ € dD that
H[w07~~~70(§)7w0 ..... 1(§)7"'7wi1 ~~~~~ Zn(g)vm = H[wo ~~~~~ 0(§)7w8 l(g)v"'vwicl zn(Oa]H

..........

But by Proposition 1,

.....

6 Algorithm for Computation of o

We would like to summarize the above discussion with a high-level algorithm for the
computation of the optimal causal performance o, and corresponding causal optimal
interpolant Q¢ in (5) and (6).
First of all using the notation of the Reduction Theorem, let us denote
o, :=nf{||W. — 0Q| : @S = UQ}. (26)
(See equation (25).) Then the Reduction Theorem guarantees that

o= 0,.

This means that a causal optimization problem can be reduced to a classical generalized
interpolation problem in H®.
We can summarize the procedure as follows:

13



(i)

(iii)

7

Let W,0 be as in (5). (Thus W : HZ(D") — H? here.) We compute W (2} --- zin)
where (i1,...,1,) € I,. By (18) and (19), we get

..........

The row matrix represents an operator (see (17)) W. : (*(H3-) — HE. Let 1T :
H} — H} © ©H} denote orthogonal projection. Using skew Toeplitz theory ([8],
[17], [20]), we can compute the norm of the operator

A(W,0) := IIW.. (27)

This norm is o, the optimal causal performance.

Using the classical commutant lifting theorem and skew Toeplitz theory, we can
compute the optimal dilation B. : (*(H}.) — H} of A(W,0). Recall this means
that

B.Se =UB,, IB.=AW,0), ||B. = ||A(W,0)| =o.

We can then write

Bc — Wc - ®Qopt,c-

Then from (21), we can find the optimal causal dilation
B=Wo* — 0Q,,0".

Note that B and B. are related as in (21), and similarly for Q. and Q,,:®*.
Qopt : HE:(D™) — HE is the optimal causal interpolant, i.e.,

o= [[W = 0Qop.

In the next section, we will give an explicit procedure for the computation of ),

in the SISO case.

Maximal Vectors and Optimal Dilations

We use the notation of the previous section. We want to show how to compute the

optimal dilation for

A= AW,0): *(H?) — H*

(We are only considering SISO systems here.)

14



Our discussion will be based on [15] which generalizes a well-known result of Sarason
[24]. We recall that a maximal vector of A, h, # 0, is a vector such that ||Ah,|| =
[T 1ol

Given h € (?(H?),

h — [hl, hg, . .]/,

we write

h* — [iLl,EQ, . ]

Moreover, we set

T:=1U|H*©OH?,

where 11 : H* — H*© ©H? denotes orthogonal projection. As above, U is the unilateral
shift on H?, and Sg denotes the shift on (*( H?).

With this notation, we can now state the following result:

Proposition 2 Notation as above. Let A : (*(H?) — H* & OH? be as above (so that
AU =TA). Suppose moreover that that A has a maximal vector h,. Let B, : (*(H*) —
H? be the minimal intertwining dilation of A, i.e., IB. = A, B.U = SgB., and || A|| =
| B.||. Then if we let X := || A||*, we have that

_ R

B .
Ah,

Proof. We sketch the proof following [15]. First of all given h, € H, we represent h, as
a column vector with components h;, 7 > 1 as above. Let

B. = [by, by, ...].

Then we have that

(Beho)(2) = 3 bi(2)h;(2)

i>1

(for z € D), and

. = ess sup{ (i |bj<o|2) 161 =13,

But
TAIP[1o][* = 1AR|[* < (| Beho||* < B[R0 ]1* = | AN IR

Thus ||Ah,||* = ||B.h,|?, and since 1Bk, = Ah,, we have that Ah, = B.h,. Next

notice that '
Do 1bi(eM)]F < A

i>1

15



almost everywhere, and
Lo ity2 - it ity2
= O I = 13 by by () )t = 0.
mJ0 7=1 7=1

(This follows from the fact that A||A,||> = ||B:ho||*.) But using the Cauchy-Schwarz

inequality, the expression under the integral sign is non-negative. Thus

A (e = 1 by (e < (2 105 () < AD (e

i>1 i>1 i>1 i>1 i>1

almost everywhere, which implies that

> 1bi(eM)* = A

i>1

almost everywhere, and '
hj = o(e)b;(e")

almost everywhere for all 7 > 1, and for some function ¢ € H? satisfying
Ah, = B.h, = M.

Thus for ' ' '
Bu(e™) 2= [by(e"), ba(e™), . ]

we have

B.(e")Ah,(et) = A, (e)
almost everywhere, as required. 2

Remarks.

(i) As remarked above, from the optimal dilation B., we can solve for Q,p . via
Bc — Wc - ®Qopt,c-

The optimal causal interpolant is then derived as described as in the last section.

(ii) In some cases it may be more convenient to derive the optimal dilation from a
maximal vector of A*. A similar proof to the one just given shows that

B. = Ahy
hy

(28)

where hy € H? & ©H? is a maximal vector for A*.

16



Figure 1: Standard Feedback Configuration

8 Nonlinear Control Problem

We will now describe the physical control problem in which we are interested. In our
treatment which follows, we will add the causality constraint to the results of [15], and
thereby derive a physically realizable nonlinear optimization procedure. First, we will
need to consider the precise kind of input/output operator we will be considering. As
above, H? denotes the standard Hardy space of C*-valued functions on the unit disc.
We now make the following definition.

Then we say an analytic input/output operator ¢ : Hf — H? is admissible if it is
causal, time-invariant, majorizable, and ¢(0) = 0. We denote

Ci := {space of admissible operators}.

Since the theory we are considering is local, the notion of admissibility is sufficient for
all of the applications we have in mind.

We now begin to formulate our control problem. Referring to Figure 1, P represents a
physical plant which we assume is modelled by an admissible operator. In our problem,
we are required to design a feedback compensator ' in such a way as to attentuate
the effect of the filtered disturbances (filtered by the “weight” W) d. The unfiltered
disturbances v are assumed to have energy (i.e., 2-norm) bounded by some fixed constant.
This leads to following kind of mathematical problem. See [14] and [15] for more details.

Let P,W denote admissible operators, with W invertible. Then we say that the
feedback compensator C' stabilizes the closed loop if the operators (I + P o C')~' and
Co(l+Po C)_l are well-defined and admissible. One can show that C stabilizes the
closed loop if and only if

C=¢o(l—Pog™" (29)

for some ¢ € C;. (See [14], [15] and the references therein.) Note that the weighted sensi-
tivity (I + P o C)~' oW can be written as W — P ogq, where ¢ := o W. This is precisely
the operator relating the disturbance v to the output y. (Since W is invertible, the data
g and ¢ are equivalent.) In this context, we will call such a ¢, a compensating parameter.
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Note that from the compensating parameter ¢, we get a stabilizing compensator C' via
the formula (29).

As in [15], the problem we would like to solve here, is a nonlinear version of the
classical disturbance attenuation problem. This corresponds to the “minimization” of
the “sensitivity” W — P o ¢ taken over all admissible ¢g. In order to formulate a precise
mathematical problem, we need to say in what sense we want to minimize W — Pogq. This
we will do in the next section where we will propose a notion of “sensitivity minimization”
which we seems quite natural to analytic input/output operators. For the linear case of
sensitivity minimization see [10], [18] and the references therein.

9 Nonlinear Sensitivity Function

This section follows very closely the set-up of [15]. However, now we explicitly put in
the causality constraint.

We begin by defining a fundamental object, namely a nonlinear version of sensitivity.
We should note that while the optimal H* measure of performance is a real number
in the linear case [18], the measure of performance which seems to be more natural in
this nonlinear setting is a certain function defined in a real interval. This new kind of
performance criterion is one of the keys concepts developed in [14] and [15]. See also
Section 11, for a further analysis of the physical meaning of our nonlinear sensitivity
function.

In order to define our notion of sensitivity, we will first have to partially order germs
of analytic mappings. All of the input/output operators here will be admissible. We
also follow here our convention that for given ¢ € C;, ¢, will denote the bounded linear
map on the space (H?)®" = H(D"™) (with K = k™) associated to the n-linear part of ¢
which we also denote by ¢, (and which we always assume without loss of generality is
symmetric in its arguments). The context will always make the meaning of ¢, clear.

We can now state the following definitions:

Definitions 2.

(i) For W, P,q € C; (W is the weight, P the plant, and ¢ the compensating parameter),
we define the sensitivity function S(q),

S(a)(p) = 3_ p" (W — P oq).||

n=1

for all p > 0 such that the sum converges. Notice that for fixed P and W, for each
q € C;, we get an associated sensitivity function.

(ii) We write S(¢) < S(§), if there exists a p, > 0 such that S(q)(p) < S(§)(p) for all
p € 10,p,]. If S(q) < S(¢) and S(¢) = S(q), we write S(¢q) = S(¢). This means that
S(q)(p) = S(q)(p) for all p > 0 sufficiently small, i.e., S(¢) and S(§) are equal as germs
of functions.
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(iii) If S(q) < S(q), but S(q) £ S(q), we will say that ¢ ameliorates . Note that this
means S(q)(p) < S(q)(p) for all p > 0 sufficiently small.

Now with Definitions 2, we can define a notion of “optimality” relative to the sensi-
tivity function:

Definitions 3.

(i) ¢ € C is called optimal if S(q,) < S(q) for all ¢ € ;.

(ii) We say g € C; is optimal with respect to its n-th term q,, if for every n-linear ¢, € C,
we have

S+ oot o1t @t o) (@ F o G+ Gt Gugr ).

If ¢ € C; is optimal with respect to all of its terms, then we say that it is partially
optimal.

10 Iterative Causal Commutant Lifting Method

In this section, we discuss a construction from which we will derive both partially optimal
and optimal compensators relative to the sensitivity function given in Definitions 2
above. As before, P will denote the plant, and W the weighting operator, both of which
we assume are admissible. We always suppose that Py (the linear part of P) is an
isometry, i.e., Py is a k x k inner matrix-valued H* function. (P corresponds to © of
Section 6.)

We begin by noting the following key relationship:

(W=Pogqh=Wi— > > Plao - 0q) YI>L

1<Kl 4 iy =l

Note that once again for ¢ admissible, ¢, denotes the n-linear part of ¢, as well as the
associated linear operator on H7-(D™).

We are now ready to formulate the iterative causal commutant lifting procedure. Let
Il: H — H & P H} denote orthogonal projection. Using the above (see (27)) we may
choose ¢; causal such that

Wy = P = [[A(W3, Py
Now given this ¢y, we choose a causal g, such that

W2 — Po(qr @ q1) — Prge|| = [[AW2 — Pa(q1 @ 1)), Pr)]|-

Inductively, given ¢y, ..., q,_1, set
Woi=(Wa= 3 Y Pilan©--0g,)) (30)

2<5<n i1 4Fiy=n

19



for n > 2. Then we may choose ¢, such that
W = Prga || = [[A(W, Pl (31)

Note that in each step of the procedure, the new “weight” W, is determined by the
n-linear part W, of the original weight, and the optimal causal parameters chosen pre-
viously (namely, ¢1,...,¢,—1). The “plant” P; remains fixed throughout the procedure.
Thus if Py is rational, the iterative causal commutant lifting procedure takes place on
the finite dimensional space H? & P HE, and may therefore be reduced to finite matrix
computations. This will be illustrated with an example in Section 13.

The following facts can be proven just as in [14] and [15] to which we refer the
reader for the proofs. (See in particular [15], pages 849-853 .) First the causal iterative
commutant lifting procedure converges:

Proposition 3 With the above notation, let ¢V := g1 + g2 + - --. Then ¢V € (.

Next given any ¢ € C;, we can apply the causal iterative commutant lifting procedure
to W — P oq. Now set

Sc(@)(p) = 3 p" 1AW, P

n=1

Then we have,

Proposition 4 Given q € C;, there exists § € C;, such that S(q) = Sc(q). Moreover ¢
may be derived from the causal iterated commutant lifting procedure.

Moreover, as in [15] we have the following results:

Proposition 5 ¢ is partially optimal if and only if S(q) = Sc(q).

Theorem 2 For given P and W as above, any q € C; is either partially optimal or can
be ameliorated by a partially optimal compensating parameter,

Finally we have,

Theorem 3 Let P and W be single-inpul/single-output admissible operators. If the
linear part of P is rational, then the partially optimal compensating parameter g, con-
structed by the iterated causal commutant lifting procedure is optimal.

The proof of this last result is based on the uniqueness of the optimal interpolant
in the case when k& = 1, and when the space H? & P, H? is finite dimensional. In fact,
the conclusion of Theorem 3 remains valid under the hypotheses that the operators
HW;, 7 > 1 and IIP;, i > 2 are compact (and k = 1). See [15].
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11 Control Interpretation of Iterated Lifting

We would like to mention here what we believe to be a very natural way of looking at
the optimization procedure discussed above. For convenience, we will only treat SISO
systems here.

We refer again to Figure 1. We consider the problem of finding

ps = inf sup |[(1+PoC)™ o W], (32)
< lwli<s

where we assume all the operators involved are admissible. Thus we are looking at a
worst case disturbance attenuation problem where the energy of the signals v is required
to be bounded by some pre-specified level §. (In the linear case of course since everything
scales, we can always without loss of generality take 6 = 1. For nonlinear systems, we
must specify the energy bound a priori.) Again with the assumptions made in Section
8, one see that (32) is equivalent to the problem of finding the problem of finding

ps = inf sup ||(W —Poq)o. (33)

9€C ||| <5

The iterated causal commutant lifting procedure gives an approach for approximating
a solution to such a problem. Briefly, the idea is that we write

W= Wi+ Wat-,
P = P+P+
¢ = atet+--,

where W;, P}, q; are homogeneous polynomials of degree j. Notice that
ps =0 inf |[Wi— Pl +0(57), (34)
qrEeH®
where the latter norm is the operator norm (i.e., H** norm). From the classical commu-

tant lifting theorem we can find an optimal (linear, causal, time-invariant) ¢ ,,+ € H™
such that

ps = Ol[Wr = Prgropell + O(6%). (35)

Now the iterative procedure gives a way of giving higher order corrections to this
linearization. Let us illustrate this now with the second order correction. Indeed, having
fixed now the linear part ¢; o, of ¢ in (33), we note that

Wi(v) = Pq(v)) = (Wi = Prgiop)(v) =
Ws(v) — Pa(q1,opt(v)) — Prga(v) + higher order terms.
Regarding Wg, Py, g, as linear operators on H* @ H?* = H*(D? C) as above, we see that
sup (W = P og)(v) = (Wi = Piqiop)v|| < 8%[|Wa = Prgo|| 4+ O(6%),

llvll<é
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where the “weight” W, is given as in (30). The point of the iterative causal commutant
lifting procedure is now to pick an optimal admissible g3 ,,¢, and so on.

In short, instead of simply designing a linear compensator for a linearization of the
given nonlinear system, this methodology allows one to explicitly take into account the
higher order terms of the nonlinear plant, and therefore increase the ball of operation
for the nonlinear controller.

12 Rationality

A nice feature of the iterated procedure described above, is that if we start out with
rational data, then we derive compensating parameters at each step which are also
rational. Thus the whole procedure is amenable to digitable implementation in such
cases. Let us briefly review the notion of rationality in this context. See [14] for all the
details.

Let W : Hi-(D™) — H} be time-invariant and admit the row vector representation

Weor = [WO,...,O(Z)a WO,...,I(Z)a ceey m17...7in(2), .. .], (il, ceey Zn) € [n
Then we say that W is rational if there exists a numerical polynomial ¢(z) # 0 such that

Q(Z)[WO,...,O(Z), Wo,...,1(2), ceey I/Vzlzn(Z), .- ]

is a row of matrix-valued polynomials of bounded degree. Moreover if W is causal, we
say that W is causal rational if

W. = [Wo,. .olz), Wy _1(2),..., W (2),...],

goeey Tl yeesln

is rational in the above sense.
The following result may be derived exactly as in [15] (see Theorem (8.7)):

Theorem 4 Notation as above. Suppose that the linear part of the plant is rational.
Then the class of causal rational input/output operators is preserved under the causal
iterated commutant lifting procedure.

Hence for this important class of systems, we are reduced to rational finite dimen-
sional operations in carrying out our optimization procedure.

13 Example

In this section, we will give an example of our nonlinear design procedure. In what
follows below, we set Hpz := H?*(D?), the space of C-valued analytic functions on the
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bidisc D? with square integrable boundary values. We should note that this example
was first worked in [15] without the causality constraint which we impose now.

We let

S

2
and P = P, + P, where P, is the operator given by multipication by 2* (in the discrete
Fourier domain), and

PP = o [ B O%

=50 o ¢

for F' € Hp> = H*® H?. More precisely, as we explained above, we can regard a bilinear
map P, on H? x H? as a linear map on H? @ H?, and then we identify H? @ H? with
Hp:. (The identification is given by z ® 1 — z; and 1 @ z — z;.) Notice that in the
discrete-time domain, P, is just discrete Fourier transform of the “squaring” map, i.e.,

Wi(z)

given the square integrable sequence {a,}, we have that P, is the Fourier transform of
the mapping {a,} — {a2}. Thus it is clear that P is causal.

We now apply our procedure to the weight W and the plant P. By slight abuse of
notation, we let W : H* — H? denote the operator defined by multiplication by W, and
let Il : H*> — H?& P H?* =: H; be orthogonal projection. We set A, := [IW|H,. Notice

that H; = C?, and that via this isomorphism, we have the identification

ATA, = [ _ ]
T4 4

from which we get that | A,|| = (\/5 + 1)/2, and that a maximal vector h, (i.e., a vector

such that || A.h,|| = || Asll]|ho]] # 0) is given by

1
Ao:[z

= O

[

nO =
=

where 3 := (v/5 —1)/2. Using then the Sarason formula [24], we can compute that the
optimal compensating parameter is

B
M=M= By

Of course, the above computation was based on standard linear H*-optimization
theory. We now want to show how to get the optimal causal second order compensating
parameter.

For I € Hpe, let
F(z1,29) = Z F]kZ{Z§

7,k=0
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Note that the action of the operator (see (30))

A 4
—Wy = @Pz(% @ q1)

on F'is determined by its action on

Foo + Z Fon{ + Z Fokzg-

7=1 k=1

Thus in order to compute the row vector representing —Wg, we need only compute:

(—Wz)(Foo + Z FjOZ{ + Z Forzy) =

j=1 k=1
/ (D Bm=" ™Mo 8 Y ijZjCk_j)% =
IKI=1 >0 n>0 min{7,k}=0 ¢
o (E(Bz)™ M) /(1 - B%2).

min{j,k}=0

We identify as above an operator 0 : Hi(D") — H} and its Fourier transformed
version Q®* : (*(H}) — HE.
Therefore (under this identification),

A 1

_W2 = 62 [1 62 62 62 ? ‘76712717”‘]7
1 ~ 1 2 n
_WZ,C - m[lvﬁvﬁvﬁ 7"'76 7"']7

and

[Wa|| = ||[Wa|| ~ 2.4195.

Set A = II(— W2 <), where II : H* — H* & 22 =: H(z ) ~ C? denotes orthogonal
projection. Note that the compressed shift 7' on H( ?) = C? is given by the truncated

Toeplitz operator
00
T = [1 0 ]

Using skew Toeplitz theory ([8], [17], [20]), we compute the norm of A and the corre-
sponding optimal vector. Accordingly, we let r(z) := 1 — 3?z. Then for p > 0, and

for
__2-F
(28 —1)p%
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we compute that
r(TY(p* Iz — AA*)r(TY = p*r(T)r(T) — (1 +2 Zﬁm)]cz
=1

S A |

|A]| is given by the largest p such that the latter matrix is singular. Thus we see that
[TI(=Ws0)[| = [[A]l ~ 1.8079,

which is the optimal causal performance. If we drop the causality requirement, then we
get that
ITL(—=W3)|| ~ 1.4314.

(Of course, with the additional constraint the norm of the optimal dilation increases.)
Let

Yo(z) =14+ (1 + % — Nz € H(Z%),

so that we may regard
-
Yo = 1
e
under the identification H(z?) 2 C?. Then it is easy to compute that
r(TY()| Al I — AA")r(T)*y, = 0.

Therefore r(T)*y, is a maximal vector of A*. But from the previous section (see (28)),
the optimal dilation B, . of A is

Arr(T)y,
r(T)y,
B3—-X)z+1

(1+5-Az+1

Bopt,c =

[1,5,8.8% 8% ..].

Thus the optimal causal dilation B, of H(—Wz) is

B-XNz+1 9 9
BO = 1, 5 5 NI
ot (1+%_)\)Z+1[ Bz,0z, 3% ]

The optimal causal interpolant ¢ is derived from

4
—@Pz(% @ q) — ZQQ2 = —Bopt,
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which gives that

N (A —3)5°

(I =0322)((L+1/8=X)z+ 1)[17ﬁ275275 24 ..

q2

Now set ¢(¥ := ¢, + ¢, the optimal second order compensating parameter, and
¢@ = ¢DW-'. The resulting controller is given by C'?) = ¢ o (I — P o ¢*)~!. Note
that it is not necessary to explicitly compute C?, since it can be implemented in a
feedback loop with components P and ¢® as in [27].

14 Concluding Remarks

In this paper, we have given an iterative approach for the construction of optimal causal
compensators for input/output operators described by analytic mappings. Our proce-
dure generalizes weighted sensitivity H* minimization in a straightforward natural way.
Hence, it may be regarded as a weighted nonlinear inversion procedure.

In contrast to our previous work using power series approaches ([3], [4], [14], [15]), we
can now guarantee causality a priori. Moreover, the computation of a causal compensator
can be reduced to classical dilation theory, and in fact the skew Toeplitz techniques of
[8], [17], and [20] provide an explicit computational methodology.

The example which we have worked out here, has been given just for the purpose
of illustrating our procedure. We plan to work out a more complicated and realistic
problem, the details of which will be given in an upcoming report.
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