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Abstract

In this paper, we extend to the non-convex case the affine invariant
geometric heat equation studied in [30] for convex plane curves. We prove
that a smooth embedded plane curve will converge to a point when evolv-
ing according to this flow. This result extends the analogy between the
affine heat equation of [30] and the well known Euclidean geometric heat
equation studied in [16].

This paper has been accepted for publication to the Journal of the Amer-
ican Mathematical Society.

1 Introduction.

In the past several years, there has been much research devoted to the study of
evolutions of plane curves where the velocity of the evolving curve is given by the
Euclidean curvature vector. This evolution appears in a number of different pure
and applied areas such as differential geometry, crystal growth, and computer
vision. See for example [4, 5, 6, 15, 16, 17, 19, 20, 35] and the references therein.
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As is well known, this Euclidean curvature evolution is a “Euclidean curve
shortening” process, precisely because the flow lines in the space of curves are
tangent to the gradient of the length functional. Therefore, the curve perimeter
is shrinking as fast as possible [17]. The behavior of an embedded curve evolving
according to this flow has been well-studied. Gage and Hamilton prove that a
convex embedded smooth initial curve converges to a round point under this
evolution [13, 14, 15]. Grayson [16] has shown that a non-convex embedded
curve converges to a convex one, and from there to a round point according
to the Gage and Hamilton result. Since this evolution is based on Euclidean
invariant concepts (Euclidean curvature vector), the solution is invariant only
under rigid plane motions (i.e., the group of proper Euclidean motions in R?
generated by rotations and translations). This equation has also been called the
geometric heat equation.

Recently, the affine analogue of the Euclidean curve shortening flow was
considered for convex curves [30]. In this case, the velocity of the evolving curve
is given by the affine normal vector. The investigation of this type of evolution
was motivated by the search for affine invariant flows in computer vision and
image processing [32, 31]. Among the results proven in this work is that when a
curve is evolving according to this flow, the area shrinks as fast as possible with
respect to a certain affine metric [27]. Since the affine distance is based on area
[8], in this sense, this evolution is an affine shortening flow. (See our discussion
in Section 3 as well.) We have also shown that any convex plane curve converges
to an elliptical point (defined relative to the corresponding family of normalized
dilated curves) when the deformation is given by this affine shortening. These
results make this evolution the affine analogue of the Euclidean curve short-
ening for convex curves. We will also refer to this flow as the affine invariant
geometric equation; see our discussion in Section 3 below. Independently, Al-
varez et al [1, 2] have considered an equivalent model from the point of view
of viscosity solutions. We should also note that very recently, Andrews in [3]
has generalized the results of [30] to convex hypersurfaces moving according to
their affine normal.

The goal of this work is to extend the affine shortening flow to non-convex
curves. One of the key problems to be overcome is the fact that the basic
invariants of affine differential geometry are not defined for non-convex curves.
In particular, we have to define the evolution velocity vector for inflection points.
This extension must keep the affine invariance property, and must reduce to
the original affine flow for convex curves. In this note, a natural extension is
presented for which these conditions hold. The key step in this extension is
the fact that the Euclidean normal component of the affine normal is given
by &'/3N where £ denotes the curvature and N the (ordinary) Euclidean unit
normal [30], and in fact it turns out that the evolution is defined by taking
the normal velocity vector to be precisely x'/3N. Using techniques based on
[4, 5, 16, 30, 32], we show that any simple closed curve will shrink to a point
under Affine Curve Shortening. Moreover, we prove that the total curvature of
any such solution tends to 27. See Theorem 15.1.



We now summarize the contents of this paper. In Section 2, we discuss
some of the basic facts from affine differential geometry that we will need in the
sequel. In Section 3, we introduce the affine invariant heat equation for convex
curves and sketch the relevant background from [30]. Section 4 is concerned
with the extension of this flow to non-convex curves. In Section 5, we prove
short-term existence using a version of Nash-Moser iteration. In Section 6, we
prove uniqueness for C? initial data, and then in Section 7 establish a version of
the weak and strong maximum principles for Affine Curve Shortening. Section
8 contains bounds on the curvature which we will need for convergence. In
Section 9, we give a bound on the number of maximal convex and concave arcs.

Counting intersections of solutions is a fundamental tool in the study of one-
dimensional diffusion equations. In Section 10, we recall the weak version of the
intersection comparison theorem due to Matano [21] and note that it applies to
the affine heat flow. We also show that the strong maximum principle is not
valid for the affine heat equation, and only a weak maximum principle holds.
In Section 11, we develop the technique of evolving foliated rectangles which
allows us to rule out the formation of certain singularities in Sections 12 and 13.
Then in Section 14, we give an affine version of the Grayson d-whisker lemma,
which we use in our proof of the main result on the convergence of a nonconvex
initial curve to an elliptical point in Section 15.

2 Sketch of Affine Differential Geometry.

In this section, we summarize some of the basic notions from affine differential
geometry that we will need in the sequel. Our treatment is based on the classical
works [8, 18].

A general affine transformation in the plane (R?) is defined as
(1) X = AX + B,

where X € R? is a vector, A € GLj (R) (the group of invertible real 2 x 2
matrices with positive determinant) is the affine matrix, and B € R? is a
translation vector. It is easy to show that transformations of the type (1) form
a real algebraic group A4, called the group of proper affine motions or full affine
group. We will also consider the case of when we restrict A € SL2(R) (i.e., the
determinant of A is 1), in which case (1) gives us the group of special affine
motions or special affine group, Asp.

We now very briefly recall the notion of “invariant” [10, 18]. A quantity @ is
called a relative invariant of a Lie group G if whenever @) transforms into Q by
any transformation g € G, we obtain Q = ¥Q, where ¥ is a function of g alone.
If¥ =1forall g € g, Q@ is called an invariant [10]. Differential invariants may
be defined in terms of the prolongation of the action of the relevant transforma-
tion group to the appropriate jet space [22, 23]. Affine differential geometry is
concerned with the differential invariants of the special affine group A,,. Thus



all the affine invariants, we will discuss below are invariant with respect to A,
and relative invariants with respect to the full affine group.

In the case of Euclidean motions (A in (1) being a rotation matrix), it is well
known that the Euclidean curvature s of a given plane curve, is a differential
invariant of the transformation. In the case of general affine transformations, in
order to keep the invariance property, a new definition of curvature is necessary.
In what follows, this affine curvature will be defined [8, 9, 18, 34]. See also [8, 9]
for extensive treatments of affine differential geometry.

Let C : S — R? be an embedded curve with curve parameter p (where
St denotes the unit circle). We assume throughout this section that all of our
mappings are sufficiently smooth, so that all the relevant derivatives may be
defined. A re-parametrization of C(p) to a new parameter s can be performed
such that
(2) [Csycss] =1,
where [X, Y] stands for the determinant of the 2 x 2 matrix whose columns are

given by the vectors X, Y € R2. This relation is invariant under proper affine
transformations, and the parameter s is called the affine arc-length. Setting

(3) g(p) :==[Cp, Cpp]1/3>

the parameter s is explicitly given by

(4) WFAZ@%

Note that in the above standard definitions, we have assumed that g (the affine
metric) is different from zero at each point of the curve, i.e., the curve has
no inflection points. Since we will be considering closed smooth curves for our
evolutions, in utilizing this classical affine differential geometry, we must restrict
ourselves to strictly convex curves [8, 9, 18, 30]. In Section 4 we will show how
to get around this problem for the affine evolution of non-convex curves.

It is easy to see that the following relations hold [8, 9, 30]:

(5) ds = gdp,

_o 9
@ ¢ =6,

dp 2 d’p
(7) Css = pp <£> + Cp@

Cs is called the affine tangent vector and Cgs the affine normal vector.

By differentiating (2) we obtain

(8) [Cs,Csss] = 0.



Hence, the two vectors Cs and Csss are linearly dependent and so there exists p
such that

(9) Csss + I'LCS = 0.
The last equation implies
(10) n = [CssacsssL

and p is called the affine curvature. The affine curvature is the simplest non-
trivial differential affine invariant of the curve C [9]. Note that u can also be
computed as

(]-]-) M= [Cssssycs]-

For the exact expression of u as a function of the original parameter p, see [9].
For proofs on the invariance property of the above defined affine concepts, see
[30].

In the Euclidean case, constant Euclidean curvature k is obtained only for
circular arcs and straight lines. Further, the Euclidean osculating figure of a
curve C at a point  is always the circle with radius 1/k(z) whose center lies on
the normal at x [34].

In the affine case, the conics (parabola, ellipse, and hyperbola), are the only
curves with constant affine curvature p (u =0, g > 0, and p < 0, respectively).
Therefore, the ellipse is the only closed curve with constant affine curvature. The
affine osculating conic of a curve C at a non-inflection point x is a parabola,
ellipse, or hyperbola, depending on whether the affine curvature p at x is zero,
positive or negative [9, 18, 34].

3 Affine Shortening of Convex Curves.

We present now the affine curve shortening flow or affine invariant geometric
heat equation for convex curves as formulated in [30]. We will also summarize its
relation with the classical Euclidean curve shortening flow, and recall its basic
properties. For all the details and proofs, the reader is referred to [30].

Let C(p,t) : St x [0,T) — R? be a family of embedded curves where t pa-
rameterizes the family and p parameterizes each curve. The classical Euclidean
curve shortening flow or geometric heat equation is given by [15, 16]

aC(p, _9%C(pt)
(12) X = ZERD = k(p, )N,
C()O) = CU('):

where

sz/ucpudp,

is the Euclidean arclength and x and N are the curvature and unit normal,
respectively.



As pointed out in the Introduction, an embedded curve converges to a round
point when evolving according to (12) [15, 16]. If the initial curve is non-convex,
it becomes convex before it shrinks to a point [16]. Other properties of this
Euclidean curve shortening, and of Euclidean curve evolution in general, can be
found for example in [6, 15, 16, 17, 19, 35].

In [30], we argue that the affine analogue of (12) is given by

Kb — . (p,t),
(13) { c(0) CO('f'

Based on this evolution, an affine invariant curve shortening theory is devel-
oped in [30] for a strictly convex initial curve Cy(-). We now summarize those
results which will be necessary for our discussion in the next section. All the
proofs of the following results may be found in [30].

Lemma 3.1 The solution of the evolution (18) is an absolute invariant of the
group Ag, of special affine motions, and a relative invariant of the group A of
proper affine motions.

Theorem 3.2 Notation as above. Then C(p,t) evolving according to (13) re-
Mains conver.

Theorem 3.3 The solution of (13) exists as long as the area enclosed by the
evolving curve is bounded away from zero.

Theorem 3.4 Any convex smooth embedded curve converges to an elliptical
point when evolving according to (18). This convergence is in the sense that
the family of dilated normalized curves converges in the Hausdorff metric to an
ellipse.

We would like now to briefly note the connection of (13) with a gradient flow
of the area. We follow here the treatment of [27] to which the reader is referred
to all of the details. Since affine geometry is defined only for convex curves [§],
we will initially have to restrict ourselves to the (Fréchet) space of four times
differentiable convex closed curves in the plane, i.e.,

Co := {C:[0,1] = R?: C is convex, closed and C*}.

As above, let ds denote the affine arc-length. Then, for L,rs := ¢ ds the affine
length [8], we define on Cy

1 L(fo
¢ ||aff¢=/0 1C®) lla dp:/o 1C(5) [la ds,

where

1) lla:= [C(P), Co(P)]-



Note that the area enclosed by C is just

! e 1
1) A=g [ e e dp=1 [ 1€.Cldp=51C s
0 0
Observe that
[ Cs lla=[Cs,Css] = 1, [ Css lla= [Css,Css5] = p
where p is the affine curvature as above. This makes the affine norm || - ||of¢

consistent with the properties of the Euclidean norm on curves relative to the
Euclidean arc-length ds. (Here we have that || Cs ||=1, || Cs5 ||= &.)

Let C(p,t) be a family of curves in Cy. A straightforward computation
reveals that the first variation of the area functional

1 1
A =5 [ el
0
is
Lags(t)
A(t) = — / (€., C,] ds.
0

Therefore the gradient flow which will decrease the area as quickly as possible
relative to || - ||afy is exactly C; = Css, i.e., equation (13). In this sense then,
(13) is an affine curve shortening flow.

4 Extension of Affine Heat Equation to Non-
Convex Curves.

Let C(p,t) : ST x [0,T) — R? be a family of curves where ¢ parametrizes the
family and p parametrizes each curve.

We now make the standard argument about how to drop the tangential
component of the velocity vector in curve evolution problems such as (13).
Accordingly, given a (parametrized) plane curve C(p,t), we denote its image by
Img[C(p,t)]. Therefore, if the curve C(p,t) is parametrized by a new parameter
w, such that w = w(p,t), dw/Ip > 0, we obtain

Img[C(p, t)] = Tmg[C(w, t)].

The following lemma (whose proof may be found in [12] and also in [31])
refers to the image of a curve evolving with tangential velocity component. Let
T and NV be the Euclidean unit tangent and Euclidean unit normal of the curve,
respectively. Then we have:



Lemma 4.1 Let 3 be a geometric quantity for a curve, i.e, a function whose
definition is independent of a particular parametrization. Then a family of
curves which evolves according to

Ct = OéT + ﬂN
can be converted into the solution of
Ci=aT + BN

for any continuous function &, by changing the space parametrization of the
original solution. Since B is a geometric function, 8 = 3 when the same point
in the (geometric) curve is taken.

In particular, the lemma shows that Img[C(p, t)] = Img[é(w, t)], where C(p, t)
and C(w,t) are the solutions of

Ct :OéT-FﬂN

and

respectively.
Now in [30], it is noted that

Css = k>N + tangential component,

that is, the Euclidean normal component of the affine normal Cys is equal to
k'/3N. Since k'/3 vanishes at the inflection points, by the above argument
we see immediately that the affine invariant flow given by (13) is geometrically
equivalent to

(15) Ct 51/3./\/.,
Co() = C(,0).

If C is the solution of (13) and C is the solution of (15), then

Img[C] = Img|C].

From the above, Img|C] is an affine invariant of the evolution (15). Note that
the image of the curve (i.e., the geometric curve) is the affine invariant, not
the parametrized curve. However, this evolution is well-defined for non-convez
curves. We will refer to (15) as the affine invariant geometric heat equation.

Hence, in spite of the non-existence of the classical affine differential in-
variants for non-convex curves [8, 18], our above analysis makes it possible to
extend the affine evolutionary flow (13) to the non-convex case. This is due to
the invariant property of the inflection points, and the possibility to “ignore”



the tangential velocity component since this does not effect the geometric evo-
lution of the flow. See also [1, 2] for an equivalent formulation of (15) studied
from a viscosity solution framework.

Remark. In [24, 25, 26] we classify invariant flows under a given Lie group
action. Using this classification one may show in particular that (15) is the
simplest (in the sense of having the smallest number of spatial derivatives)
nontrivial planar evolution equation invariant under the special affine group,
and thus is unique (up to constant factor).

We will devote the remainder of this paper to the study the regularity prop-
erties of (15).

5 Short-Time Existence.

In this section, we verify the short-time existence for the flow (15). Because
the conditions of Angenent [4, 5] do not apply to the function x'/?, we must go
through an approximation argument. We assume that our initial curve Co(+) is
Cc?.

We first approximate £!/3 by v = ¢(k) = ¢5(k), where

1 /% ds
16 _ ! _
( ) ¢§(KZ) 3A 3 6"‘52
Note that ¢'(k) > 0, and ¢ € C*°(R). Assume that {C; : 0 < t < T} evolves

by v = ¢(x) with || < M for 0 < ¢t < T. Using Nash-Moser iteration, we will
derive an upper bound for
__Ov
W= o
Recall that 5 denotes the Eulcidean arc-length.

We begin with the evolution equations for v and w. From

(17) % = vzs + K2
and v = ¢(k) we get that
Ov
(18) 5 = 9/ (®)vss + K*ve (k).
Using the commutation relation

D 0,0
ot 05 o5
we get the evolution of w:
dw _ 9 (),
ot~ o9s\ot) "

(¢ (K)ws)s + (K*v¢' (k)5 + Kow.

(19)



5.1 Nash-Moser Iteration Applied to w.

Set

X,(t) = /C |w|Pds.

Then

Xi(t) = / (plwlPLw; — |w|Pru)ds

= {plwlP~ (&' ()ws + K*v¢' (K))s + prv|w]” — Kvlwl? }d5.

Integrating by parts, and using 2|k?w;| < &* + w2, we get

X;(t) = —plp-— 1)/C o' (k) {|wP~2w? + &*|w|Pws}ds + (p — 1)/C kvlw|Pds

IN

_p(p2— 1) i ¢'(n)|w|p72w§d§+p(p2_ 1)/C H4¢,(H)|W|p72d§+

+(p— 1)/ kv|w|Pds
C

< 20 -1/p) [ S5+ T /

k' (k)|w|P~2d3 +p/ kv|w|Pds.
Ce

t

We now take p > 2, so that 1 —1/p > 1/2. Let sup || = M and inf ¢/ (k) = 4.
Then we can find an approximating ¢(x) such that

|6*¢' ()] + |56 (k)| < C,

for some constant C' uniformly in the approximating ¢(x). Then we get,

(20) Xy(0) < =3 [ @5 + S X 20 + CpX, )

p

We want to get rid of the first term of (20) by means of an interpolation in-
equality.

Proposition 5.1 If f is a function on C; with f € C', and if there exists a
point xo € C;y with f(zg) =0, then

Sup F2<UFNNf ]l
t

Proof. We integrate (f2); = 2ff' from the zero xo to any other point = € C;
along two different paths v, and ~» from zy to z:

f@) = /%2ff'd§= /%2ff'd§

10



/ fflds+ / fflds
71 Y2
|ff'ds
Ce
Ifllz- [1f'l2 by Cauchy-Schwarz,

IN

IN

which completes the proof. O

Apply this to f = w?/?. Since w = v; and v must attain a maximum, there
must be a point where f = (v3)?/? = 0. We get

1/2 1/2
sup Jwl? < (/ |w|pd§> </ (w”/2)gd§> .
Cy (o

But since
</ wpd§> < sup |w|P/? </ |w|p/2d§> ,
Cy Ct
we obtain
1/4 1/4
(L) = ()" ([oomie)” ([ prs)
Ci Ci C Ci
1/3 4/3
< ([wrezas) ([ wrea)
Cy (o
and hence,
X3
1) - [ s < -
Ce Xp/2
Substituting in (20), we find that
X2 Oop?
X!(t) < —5X4‘: + S5 Xp2+ OpX,
p/2

Next, if we use the inequality
X, o= / wlP2ds < / (14 [w]P)ds < L+ X,,
Cy Ct

(where L = L(C;) is the Euclidean length of C;) we get that

2 2
+2 CL
d 5 p)Xp + 2p ,

3
(22) X;(t) < —6X4p +C(
p/2

which holds for p > 2.

11



The differential inequality (22) allows us to turn bounds for X, /» into bounds
for X,,. We must begin with p = 2, in which case we have no bound on

X, :Xp/zz/ |w|d§:/ v .
Ci Ct

But, for p = 2 we have the bound,

||1/2 ||1/2

IN

g

sup [o]/2 - L(Co) Y ?|Jvss 15/

[[0s ]2 055

IN

Since v = ¢(k) and L(C;) are uniformly bounded, we get that

(23) lwll2 < Cl||ws||1/2, for C constant,

and hence from (20), (22), (23),

dXs < =6 [ (ws)?ds+4CX, +2CL
dt e,
)
< 04(X2) +4CX, +2CL
which implies
As
(24) X(t)gT 0<t<T),

for a sufficiently large constant A» depending only on sup |k| = M, inf¢’ =
0, sup L(C;), and T.

5.2 The Iteration Step.

Suppose we have for some p > 2

A

w2 < 5

or equivalently
X, /o(t) < AP2gre/2,

Then (22) implies for X (¢t) = X,(¢) the differential inequality

dX )
(25) dt < A2pt2apX3( ) +Cl(p2 +2p)X(t) -l-C” 2, (0 <t< T)
where C' := ¢, and C" := &£

We now try to find a supersolution of the form

X(t) = BP¢~P8

12



for (25), i.e., X(t) is required to satisfy the reverse inequality. Assume that
B > 2. Substituting, we see that we want (for 0 < ¢ < T),

-0

—1—pg 2ap—343 3 102 —ppB ", 2
—pBBPE P > o rer SR 4 O (p? 4 2p) BT 4 O,

or equivalently,

2p
_pﬂ > _8 <§> t1+2p(04*ﬁ) + C”(p2 + 2p)t + C”’sz*Pt1+P5_

Choose .
ﬁ =a+ 2_p7

and note that since B > 2, we have that C""p?B~? < C, (C a constant), and so
we require that

B

)7 +C' 0+ 2T + cTe/*re,

—pB > —4(
which holds if we take

B=A <P6+01(p2 2219) +C2Tpa>5,

where B B B

C1:=C'T, Cy:=CT*>
Recapping, we have shown that if ||wl],/» < At7 for 0 <t < T, then [[w|l, <
Bt P ie.,

1
O (5 + 2p) + G\ %
pB+ Ci(p +A p) + Cs > t_a_ﬁ, O<t<T.

ol < A( .

We can now carry out the iteration. Let

pr = 2" k>0,
1 k+2 )
ap = 5*22]’ k>1,
7j=3
_ 1
apg = 5

Let Ag be the constant from estimate (24), and define

_ _ 1
piB + Ci(pg + pr) + CoTPeok\ Frs
Ak+1 = Ak = .
1)
Then 3
lim Ay = A <00, lim ap=—,
k—o0 k—o0 4

13



and so we see that .
|w]loo < Asot™% for 0 <t <T.

Note that the constant Ao, only depends on 4,7, sup |k| = M, the length of
Ct (L), and
sup {0 (x)| + klo()|}.

|w|<M

We now can prove the following result:

Theorem 5.2 Given Co(-) € C?, there exists a (classical) solution of (15)
{C(3,t) : 0 < t < T} with
mcax|n| =k(t) 1 o0

ast1T.

Proof. As above, we set

1 K
v =¢s(K) = 5/0 (6 4 s2)~/3ds.

We assume that C; evolves according to

ac

E = ¢§(H)N
Then as in (17,18,19), we get that

0k
2 o7 = Uss *v,
(26) 5 = Y + kv

dv ’ 2, 1
(27) i 5(K)vss + K705 (K),
0

(28) S = (@5(R)ws)s + (k2065 (k)5 + kow,

ot

where as above w := v;.

Now equation (26) implies that

d
(29) 7 sup |k| < (sup |n|)2¢5(sup |K]).

Hence if ®(¢, A) is the solution of

0%;

or (T> A) = ¢5((I>5(T, A))(}Lf(’r) A)27

(I)(S(Ov A) = Aa

14



then
sup |k| < ®5(t, sup |K]).
cs cs

t 0

Using the Nash-Moser iteration argument as above, we get that

(30) sup |w| < 0<t<T,
Ce

t3/47
where C' depends on
sup sup ||,
0<t<T Cy
but not on 4.

The latter bounds then imply the existence of a solution as long as sup |k|
remains bounded. We are almost done now. Indeed, we evolve Cg by v = ¢5(k),
with the resulting family {C{ : 0 < ¢ < T'} for some T independent of 6. Our
preceding estimates imply that we can extract a subsequence §; | 0 on which
v and k converge uniformly, and still retain the estimate (30). The limit is the
required family satisfying the conclusion of Theorem 5.2. O

Remark. The bound on w = v; implies that nl/B(t) is Lipschitz on C;, and
so inflection points have at least fifth order contact with their tangents. Recall
that for a generic C® curve, one only has third order contact at inflection points.

6 Uniqueness of Solution with C? Initial Data.

In this section, we give a uniqueness result for solutions of the affine heat equa-
tion. Accordingly, we state,

Theorem 6.1 Let Cy be a C? curve. Then there is a unique classical solution
{C::0<t < T} of (15).

Proof. Set for ¢,
Cg(g) = C0(§) + 8N0(§),

where Np(§) is the unit normal to Co(3). Using the above notation, for § > 0 we
evolve C§(5) by v = ¢5(k). We thereby obtain a family of classical solutions

{5 0<t<T}

on some (short) time interval. Denote the normal variation with respect to &
by h = h¥%(5,1), i.e.,

oC=9(3,1)

B (5 1) = (s

S N=0(3, 1)),

15



where NV®%(5, ¢) is the unit normal to C*°(3,t). The normal variation h evolves
by the same equation as the normal velocity:

oh 0%h
(31) 5 = (050 + dh()n%h,

By the argument as in Section 5 for w = vz, we get that |%| is uniformly
bounded. Taking |e| < g for some g9 > 0, we can assume that h|i—o = 1.
(Note that at t = 0, CS’J does not depend on 4. For h|;—g = 1, the curves C* are
basically “Huygens wave fronts” generated by C*=°.) By the maximum principle
applied to (31), it then follows that

(32) sup sup suph®® < C,
€ 0<t<TCf’5

for some constant C'. Hence the curves Ctg"i depend in a C! manner on e,
uniformly in §,¢. So one can take a subsequence §; | 0 for which the

€,0 5
C,° =},

where the C§ also depend C! on e.

This construction provides us with two classical solutions of the evolution
equation (15) with velocity &'/3, namely {Cf,C; ¢}, between which any other
classical solution must lie (maximum principle—see the next section). But our
sup |h| estimate (32) shows that the width of the region between Cf and C; ° is
O(e). Since € is arbitrary, the result follows. O

7 Maximum Principles.

Let the graph of y = wu(z,t) evolve by v = k'/3. Then it is easy to compute
[24, 25] that u satisfies the local affine heat equation

(33) U = (um)l/3.

In this section we consider two solutions u and @ of (33) on a rectangle Q =
[a, b] X [to, t1]. As always, the parabolic boundary of @ is the union of the bottom
[a,b] x {to} and the two sides {a} x [to,t1] and {b} X [to,t1] of Q.

Lemma 7.1 (Weak and Strong Maximum Principles) Assume u and @
are solutions of (33) on @, and assume that u, Uy, Uy, us and the corresponding
derivatives for u are continuous on Q.

1. If u < @ on the parabolic boundary of Q) then u < @ on all of Q.

2. If, in addition, u < @ on one of the sides, then u < @ in the interior of Q.
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We remark that the stronger statement (2) in this lemma differs from the usual
maximum principle in that we require v < @ on an entire side of ). The
dichotomy “either u = @ or else u < @ in the interior of )” which the usual
strong maximum principle states does not hold for affine invariant heat equation
(15). See Subsection 10.1 for some relevant examples.

Proof. The first part follows from the standard maximum principle arguments.
let m(t) be max {{0} U {u(z,t) —a(z,t) | a <2 < b}}. Then m(t) is continuous
and equation (33) implies that the righthand derivative of m(¢) is nonnegative.
At t =ty we have m(tg) = 0, so we must have m(t) = 0.

To prove the second part, we consider the difference w(z,t) = a(z,t)—u(z,t).
Assume that w > 0 on the parabolic boundary, and moreover w(a,t) > § for
some constant d > 0. The mean value theorem implies that w satisfies

(34) wy = M(a:, t)wmma
except at points where both wu,, and @, vanish. In fact,
M(z,t) = (u(e,t)® — ule, )z, )3 + a(z, )>/3) ™"

is uniformly bounded from below by some constant, say, M (z,t) > M, > 0.

Let we(z,t) be the solution of w; = %M*ww on () with zero initial data,
we(b,t) = — and we(a,t) = 6 for ty <t < ¢1. One easily verifies that we zo > 0
in the interior of @, e.g., by using the explicit formula for the solution.

Then we claim that w > w. throughout @. This is certainly true on the
parabolic boundary where strict inequality even holds. Using M > M, and the
convexity in x of w. one checks that w. is a strict subsolution of (34), at any
point where M is defined. Now let ¢, be the supremum of all ¢/ < ¢; for which
w > w, for t <t and all z € [a,b]. Suppose that t, < t;. Then there would be
some z, € (a,b) at which
(35) { ’U)(l'*,t*) :we(m*,t*); U);t(l'*,t*) :’U)E’I(l'*,t*),

and 'lUt(.’L'*,t*) S wE,t(x*;t*)a

and also
Wag (Tuyte) > We gz (Tu, ti) > 0.

This last inequality shows that g, and g, cannot both vanish at (z.,t.) so
that M is well defined at (z.,t.), and w satisfies (34) there. We can then
apply the standard maximum principle argument to conclud e that wy(z«, t.) >
We ¢(T«,t.) and hence contradict (35).

We have shown w > w. for arbitrary € > 0, and therefore also have w > wyq
on (). Since wy > 0 in the interior of ) this completes the proof. O
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8 Local Curvature Bounds.

In this section, we derive the following local estimate which will be useful in the
sequel.

Theorem 8.1 Let u(x,t) be a classical solution of (33) ona <z <b, 0<t<
T, with
M :=sup{juz| :a <2 <b, 0<t<T} < o0.
x,t

Then for any 6 > 0 such that a + § < b — 0, there exists a constant C > 0 such
that o

fora+d6 <z <b—4d, 0<t<T. The constant C only depends on § and M.

Proof. The proof follows that of [5], Theorem 3.1. By comparing the graph with
shrinking ellipses one finds that the bound for |u,| implies an L* bound for u
on any smaller interval a+ 9§ <z <b—0, 0<t < T.Indeed, |u,| < M; implies
that |u(z,0)| < My for some My < co. Now let 2o € (a,b) be given and set

d = min(zp — a,b — xp).

The ellipsoid with center at (zo, Mo + h), horizontal axis §, and vertical axis h,
will evolve by v = k!/3 to its center in time ¢ = 3/4(hd)?/3. As it shrinks to its
center, it must remain disjoint from the graph y = u(x,t), and thus we get an
upper bound for u at time ¢

a\ ¥ 1
U(.T,t) S M() +h= M() + <§> g
The same bound of course also applies to —u(z, ).

Now, using the notation of [5], instead of w®¢(z,t), we use the explicit
(parabola) solutions of the local affine heat equation (33)

1 /g —e\2
(37) w(a:,t):—§ (:rgf) —#—Fa,

and count intersections. (These are the affine “grim reapers.” See [16].) The
solutions (37) allow a slight simplification of the proof in [5]. We will sketch the
argument for completeness, only giving the details where there is a modification
in the original proof of Theorem 3.1.

Fix (zo,t0). Then in order to estimate . (xo,to), choose £, &, a so that

w(§’87 Oé;.’L'O,t()),

Wy (E: €,Q; T, tO)‘

u(xo, to)

Uz (20, %0)
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The latter equations give one the freedom to choose € as small as one likes (and
then &, a depend on ¢).

Accordingly, we choose € > 0 so small such that at ¢t =0,
|w$(£7 g, 5T, 0)| > M1>
whenever
|w(§7 g, a5, 0)| S M17

i.e., we take a very narrow parabola. We also require that
w(,e,a;2,0) < —M; forz <a, z>b.

These conditions then imply that u(-,0) — w(-,0) has exactly two simple zeros
on [a, b], and that

u(a,t) —w(a,t) >0, and u(b,t) — w(b,t) >0

hold for 0 < t < tp. Thus the function u(:,0) — w(+,0) has two sign changes,
and u(z,t) — w(z,t) does not change sign on {a,b} as ¢ increases.

We would like to apply the Sturmian theorem from [7] at this point. Indeed,
if it were applicable, it would imply that u(-,t9) — w(-,to) has < 2 zeroes. Due
to the degeneracy of the equation (33), we cannot apply the Sturmian theorem.
However, Matano’s elegant argument [21] can be applied since it only uses the
weak maximum principle. (See our discussion in Section 10 below.) From this,
we can conclude that u(-,tp) — w(-,tp) has at most two sign changes.

The proof now goes exactly as in [5]. Indeed, the assumption that u,.(zo,to) <
Wae (%o, to) leads to a contradiction, so we find

Umc(mO:tO) > wmc(antO) = —7%

An upper bound is found in the same way by applying the above argument to —u
instead of u. Thus we have a pointwise estimate for |u,|, which upon computing
the proper €, turns out to be the stated estimate. Indeed, the exponent 3/4 in
(36) follows from scaling. For if u; = (ugz)'/?, then

u(x,t) = %u(/\m,/\4/3t)

also satisfies @; = (iz,)'/? with the same derivative bound. O

9 Convex and Concave Arcs.

In this section, we study the behavior of convex and concave arcs of a given
curve under the affine evolution (15).

Let X : S' x[0,7) — R? be a normal parametrization of a solution {C; : 0 <
t < T} of v=r'3 A convexr (concave) arc # C C; is the image of a maximal
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interval [a,b] C R on which &(-,¢) > 0 (or x < 0, respectively). (Note that we
can regard X (+,t) as a periodic function defined on R in the usual way for each
fixed t € [0,7).)

On the set {(p,t) : k(p,t) # 0} we know that « is a solution of
ke = (k)55 + £7¢(),

where ¢(k) = x'/3. Hence we can apply Matano’s arguments [21] and conclude
that the number of sign changes of (-, t) does not increase with time. Our main
result in this section is an estimate for the number of such sign changes.

Theorem 9.1 Notation as above. If the total curvature K = [ |k|d§ of the
initial curve Cy is finite, then the number of (mazimal) convex arcs at time
te > 0 does not exceed

(38) K - max (CL2 2)

3/2° -
227w
For comparison we remark that solutions of Euclidean curve shortening are

real analytic, and hence always have a finite number of convex and concave arcs.
Nonetheless no a priori estimate like (38) is known.

Throughout this section we will let C; be a solution of affine curve shortening
whose initial curve Cy is smooth and has only a finite number of inflection
points. We will establish the estimate (38) for such curves with the constant &
independent of the solution C;. Approximation by analytic curves and passage
to the limit then proves the general case.

9.1 Strong maximum principles for « and ¢

The equations for k and 6 are degenerate so the strong maximum principle does
not apply immediately.

Proposition 9.2 If k(p,to) > 0 for a < p < b and if (a,to) > 0, (b, tg) > 0
then for some § > 0 one has £(p,t) > 0 on [a,b] X (to,to + 0).

Proposition 9.3 If 6(p,ty) > 0y for a <p < b and if (a,to) > 6o, £(b,tn) > 0
then for some § > 0 one has 0(p,t) > 0y on [a,b] X (to,to + 0).

Proof. Instead of considering the curves C; directly, we let C{ be the solution
of 8,C) = ¢5(k)N, with ¢5 as in (16), which at time t = to coincides with C;,.
The velocity v0 = ¢5(k) of C satisfies

(39) v} = Ps(r)vgs + K2 Ps(r)0°.
Since k is bounded, uniformly in § > 0, we have

¢5(k) >n>0,  0<kK*P5(k) < M,
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for certain constants 0 < n < M. As § — 0 the constant n also decreases to 0.
We will assume below that 0 < n < 1.

By continuity v°(a,to) > 0 implies that for some £ > 0 one has v°(a,t) > 0
for ty <t < to+e. Similarly, v°(b,t5) > 0 will hold for ¢y < t < to+e. The strong
maximum principle forces v°(p,t) > 0 on the re ctangle R = [a, b] x (to,to +€).
By letting § drop to 0 we only get that v(p,t) > 0 on the rectangle R, i.e. we
get the weak maximum principle. To conclude v > 0 for § = 0, we must get an
estimate for v’ on R. We do this with a subsolution for (39).

Let o%(p,t) denote the arclength along Cf from a to p. Then 22 =1, and

=z
by the commutation relation [0, 3;] = kv0; we find that ’

0;(0ro) = 04(1) — KvOs0 = —Kw,
which is uniformly bounded. Together with o°(a,t) = 0 this implies that d;0°

and hence ¢° are bounded (uniformly in §).

Consider

(40) w’(p,t) = a, (0°(p,t) +7(t —to) + 1,1(t — to))
where «, v are constants and

2

’ (CE,T) = %GXP{?}’

is the fundamental solution of the heat equation , ; =, ;.. If > 0 then , (z,7)
is decreasing (, , < 0), and if > 2,/7 then , (z,7) is convex (, ,, > 0) as a
function of x.

On the rectangle R we have o(p,t) > 0 and 0 < t — tp < € and hence
x=o0(p,t) —y({t—1to) +1 and 7 = n(t — to) satisfy
22 > (1 —e)? > 2 > 2me > 271

provided ¢ is chosen small enough (remember that n < 1.)

How small ¢ should be chosen depends on «. If we now choose v > —inf oy,
then we get

wp = na, ;+aly+0)), .
= N&, zz +a(7+ag))ﬂc
= i +aly+0)), .
< Pi(r)wis
< gs(R)wl; + Ko (r)w’.

Hence w®(p,t) is a subsolution on R for all small § > 0. At t = ¢, we have
w’(p,t) = 0. If we choose a > 0 sufficiently small then we will have w® < v°
on the vertical sides of R for all § > 0. The maximum principle then implies
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v? > w® on R. In the limit § — 0 we find that v(p,t) > w®(p,t) > 0 on R. This
completes the proof of Proposition 9.2.

The proof of Proposition 9.3 is very similar. One notes that the angle 6 (p, t)
of the approximating evolutions evolve according to

08 Ov 0%0
41 99 _ 0V _ yr) 20
(41) 5 = 9z~ PPz
Thus for any constant fy the function w = % — 6y evolves according to w; =
@5 (k)wss. One can then use the same subsolution (40) to prove § > 6y on R.
O.

9.2 History of a convex arc.

In what follows below, we will just consider convex arcs. The treatment for
concave arcs is of course identical.

Let 8 = {X(p,t«) : p— <p < pi} be a given convex arc.

Since k(-,t«) only has a finite number of sign changes, there is an interval
(p——¢,p—) on which k(p, t.) < 0. Let O_ be the connected component of the set
{(p,t) € Rx[0,t,] : k(p,t) < 0} which contains the segment (p_ —e,p_) x {t.}.
Similarly we define O to be the component of {k < 0} which meets the segment
(PPt +€) x {tu}.

Since the curvature satisfies the weak maximum principle (see Lemma 7.1),
Matano’s arguments in [21] can be applied to prove:

Lemma 9.4 (Matano) For any (po,to) € R x (0,t.) with k(po,to) # O there
is a continuous P : [0,t9] — R with P(ty) = po and x(P(t),t) # 0 for all
0<t<t.

Hence there exists some p with (p,t) € O_ for every ¢t € [0,t.], and we may
define

p-(t) = sup{p:(p,t) € O},

p+(t) = inf{p:(p,t) € O4+}.
For 0 < t < t., we let B; be the image under X(-,t) of [p—(t),p+(t)]. By
definition, p_(t.) = p— and p4(t.) = py, s0 By, = 0. We call {5; : 0 <t < t.}

the history of the arc B, .

Proposition 9.5 Disjoint arcs 31, B2 C C¢ have disjoint histories.

Proof. Let

def def
B = X([p1,—,p14),te), B2 = X([p2,— P24 1),
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and assume that p;,— < pi + < p2,— < p2,+. Then by the maximality of 3;, i =
1,2 there is a ¢ € (p1,4,p2,—) with k(g,t+) < 0. By Matano’s lemma 9.4, there
must be a continuous ¢ : [0,.] = R with x(q(t),t) < 0 and ¢(¢.) = ¢. But then
p1+(t) < q(t) <pz_(t) for0 <t <t¢,. O

9.3 Range of the tangent angle.

Set
Et = {0(p7 t) :p,(t) S p S er(t)})

where 6(-,t) denotes the standard angle parameter on £;.
Lemma 9.6 If 0 <11 <ty <t then Xy, D Xy,
In the proof of this proposition it will be convenient to define
¢ (t) =inf{p > p_(t) : 6(p,1) > 0},  q4(t) =sup{p <pi(t) : 6(p,t) > O}.

Proposition 9.7 x(p,t) =0 for p_(t) <p < q_(t).

Proof. Since k(-,t) only has finitely many sign changes k(p,t) must be positive
for all p in some small interval (¢_(t),q—(t) + €). In the interval [p_(t), ¢_(¢)]
one must have x(p,t) < 0, by virtue of the definition of ¢_(¢). To see that k
actually vanishes on this interval we assume the contrary, i.e. that x(po,to) < 0
for some ty and pg € (p—(to),q—(to)). For some ¢ > 0 one has k(p,to) < 0 for
p—(to) —e < p < p—(to). By proposition 9.2 we then would have x < 0 on some
rectangle R = (p_(to) — €,p0) X (to,to + €). One could then connect (po,to)
to (p—(to) —€,t0) within {x < 0}, so that (po,to) € O_. This contradicts the
definition of p_ (o).

Proposition 9.8 p_(t) is a lower semicontinuous function; p—(t) is upper
semicontinuous. Furthermore, we have

lim sup p—(t) < q—(to),

t—to

im i > .
liminfp..(¢) 2 g+ (to)

Proof. Lower semicontinuity of p_(t) follows from openness of O_: given tg
and small € > 0, one has (p_(to),to) € O— and hence for small 6 > 0 one has
(p—(t0),t) € O_ for all t € (to — 6,t_0+ 4). Hence p_(t) > p_(to) — J for
|t — to] < 0. Openness of O similarly implies upper semicontinuity of py (t).
For small € > 0 one will have x(q_(ty) + €,tp) > 0. By continuity of x one
also has x(q_(to) +¢,t) > 0 for |t — to| < 0, if 0 is small enough. Matano’s
lemma provides a continuous P : [0,tp — 0] — R with «(P(¢),t) > 0 and
P(to — ) = q_(to) + e. Let , be the segment {q_(to) + ¢} X [to — ,t0 + 4]
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Suppose that p_(t1) > g_(to) + € for some t; € (to — d,t0 + 6). Then
(p1,t1) € O_ for some p; € (q—(to) + €,p—(t1)), which means one can connect

(p1,t1) to (p—(t«) — &,t.) with some graph p = P*(l)(t),

t; <t <ty in O_. By Matano’s lemma one can also find a continuous
function p = PP (t), 0 < t < t; whose graph lies in O_ and goes through
(plytl)-

Let P, : [0,t«] = R be the function obtained by combining P*(l) and P*(2).
Then the graph of P, lies in O_, and since & > 0 on the segment , , the graph
of P, must be disjoint from , , and so one has P.(t) > q—_(to) +¢ for |t —to] < 6.
In particular P(tg) > p—(to), which contradicts the definition of p_(ty). O

To complete the proof of Lemma 9.6 we now show that

is a nonincreasing function of ¢. To begin we note that

0-(t) = 0(p,t) for all p € [p_(t),q- ()],
since k(p,t) = 0 on that interval. It then follows from continuity of 6 : R x
[0,t.] = R and proposition 9.8 that #_(t) is a continuous function.

At any given ty there will be an € > 0 such that (-, %) < 0 on [p_(to) —
g,p_(to)) and &(-,t0) > 0 on (¢—(to),q—(to) + €]. Thus 6(p,to) > 6_(t9) on the
closed interval [p_(to) — &,q_(to) + €]

, with strict inequality at the endpoints of this interval. By proposition 9.3
we then get 0(p,t) > 6_(to) on some rectangle [p—(to) —¢, g— (to) +€] x (to, to+9).
Since p_(t) lies between p_(tg) —€ a

nd g_(to) +¢ for ¢ close to to, we see that 6_(t) > 6_(to) for to <t <ty +9.
Hence 0_(t) is an increasing function, as claimed.

The same arguments show that 6. (t) def 0+ (p+(t),t) is a decreasing function.

Lemma 9.6 now follows from X(t) = [#_(t), 0+ (t)]-
9.4 Total curvature of the history.
Now define
Af(t) = sup{|0(p1,t) — O(p2,t)| : p-(t) < p1,p2 < p1 ()}

Set
L:= L(Co),

the length of the initial curve Cy.

We will now prove the following:
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Proposition 9.9 Notation as above. Let B;, C C;, at time t. > 0 be a (mazxi-
mal) convex arc. Then

. t§ ™
AF(0) > min <CL2’ 5) )

for some constant C'.

Since convex and concave arcs alternate, we get the same estimate for concave
arcs.

9.5 Proof of Proposition 9.9 and Theorem 9.1.

Assume that A(0) < 7, and let

On any convex part of 3;, we can use the angle parameter 8, and then the
normal velocity as a function of 8, ¢ satisfies

ov 1
(42) T §U4(v00 +0).
A computation shows that

w0

(43) 0(0,t) = A(t) cos <m>

will be a supersolution of (42), if we choose

(44) aw = {40+ b

for ¢ a suitably small constant.

Now by the maximum principle we get the following inequalities for v: First
choosing A(0) = oo, we see that

c(AG(0))/2

(45) jo(0,0)] < S

Second, if one takes A(0) = (%)1/4 supg, [v], then we find

—1/4
ct
46 v(0,t)| < [ 154+ —— supv? sup |v|.
(46) |v(8,1)] ( (Aa)gﬁ()) 50||
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A word of explanation is in order about our use of the maximum principle
here since the equation for v (42) is degenerate at v = 0, and the domain of 6
is not fixed. In fact, for one value of 6, v(6,t) may have several values if there
are several convex/concave arcs in (; with tangent in the direction of 6. Never-
theless, it is easy to justify the use of the maximum principle in this context.
Indeed, at any ¢t € (0,t.), B is the union of a finite number of convex/concave
arcs. On each of these arcs, the angle € is a single-valued coordinate which takes
values in some interval contained in [~ A§(t), $A#(t)]. This interval changes in
time, but at its endpoints v vanishes, while our supersolution v is bounded from
below on [-1Af(t), 1 AA(t)]. Thus the maximum principle does indeed apply
and gives v < ¥ on convex arcs, and —v < 9 on concave arcs. Hence we have

[o(p, ) < 0(0(p,1),1), on fy.

Next the estimate (46) implies that at

(Af)?
47 t =T /5(sup |v],Al) .= ————, Af = A0(0
( ) 1/2( ﬁ0p| | ) C(Supﬁo |’U|)4 ( )
one has 1
(48) sup |v| < 3 sup |v].
Ty /2 Bo

By the same arguments, we get

1
(49) sup |v| < 5 sup v,
ﬁt+T1/2 2 B

for Ty = Ty 2(supg, |v], Af) as given in (47), with
Af = AO(t) = sup{|8(p1,t) — O(p2,t)| : p—(t) < p1,p2 < py(t)}.
We now inductively define a sequence tg < t; < t2 < ---, with

1
sup [o] < 5 sup|l,

fi+1 tj

by putting
tj+1 - t] = Tl/Q(Sup |'U|, Ae(tJ))

tj

Setting L = L(Cp), we may (crudely) estimate Af(t;) by

26(t;) < [ Jwlds < Gup o)L,
ﬁ(tj) tj
so that
L? 9
T1/2(SUP|U|:A9(tj)) < ?(SBUPM) .

J tj
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From .
sup |v| <277 sup |v],

t 0

J

we find
L? 2
tiy1 —t; < —27(sup v|)°,
¢ Bt
so that
too := lim t; < to + CL*(sup |v])?,
j—o00 to

where C' is a constant. We can estimate supg, [v] using (45), which gives

CL*A8(0)

too < tg +
00 té/2

The best estimate is obtained for
to = (2CL*AH(0))%/?,
which gives
too < (CL*A0(0))%/3.
Since our maximal arc 3¢, is not flat, we must have to, > t., that is,

213
A >

00) > £
provided Af(0) < w/2 (a condition which we assumed above). This proves
Proposition 9.9.

For the proof of Theorem 9.1, we note that since disjoint maximal convex
arcs 3y, C C;, have disjoint histories, there cannot be more than

KCI? 2K
max tiT’?

convex arcs in C;,, where K denotes the total curvature of Cp. O

9.6 Arcs with large curvature.

Lemma 9.10 For any solution {C; | 0 < t < T} of Affine Curve Shortening
(15) there is a constant K such that the total curvature | [ kd3| of any convex
or concave arc with sup |k| > K exceeds 7.

This lemma was proved by Grayson [16, lemma 3.5] for Euclidean Curve Short-
ening. The two ingredients in his proof are (1) finiteness of the number of convex
and concave arcs, and (2) the steady (super) solution k(f) = Asin(8 — a) for
the curvature equation. We have just shown that solutions of Affine Curve
Shortening also break up into a finite number of convex and concave arcs, and
instead of using the curvature equation we can use equation (42) for the veloc-
ity: v(f) = Asin(f — «) is also a super solution for this equation. With these
remarks we may simply repeat Grayson’s arguments to prove lemma 9.10.
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10 Intersection of Solutions.

Let C1,C> C R? be embedded C! curves. Suppose that C; and C» intersect tran-
versally, i.e., the unit tangents at a given point of intersection are independent.
In this case, we define #(C; N Cs), the number of crossings of Ci; and Cy to be
the number of intersection points of C; and Cs.

If C; and Csy do not intersect tranversally, we choose a tubular neighborhood
N of C1, and then decompose C; N N into pieces which are graphs in N. If we
identify C; with the zero section of N, we can count the number of sign changes
of each of those pieces. The resulting sum is by definition #(C; NCs), the number
of crossings of C1 and Cy. (This definition is the same as in [5].)

Theorem 10.1 (Weak Sturmian Theorem) LetCy(-,t), C3(-,t) evolve byv =
x'/3. Then
#(Ci(,1) NCa(,1)) < #(Ci(,0) N Ca(-,0)).

Proof. This weaker version of the results in [5, 7] may be proved using Matano’s
method [21] which only uses the weak maximum principle (see also Lemma 9.4.)
O

It is important to note that the weak Sturmian theorem does not claim that
#(C1 (-, t)NC2 (-, t)) is always finite, or that non-transverse intersections of Cy (-, t)
and Ca(+,t) cause #(C1(+,t) NCa(+,t)) to decrease (see [5, 7]). In this regard, we
have the following illuminating examples:

10.1 Some special solutions of Affine Curve Shortening.
Let
u(z,t) = (T — t)*®(z).
Then
ut = (Uge)'/® = a(T — 1)1 @(x) — (T — 1)*/3(@" (2))"/.
Thus u will be a solution of the local affine heat equation (33) if @ = 3/2 and

(50) #(x) = (S8())°.

The latter ODE has oscillatory solutions which can be written in terms of elliptic
functions. These special solutions intersect the z-axis only finitely often on any
bounded interval for t < T', but coalesce with the z-axis at t = T. Consequently,
the strong maximum principle and backward uniqueness fail for the affine heat
equation (33).

We now look for examples of solutions of (33) of the form

u(z,t) = ¢(xt™ ).
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We compute that with & def xt— o,

w = (ug) P = () (@ (€)1

= () — 7@ (),

Take a = 3/2, and solve the resulting equation
3
(@"(€)'/* + 5£0'(€) =0.

It is then easy to see that

¥(©) = 2ewe
27 27
(@)% = 1532(1—654)'
d'(&) = i1 for some constant A

33\ /A+el

from which we derive the step function solution

(51) )

©=2 [ =
= S
3V3 Je A+ st
Thus we get a solution of the affine heat equation (33) of the form

xr
ua(z,t) = q’A(m);

where ®4(§) is given by (51). This solution is the affine analogue of the error
function solution of the classical linear heat equation u; = ug,.

The initial value is

B 0 (z >0)
u,A(JE,O) = { ‘I>A(_Oo) (1‘ < 0)

where

4 [ 1 QA4 o2 1
o0) = / ds = ds
3V3 Jooo VA + st 3V3 Jooo V1 + 51

Du(—

A study of the inflection point = 0 of ua(x,t) for given ¢ > 0, shows that
it indeed has fifth order contact with its tangent, as predicted by the theory.
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11 Evolving Foliated Rectangles.

In this section, we will use the technique of foliated rectangles in order to prevent
singularity formation in the equation (15). We begin with:

Definition. A foliated rectangle F is a family of C' functions
{u® € C*([xo,71]) t a0 < a < a1},

for which

1) u®(x),ul(x) are continuous in (a, x).
T

(2) If a < a', then u(z) < u® (z) for 2o < x < 7;.

Definition. An evolving foliated rectangle
{Fi:0<t<T}

is a family of foliated rectangles F; given by u®(x,t), where each u®(z,t) is a
classical solution of the affine heat equation uy = (ugy)'/® with u®(zo,t) and
u®(z1,t) constant.

Lemma 11.1 Every “initial” foliated rectangle Fy defines a unique evolving
foliated rectangle {F; : 0 <t < oo}.

Proof. Let Fy be defined by {u® : ap < a < a1}, u® € C'([xo,r1]). Without
loss of generality, we may assume that xo = 0, ;1 = 1, ag = 0, a1 = 1. We
may extend the u® by reflection, so that u} is an odd and periodic function of
period 2. We first prove Lemma 11.1 under the assumption that the u® are C2.
In this case, the same arguments leading to the short-term existence theorem
(Theorem 5.2) imply the existence on a short-term time interval of a classical
solution u® : R x (0,7) — R with the given initial data.

Now intersection with steep straight lines shows that

27
su
Rp or

does not increase. From Theorem 8.1 we get that

" C
(52) lug,| < TS

for some constant C' and 0 < ¢t < oo. Hence the curvature of the u® cannot
blow up in finite time, so the u® are defined for all ¢ > 0. Moreover, the decay
estimate (52) suggests that

u(z,t) = u®(0)(1 —z) + u®(1)z, ast— oc.
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In fact, by comparing with the solution of Example 1 (showing the strong max-
imum does not hold for the affine heat equation), from equation (50), one can
show that the graphs of the u® become straight lines in finite time. (This follows
from the fact that u(z,t) = A\(T — t)*/?®(\z) 4+ pzx + v is a solution of (33), if
® satisfies (50).)

To prove that the {u®(-,t) : 0 < a < 1} form a foliated rectangle, we observe
that for a,a’ € [0,1], the maximum principle implies,

(53) sup [u® (2, £) — u’ (2,8)] < sup |u’(x,0) — u® (z,0)],

and if a > a’, then

(54) inf(u®(z,t) — u® (z,t)) > inf(u®(z, 0) — u® (z,0)).
T x

Inequality (53) implies that for a sequence a, — a, the 4% (-,t) converge uni-

formly to u®(-,t), and because of the derivative bounds given above also in

C?([0, 1]). Then inequality (54) implies that u® > u® for a > a'. Thus the proof

of the lemma is complete if the initial Fy is C2.

For C! initial foliated rectangles, we can approximate by smooth foliated
rectangles. The derivative bounds only depend on

sup |ug|,
a,r

S0 we can extract convergent subsequences. Uniqueness of the resulting F;
follows from (53). O

We now prove a result which prevents the formation of singularities of the
flow (15) using the technique of evolving foliated rectangles.

Theorem 11.2 Let {F; : 0 < t < T} be an evolving foliated rectangle. Let
{C;: 0 <t <T} be a classical solution of (15) which never hits the edges of Ft,
and such that Cy is transverse to each leaf of Fo and intersects it once. Then C;
does not form a singularity in the interior of Fr.

Proof. The main ideas are based on [5]; see the proof of Theorem 7.1. Let F;
be given by
y=u(z,t), 0<a<l.

From the affine invariance of (33), it is easy verified that the functions
w8 (z,t) = ut(z,t) + ax + 3,

are solutions of (33). By compactness, there is an gy > 0 such that Co is
transverse to the graph of any u»*? with 0 < a < 1, |al,|3| < €0, and C; is
disjoint from the endpoints of the u»®? (0 <t < T). (Note that since C; is a
closed curve, it will always intersect each leaf of F;.)
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Let P = (zg,u®(xo, 1)), where 0 < ¢y < T. Then if C}, passes through P, it
will have at most one crossing with the graph of

y =u'(z,t) + alz — z0) = u " (2, 1),

for any a with |a|, |aze| < &,. This implies that the C; are uniformly locally
Lipschitz in F;. Hence C; cannot have a singularity in Fr. O

Remark. The point of the above proof is that the u®®? define a cone-field on
F: to which C; is transverse. This forces C; to be uniformly locally Lipschitz.

12 The 27—Theorem.

In this section, we prove one of the key results needed to guarantee the conver-
gence of a given curve under the affine flow (15) to an elliptical point.

We first note that as in the curve shortening (Euclidean) flow [16], for the
affine flow (15), the total curvature of C; does not increase (see also [31]).

Let 9 be a convex C? function. Then
%/z/;(m)dE = /’QZJI(’U§§+I<L2’U) — vk (K)ds
[l s + st () = ()0l

Note that —¢" (k) < 0. If we take for given § > 0,

(k) =V + K2,

then ko' (k) — (k) <0, so

dt
Letting d | 0, we get that
& [ 1wlas <o,
as claimed.
Asin [4, 5], one can now show that for any classical solution {C; : 0 < ¢t < T'},
a limit curve Cr exists, and that Cr has finitely many singular points Py, ..., Py

at which some of the total curvature [ |x|ds must concentrate. Starting at every
singular point P; one has two branches of the curve, which we shall refer to as
the in- and outgoing branch. Since these are limits for ¢ T T of disjoint arcs
in C; the strong maximum principle implies that the in and outgoing branches
are disjoint unless they coincide, in which case they are part of a line segment
ending at P;. We refer to this latter situation by saying that Cr has a needle at
P;.

The following key result holds:
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Theorem 12.1 (27-Theorem) Let C; have a singularity at t =T, and P €
R2, and suppose the in and out-going branches of Ct at P do not coincide.
Then for any € > 0 there is a t- < T such that each Ct N B-(P) with te <t <T
has a connected subarc 8 C (C N B:(P)) on which

|/nd§|227r—5.
B

Proof. The proof is the same as in [5], Theorem 7.1, with only one modification.
Since the strong form of the Sturmian Theorem is not available, we must be
careful when we use the foliated rectangle 7. But Theorem 11.2 solves this
problem. More precisely, assume to the contrary that

|/nd§|<27r—5
B

for all subarcs 8 C (C: N B:(P)), we construct a foliated rectangle exactly as in
[5] (proof of Theorem 7.1). We can then verify that C; avoids the edges of Fy
and passes transversely through Fy once. By Theorem 11.2, C; cannot form a
singularity in Fr. But P € Fr, a contradiction which proves the theorem. O

Thus the arguments of [5] carry through without much modification provided
the limiting curve Cr has no needles. The following theorem guarantees that
this is always the case.

Theorem 12.2 (No Needles Theorem) Notation as in theorem 12.1. The
in and outgoing branches at any singular point P; are disjoint.

We present the proof in the next section.

13 Proof of the No-Needles theorem.

Points on C; with tangent parallel to the z-axis will be called horizontal points.
A horizontal spot is either a horizontal point or else a maximal interval on
which the tangent is horizontal (equivalently, a horizontal spot is a connected
co mponent of the intersection of C; with a horizontal line).

Lemma 13.1 For each t > 0 the number of horizontal spots on Cy is finite.
This number is nonincreasing.

Proof. Between two consecutive horizontal spots one either has an inflection
point, or else the curvature changes by +x. Since the total curvature is finite
and since C; has finitely many inflection points, the number of horizontal spots
is bounded.
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The number of horizontal spots is the sum over all integers k of the number
of signchanges of 6(-,t) — km. For each k this number is nonincreasing since 6
satisfies (41). Hence the number of horizontal spots cannot inc rease. O

After a certain time the number of horizontal spots, being a nonnegative
nonincreasing integer, will remain constant. By Lemma 9.3 the tangent angle
at any inflection point is monotonically increasing, so we may assume that for
T-0<t<T

none of the inflection points are horizontal. Thus all horizontal points are
located on convex or concave arcs of C;. Near them the equation (15) is nonde-
generate, so C; is a real analytic curve near each horizontal spot. We can ther
efore enumerate and trace the horizontal spots Q1 (), .. ., @ n(t) throughout the
time interval (T — 6, T).

Lemma 13.2 The limits limyyr Q;(t) = Q;(T) exist.

Proof. Let Q;(t) = (z;(t),y;(t)). Since Q;(t) is horizontal we have just argued
that @;(t) is never an inflection point, and hence that the curvature x(Q,(t),t)

has constant sign. Hence y’(t) = {/x(Q;(t),t) has constant sign and y;(t)
converges as t T 7.

To prove convergence of z;(t) we use the Chen-Matano [11] device of com-
paring C; with its reflection in a vertical line. Suppose

liminfz;(t) = a < B = lim sup z;(¢).
T T

Choose v € (a, 8) and let C; be the reflection of C; in the vertical line 2 = 7.
Both C; and C; are solutions of Affine Curve Shortening, so the number of
intersections #(C;NC;) cannot increase. Ast 1 T z;(t) = v must occur infinitely
often. Each time this happens C; and C; are tangent at Q;(t), and the number
of intersections #(C; N Cy) drops. If one chooses v appropriately #(C; N C;) will
be finite for some t € (T' — §,T) (C¢ only has a finite number of vertical spots),
so we have a contradiction. O

We now turn to the “no-needles theorem.” Assume that the in and outgoing
branches of a singular point P; € Cr coincide. Without losing generality we
may assume that P; is the origin, and that the in and outgoing branches both
contain an interval [0,e,] on the z-axis near P;.

In view of Lemma 13.2, we can find 6 > 0 for any 0 < &1 < &g such that

the strip S % {(z,y) | e1 < & < &2} contains no horizontal points or vertical
points for T'— ¢ < t < T'. Hence C; NS consists of a finite number of graphs
y = u®) (z,t) each of which satisfy u; = (ug,)'/%. By assumption the u(®) (z,t)
tend to zero as t 1 T
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Figure 1: A singular curve with a needle.

Lemma 13.3 For each k and all t € (T —4,T), one has

C
_$)73/2 [ (B) <z
(55) (T —1t) ‘u (:U,t)‘ ST nE =) g1 < x < €gg.

Proof. On the interval (g1, e2) the function «(*)(-,) is monotone — let’s assume
u > 0. If w®) (z0,t0) > 0, then u® (z,t5) > u® (xq,to) for x € (x0,e2) and
hence the graph of u® is disjoint from the ellipse inscribed in the rectangle
[0, 2] X [0,u® (z9,t0)]. Allowing both the curve cC; and the ellipse to evolve
by Affine Curve Shortening (15), they must remain disjoint. Since u(¥)(z,¢) — 0
as t T T the ellipse must vanish before t = T'. This implies that its area is less

than C(T — t5)?/? which implies that u(®) (zg,t0) < C(T — t9)*/?/(e2 — x0).

If we had started with the assumption that u(*)(-,¢) were decreasing rather
than increasing we would have arrived at u®) (zq, o) < C(T —t0)3/?/(zo — €1).
The estimate (55) allows for both possibilities. O

Lemma 13.4 For each k the limit

im u®) — k)
(56) ltlTIrTlu (z,t) = ®W(x)

exists. Moreover, ®¥) (z) is a solution of (50).

Proof. Consider

def

(e, 7) E (T -t)*Pu(a,t), t=T-e.

Affine Curve Shortening for the graph of u(*) is equivalent to the following PDE
for v(x,T)

ov o 1/3 3
(57) ar (Vez) " + 2”-
Moreover we have just shown in (55) that
C

, when ey <z <ep, 7>logi.
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Regularity for (57) implies that v,, v,, and ((vm)l/ 3)95 are uniformly bounded
for 7 1 oo on any compact interval [e],e4] C (€1,€0). (To avoid proving regu-
larity for (57) observe that for any solution v of (57)

u(z,t) = (1 — t)3/2v(x,7'0 —log[2(1 — t)])

satisfies u; = (um)l/B; use the results of section 8 to obtain regularity for u for
0 < t < 3/4 and then transfer to v to obtain regularity for 7o — log2 < 7 <
7o + log 2.)

These estimates imply that any sequence 7; 1 oo has a subsequence along
which v(z,7;, + T) converges to some eternal solution v*(z,7) (i.e. defined for
€1 < x <¢gpand all 7 € R) of (57). To complete our proof we will now show
by “intersection comparison” that v* is in fact time independent, and hence a
solution of (50) as claimed.

Consider the curves
¢ = {(.7; (T — t)_3/2y) | (z,y) € ct} :
where T'—t = e~". The graph of v(-, 7, ) is a part of (fTJ.K.

Proposition 13.5 Let 1o € R. Let ®. be any solution of (50). Then one can
approzimate @, by other solutions ®; — ®. of (50) which intersect C,, only
finitely often.

Since the ®; are steady states for (57) the number of intersections of ®; with
C; does not increase with 7, and it follows in particular that the limit v*(-, 1)
only intersects ®; finitely often.

Proof. For solutions ® of (50) the quantity Fe := (®)* — 228 is constant.

Let C' denote C,, with the vertical points deleted. The curve C’ is a finite
union of graphs y = v(z). We consider the function E = (,)* — 224, Since
U, — £o00 at the vertical points, E : C' — R is a C' and proper function. By
Sard’s theorem the regular values of E form an open and dense subset of the

real line.

If the “energy” Eg, of the given solution ®, is not a regular value, then
one can approximate F, with regular values F; — E,, and select corresponding
solutions ®; — @, of (50).

At a tangency of ®; and C’ one has E = E;. Since E; is a regular value of F :
C' = R, there are only finitely many such tangencies. All other intersections of
®; and C' must be transverse. Hence there only finitely many such intersections.
O

We return to the proof of Lemma 13.4. Assume that for some (o, 79) one
has

(58) v*(x0,70) # 0, and v} (xo,70) # 0.
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Let @ be the solution of (50) with ®(z¢) = v*(x¢,70) and ®'(x¢) = v} (o, 70).
By (58) we then have ®"(z¢) # 0, and ®"(zg) # v’ (xo,70). It follows that
®(-) —v*(,7) looses exactly two zeroes at time 7 = 7'0 In fact for @ close to ®
and for any ¢ with o, ¥, and 9., uniformly close to v*, v} and v}, respectively,
the difference & — ® will also loose at least two ze ros near (zo,7). In particular
we could take U(:L’ T)=v*(z, T +T]k) with k large and we could choose a ® near
& for which C, only intersects ® finitely often. Then the number of zeroes of
v*(-,7) — ®(-) would drop infinitely often, which is impossible.

Thus the assumption (58) is incorrect, and we find that v*(x,7) = ®(x) for
some solution @ of (50). O

We now conclude the proof of the “no needles theorem.” Let 7; 1 oo be such
that v(z, 7 + 7;) converges uniformly for bounded 7 and on compact intervals
[e1,€0] C (0,€4) to some solution @ of (50).

Let ¥ be the union of the y axis and the curve {(z, ®(z)) | z > 0}.

As j — oo the part of the curves C. in the strip {(z,y) | —e. < z < &,}
converge to ¥. This forces C; to have ‘a sharp corner near the point where the
graph of ® intersects the y-axis. But C evolves by

v=r?

3
+ —ycos#,

22/
and one easily deduces regularity results for this equation from similar results for
v = k'/3. In particular, C; must have uniformly bounded curvature in bounded
regions of the zy-plane. It is therefore impossible for C, to converge to X. O

14 The Affine 5$-Whisker Lemma.

In this section, we recall Grayson’s d-whisker lemma [16] and point out that it
is also valid for the affine shortening flow (15). The §-whisker lemma prevents a
curve from getting too close to itself along subarcs which turn through at least
7. Since the proof in this affine case is very similar to that of [16], we will only
sketch the relevant details.

14.1 «-points.

Let {C; | 0 < t < T'} be a maximal solution of Affine Curve Shortening (15), and
choose Ty < T so that the (finite) number of convex and concave arcs remains
constant for Tp <t < T.

For @« € R we define an a-point on C; to be a point where 0(p,t) = «

(mod 27). An a-spot is, by definition, a connected component of the set of
a-points. By applying Lemma 13.1 in a suitably rotated coordinate system we
conclude that at any given instant ¢ € (0,7") there at most a finite number of
a-spots, and that this number is nonincreasing in time.

37



Figure 2: ¥ and the curve C, converging to X.
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Proposition 14.1 Let Ty < t1 < T. If A; € Cyy is an «a point, but not an
inflection point, then there exists a smooth family {A: | To <t < t1} of a points
with Atl = Al.

Proof. Since A; is not an inflection point the evolution is smooth near (4;,¢;) in
space-time. At a non-inflection point one has 6; = k # 0 so the Implicit Function
Theorem provides a smooth family of points A; with 8(A;,t) = . This family
may only be defined for ¢ close to t1: let (¢2,t1] be the largest interval on which
such a smooth family can be defined. Then A; will accumulate at inflection
spots of Cy, as one lets ¢ decrease to to.

By Proposition 9.3 the only way an inflection spot can become an a-spot
is for two «a points with nonzero curvature to meet and annihilate each other.
Thus a small neighborhood of an inflection spot at time ¢ which is also an

a-spot will not contain any a-points for ¢ slightly above ¢». Consequently,
if one traces a smooth family of a-points A; back in time it can never run into
an inflection spot with ¢ > Ty. Hence we can continue our smooth family of
a-points all the way back to Tp. O

14.2 «-arcs.

Following Grayson [16, page 295] we define an arc B C Cy, to be an a-arc! if

the inward pointing unit tangent vectors to the arc are both given by (£°2).

Thus the endpoints of an a-arc are a or a+ w-points. As we have seen, these
can be traced back in time as long as ¢t > Ty. The resulting family of a-arcs
{B: | To <t < to} will be called the history of By, .

Theorem 14.2 (6-Whiskers) There exists a 6 > 0 such that for any point P
on an a-arc By, C Cy, with to € [T, T'), the line segment

COos «
€P757ad§f{P+Tva|O§r§6}, va:<_ >,
sin @

is disjoint from Cg, \ B, -

To prove this one traces the history of By, back to time ¢t = T. For d > 0 and
To <t < to we then define B to be B; translated by d-v,. We also define d(t)
to be the largest d > 0 such that Bf is disjoint from C; \ B; for all 0 < d' < d.

At t = Tp a compactness argument provides a d independent of the arc such
that one can translate By, by an amount ¢ in the direction of the vector v,
without bumping into Cr, \ Br,, i.e. such that

d(To) > 6.

LGrayson calls these arcs “nice.”
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Grayson then shows, using maximum principle arguments, that d(t) is a

nonincreasing function. The arcs Bf ) and C: \ B: must have a tangency. If
the tangency is interior then it will dissapear instantaneously by the strong
maximum principle (see Lemma 7.1). If the tangency occurs at an endpoint of

Btd ) then the curvatures of Btd ® and ¢, \ B; must be different (for otherwise
Ci \ By would intersect the d(t)-whisker £p (), where P is the cor responding
endpoint on B;.) Hence the tangency disappears in this case as well, and d(t)
is indeed nondecreasing.

15 Convergence to a Point.

Our main result is:

Theorem 15.1 Let {C, | 0 <t < T} be a mazimal classical solution of Affine
Curve Shortening (15). Then

1. Cy shrinks to a point as t T T, and

2. The total curvature [ |k|d5 of Cy tends to 2w ast 1+ T.

To prove this we argue by contradiction: assume the limit curve Cr is not a
single point, and let P be one of the singular points on this curve. By the
2m-Theorem 12.1 there exist ¢, T T such that C;, N B(P,2~™) contains an arc

B,, with turning angle
/ kds
B

n

.

>3
-2

This puts us in Grayson’s “case I” (see [16, page 300].) In [16, theorem 4.1]
he shows that this case cannot occur, and the two ingredients of his proof are
“¢-whiskers” and our Lemma 9.10 which states that arcs with turning angle less
than 7 have uniformly bounded curvature. As we have verified these statements
for Affine Curve Shortening, Grayson’s arguments lead us to a contradiction.
The curve therefore must shrink to a point.

The second statement of the theorem is Grayson’s Lemma 3.9, whose proof
also is based on Lemma 9.10 and §-whiskers. The same arguments therefore
apply in our setting.
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