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Abstract

In this paper, we employ a lifting method introduced by the au-
thors in order to study the structured singular value applied to in-
put/output operators of control systems. We moreover give a new
criterion which guarantees that the structured singular value equals
its upper bound defined by D-scalings.
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1 Introduction

Let A be a linear operator on a Hilbert space &£, and let A be an algebra
of operators on £. The structured singular value of A (relative to A) is the
number

pa(A) = 1/inf{||X]| : X € A, —1 € 0(AX)} .

This quantity was introduced by Doyle and Safonov [6, 12] under a more
restrictive context, and it has proved to be a powerful tool in robust system
analysis and design. In system analysis, the structured singular value gives
a measure of robust stability with respect to certain perturbation measures.
Unfortunately, ua(A) is very difficult to calculate, and in practice an upper
bound for it is used. This upper bound is defined by

fia(A) =inf{||XAX"||: X € A’, X invertible},

where A’ is the commutant of the algebra A.

In [1, 5], we formulated a lifting technique for the study of the structured
singular value. The basic idea is that fia(A) can be shown to be equal to the
structured singular value of an operator on a bigger Hilbert space. (In [1]
this was done for finite dimensional Hilbert spaces, and then in [5] this was
extended to the infinite dimensional case.) The problem with these results is
that the size of the ampliation necessary to get fia(A) equal to a structured
singular value, was equal to the dimension of the underlying Hilbert space.
Hence in the infinite dimensional case we needed an infinite ampliation. In
this work, we will show that in fact, one can always get by with a finite
lifting. (Note that in this paper we will be using the terms “ampliation”
and “lifting” interchangeably.) For the block diagonal algebras of interest in
robust control, the ampliation only depends on the number of blocks of the
given perturbation structure. (See Theorem 1 below.) We moreover, give a
new result when fia(A) = ua(A), that is, when no lifting is necessary and
so [ia(A) gives a nonconservative measure of robustness. (See Theorem 2.)
This is then used to derive an elegant result of Shamma [13, 14] on Toeplitz
operators. See also [7, 9, 10] for related work in this area.

We now briefly sketch the contents of this paper. In Section 2, we give
some background results which will be needed in the proof of Theorem 1. In
Section 3, we derive a number of useful facts about the relative numerical
range. Then in Section 4, we state and prove our new version of the lifting



theorem relating the structured singular value and its upper bound. In Sec-
tion 5, we give new conditions when p = [i. These are applied in Section 6, to
give a new proof of the aforementioned result of Shamma. Finally, in Section
7, we give a system-theoretic interpretation of our lifting methodology.

2 Preliminary Results

Denote by L(€) the algebra of all bounded linear operators on the (complex,
separable) Hilbert space €. Fix an operator A € L(€) and a subalgebra
A C L(E). The numbers pua(A) and fia(A) have already been defined in the

Introduction. Observe that A C A” and A" = (A") = A’ so that we have
the inequalities

pa(A) < pan(A), fa(A) = far(A) .

Observe that the algebras A considered in [6] consisted of block diagonal
matrices, so our approach is more general in this respect. In the following
proposition we summarize some of the elementary properties of 1a; see Doyle
[6] or [1] for proofs. We will denote by ||T|sp the spectral radius of the
operator T.

Lemma 1 (i) pua(A) = supfAX | - X € A, [[X] < 1};
(ii) pa is upper semicontinuous;

(tii) If € is finite dimensional, then pa is continuous;

fio) a(A) < fia(A)

In our study we will need further singular values which we now define.
Forn € {1,2,...,00} we denote by £ the orthogonal sum of n copies of &,
and by T'™ the orthogonal of n copies of T € L(€). Operators on £ can
be represented as n x n matrices of operators in £(&), and T is represented
by a diagonal matrix, with diagonal entries equal to T

Denote by A, the algebra of all operators on £ whose matrix entries
belong to A, and observe that (A,)” = (A”),, and (A,) = (A’)(”) = {1 .
T € A’} Therefore we will denote these algebras by A” and A/ | respectively.



Lemma 2 For every finite number n we have
i (A) < prag (A™) < g, (ATT) < s (A)) < Jia(A)
and

par(A) < pag(AD) < pag, (AUF) < pray (AS) < fia(A) |

n+1

Proof. It clearly suffices to prove the first sequence of inequalities. Observe
that for every X € A, and for m > n we can define an operator Y € A, by
Y = X @0. Clearly o(A™X) = o(AM™Y)U {0} and hence —1 € o(AMX)
implies —1 € o(AY). Since pua(A) = pa, (AM), this proves the first three
inequalities. The last one follows because s (A)) < jia (A)) = fia(A).
2

We will now state (without proof) several results from [1, 2, 3, 4, 5] which
we will need in the sequel.

Lemma 3 ([5]) Let A be finite dimensional C*~algebra. Then A has only
finitely many equivalence classes of cyclic representations.

Lemma 4 ([5]) Let the sequence Y; of operators on H, and the sequence
h; € H satisfy

(i) sup rank Y; < oo, sup [|[Yj|| < oo;
J J

(i) limeo ||(Y; — D)kl = 0;
(iit) 1im;_ ||h;]| = 1.
Then liminf, . || Yjllsp > 1.

Lemma 5 ([4]) . Let H be a Hilbert space, T € L(H), and D; € L(H)
invertible so that

Ty = lim D;TD7".

J]—00

If the set {Dj,Dj_l : 7 =1,2,...} is contained in a finite dimensional sub-
space, then || Tollsp = ||7'||sp-



3 Relative Numerical Range

We will also need some results in what follows about the relative numerical
range. Let H be a complex separable Hilbert space, and let £L(H) denote the
set of bounded linear operators on H. Let T1,...,T,,,Q € L(H). Then we

define the following relative numerical ranges:

Wo(Ty,....Tn) :={r € C", A= lim ((T;hn, hn))72;

n—0oo

hn € H, [l = 1, Tim [|Qhn]| = 0},

and
WS(T1, .. Ty) o= AN € C", A= lim ((Tyho, b))y
hi € H, ||ha|l = l,nli_glo |Qhs|| =0, h,, — 0 weakly}.
Lemma 6 W§(Ty,...,Ty) is a compact convex subset of C™.
Proof. The compactness is immediate since Wg(Tl,...,Tm) is a closed

bounded subset of C™. As for the convexity, let A = (Aq,..., A n), p =
(ft15- s pim) € WO(Th, ..., Ty), and let the sequences of unit vectors

{hn}zo:p {kn}zoZI C H

satisfy
)\]‘ = nll_>r£10<T]hn,hn>,
i = hm(Tik,, k), 7=1,...,m,

n—0oo

nh_}rgo |Qhs]| =0 = nh_)rgo |Qk.|l, hn — 0, k, — 0 weakly.

Next for n fixed choose N, > n such that

(s )| < = (T, )|+ (T bk ) € —, G = 1.2, .

3| =

Then for any 6 € [0, 1]

G = V0h, + /1 —Okn,, n > 2,



satisfies the following conditions:

1
HgnHZ =1+ 2\/ 0(1 - 0)%<hn7an> — 17 HgnHz > 57

gn — 0 weakly, ||Qga|| = 0,
(TG, Gn) — 0N — (1 = O) ] < OUTihns hn) — N[+ (1 =) (Tikn, , kN, ) — p5]+

\/m% — 0 as n — oo.
Thus replacing the g, by ¢./||g.| we immediately conclude that
ON+ (1 —0)u e WH(T, ..., Tn),
as required. 2

Lemma 7 Wy(Th,...,T,,) is the union of all segments
{OA+(1—=0)u:0<6<1},

where X € Wo(Ty,...,Tn) and = ((T;h, h))7ey for some h € ker Q, ||h]| =
1.

Proof. Let 0,A = (\;)7L,, 1 = (1;)7=, be as above and let the sequence
{hn}o2, C H satisfy ||h,|| = 1, h, — 0 weakly, Qh,, — 0 strongly, and
(Tihn,hy) — Aj for 7 = 1,...,m. Then as in the proof of Lemma 6, we

obtain that
gn = VOh, +1T—0h, n=1,2,...

satisfies the conditions

gall = 1, [|Qgnll — 0,
and
(Tign,gn) = 0N, + (L= Opy, j=1,....m.

Therefore
ON+ (1 =)y e Wo(Ty,...,Ty).



Conversely, if ¢ = (¢;)7, € Wo(Th,...,T,), then

Y, = Iim (Ti9,,9n), 7=1,...,m,

n—0oo

for some sequence {g,}>>, C H such that ||g.|| = 1, ||Qg.|| — 0. Without
loss of generality we can assume that g, converges weakly to some h' € ker ).

If ||h']] = 1 then g, converges strongly to A’ and ¢; = (T;h',h'), j =
1,2,...,m. Clearly then

Y =0x+ (1 = 0)((Tih, h))iL,

with h = A, 0 = 0, and A € Wi(Ty,...,T,,). If ||[A/|| = 0 then 1 belongs to
Wo(Ty,...,T,) and hence ¢ = 01 + (1 — 0)p with § = 1 and p arbitrary.
Finally we consider the case when A’ # 0 and ||h'|| # 1. The vectors h, =
(gn — 1) /||gn — B'|| converge weakly to zero, ||Qh,|| — 0, and h = A'/||F’|| is
a unit vector in ker (). Clearly then

i = (L= [[Rl*) im (Tiha, ha) + |[RI(Tiho h), j =1, m,
and therefore
pe{ON+ (1 — 0)(<Tjh,h>)}”:1 0<0<1}

where

Ni= Tim (Tjho, ha) ey € WS(T4, .. T

n—00 J=1

This concludes the proof. 2
Corollary 1 For all T, Q) € L(H), the sel
Wo(T) = {A = lim (Thy,hn) < by € H o]l = 1, lim [|Qh[| = 0}
1s a compact convex set.
Proof. First notice that by an application of the classical Toeplitz-Hausdorff

theorem to T := PT|ker ) where P denotes orthogonal projection of H onto
ker (), we see that the set

W(Tg)={(Th,h):

|h]| =1, h € ker @}



is compact and convex. Therefore the convex hull of
Wo(T) U W (Tg)
is the union of all segments
{OA+(1—=0)u:0<6<1},

where A and p run over W5(T') and W (Tg), respectively. But according to
Lemma 7, this union is precisely Wq(T'). 2

Remark. Corollary 1 was proven in [3] using a completely different argu-
ment, based on an approximation lemma which is of independent interest.

Finally, for the proof of our lifting theorem (to be given in Section 4), we
will need the following elementary fact:

Lemma 8 Let Z denote a finite dimensional normed space, and let S be a
set of linear functionals on Z. Suppose that for every z € Z there exists a
sequence (,, € S such that lim,, .. 0,,(2) = 0. Then there exists a sequence (,,
in the convexr hull of S such that lim,_ ||0s|| = 0.

Proof. Since Z is finite dimensional, S is contained in the dual Z’ of Z.
We may also assume that S is a convex set. To prove the lemma we must
show that the closure of S’ contains zero. If it did not then the Hahn-Banach
theorem would imply the existence of a vector z € Z and of a number ¢ > 0
such that Rl(z) > ¢ for all £ € S. This is contrary to the assumption of the
lemma. 2

4 Ampliations of Perturbations

In this section, we will formulate and prove a new lifting result relating pa(A)
and fia(A). For finite dimensional &, a lifting result of this type was first
proven in [1]. The result was then generalized to the infinite dimensional case
in [5]. (For another proof of this type of lifting result in finite dimensions,
see [7].) In these theorems, the lifting or ampliation of the operator A and
perturbation structure A depends on the dimension of €. Thus if £ is infinite

8



dimensional, we get an infinite lifting. In the new result proven below, we
only have to lift up to the dimension of A’ which in the cases of interest in
the control applications of this theory only depends on the number of blocks
of the given perturbation structure.

The notation will be that used in Section 2.

Theorem 1 Assume that A’ is a x-algebra of finite dimension n. Then
Aa(4) = pag(A®)
for every A € L(E).

Proof. The argument starts as in the proof of Theorem 3 in [1], and of
Theorem 1 of [5]. Without loss of generality, we may assume that jia(A) = 1.
We must show that /,LA%(A(”)) > 1. Choose a sequence of invertible operators
X; € A’ such that || X;AX || = fia(A). Since X; AX ;" belongs to the finite
dimensional space generated by A’AA’, we may assume that the sequence
XjAXj_l converges to some operator Ay such that ||Ag|| = 1. Obviously
| X Ao X || > ||Ao|| for every invertible operator X € A’. In particular we
have

I(7 = X)Ao( + X + X7 +---)] > 1

for X € A’ with || X|| < 1. Fix an operator X € A’ and a sequence ¢; > 0
converging to zero. There exist vectors h; € € with ||h;]| = 1, such that

(1 —&; X)Ao(f + ;X + 2 X2 + - )hi||P > 1 —e? .
This can be rewritten as,
(A5Aoh;, hy) + 2e;R(AG(AcX — X Ao)hy, hj) + O(e2) > 1 — &2
or equivalently,
2e;R(AF(AoX — X Ag)hy, hy) + O(e?) > (I — AjAo)hj, hy) — et > —e2.

Dividing by ¢; and letting ; — 0 as 7 — oo, we see from the last equation
that

<([_A8A0)hj7hj> — 07 (1)
liminf R(AZ(AoX — X Ao)hj, hy) > 0. (2)

J]—00



We easily conclude that

liminf R((X — AZX Ag)hj, hj) > 0. (3)

J]—00

Set
Q=1-AjA0, T =X — A;X Ao.

Then from (1,3), we see that

J]—00

Applying the above argument to (X for any ¢ € 9D (the unit circle), we
see that there exists a sequence h;C), Hh;C)H = 1 such that

Q@O%o,myﬁmqw%m>zu (5)
J—00

We claim that 0 € Wy o(T'). Indeed, if this were not the case, Corollary
1 would imply the existence of ( € 9D such that

liminfR¢(Th;, h;) <0
J]—00
for all sequences of unit vectors h; such that Qh; — 0 contradicting (5).
Thus, we have shown that for each X € A’ there exists a sequence of
unit vectors h; € & such that

(I — A3Ao)h; — 0, and (X — AX Ag)h;, h;) — 0. (6)

Let
Al ={X=X":XeA'}.

Consider now a subspace D C AL, of real dimension n — 1 such that AL, =
D+ RI. Set Z = {X — A;X Ay : X € D}, and for every unit vector
h € & define a linear functional ¢(h) on Z by ((h)(T) = (Th,h), T € Z.
Then Lemma 8 applied to the set Sy = {l(h) : ||({ — AJAo)h| < 1/k}
implies the existence of linear functionals ¢, in the convex hull of 53 such
that ||(x]] < 1/k. Observe furthermore that the real dimension of Z is at
most n — 1. Then from a standard result (see e.g., [11], page 73), each () is a

10



convex combination of at most n functionals £(h), say { = >°7_; agk)ﬁ(hgk)),

where agk) > 0,270, agk) =1, and the h;k) are unit vectors in &, such that

(1 — Az A < 1/

Let us define unit vectors vectors uy, € £ by

e = @ (0g”) 057, (7
and observe that limk_>oo<(X(”) — Aé(n)X(”)Aén))uk, ug) = 0 for every X € A'.
Taking X = Y*Y we obtain

Jim (YO AT ]| = Y )y = 0 (8)

for every Y € A"

Consider now the spaces H; = A;Aén)uk and K = Al ug. Lemma 3 im-
plies that, by passing to appropriate subsequences, we may assume that all
the representations X — X|H,, (resp. X — X™|K}) are unitarily equiv-
alent. It follows that we can find partial isometries Uy, Vi, in A” such that
UyHr = Hy and VK = Ky. Dropping again to appropriate subsequences,
we may assume that the limits v = limy_ UkAén)uk and v = limy_oo Viug
exist. Then (8) implies that

1Yl = [y o

for every Y € A’. Therefore there exists a partial isometry W € A” such
that
Wy ™y =y My

for every Y € A’. Of course, W can be chosen equal to zero on the orthogonal
complement of A’ u and thus to have finite rank at most n. The partial
isometries Ry := VWU are in A, they have uniformly bounded rank, and

lim (R AS” = Dug = lim Vi (WURAG u — Vi) = 0.
—+00

k—oc0

Therefore Lemma 4 implies that

- ()
hgr_l}ngRkAo l|lsp > 1.

11



Finally, since R; commutes with X X € A’ and we have
XM R AW X Ry ALY

J

in norm as j — oco. Lemma 5 shows that
1AL lp = (125 A o
Consequently, we have
lim inf || £, A" ||, = n]gigfymmg”)y\ > 1.

Thus,
pag(A®) > liminf [ AC)X, |l > 1= fia(A)
—+00
which completes the proof of the theorem. 2

Remark. In the cases of interest in control,
A" = A,
and so one has from Theorem 1 that

fia,(A) = fia(A).

5 Conditions for y =

In this section, we will discuss some new conditions when g = i without any
need for lifting or ampliation. In the finite dimensional case, there have been
some results of this kind, the most famous of which is that of Doyle [6], who
showed that no lifting is necessary for perturbation structures with three or
fewer blocks.

We begin by noting that in the proof of Theorem 1, we established a
useful property of the critical operators Ag in the closed A’ similarity orbit

OA/(A) = {XAX_I X € A/}

of A. Namely, if we call eritical any Ag € Oar(A) satisfying
limsup [[(I — eX)Ao(1 — eX)7|| > || Ao, VX € A,

€

then the first part of the proof of Theorem 1 establishes the following:

12



Lemma 9 [f Ay is a critical operator in Oai(A), then it enjoys the following
property (O):
0 € Wo([|Ao|I*X — AZX Ao), X € A,

where Q = || Ao||*T — A% A,.

Indeed, property (O) is a reformulation of equation (6) in the case in
which the norm of Ay may be different from 1.

The next lemma is the key step in adapting the proof of Theorem 1 in
order to show that

in several interesting cases.

Lemma 10 Let Ay be an operator on £ which satisfies the essential version
of property (O), property (O°), namely

0 € WO([|Ao|I2X — A;X Ao), X € A,

where Q = || Ao||*I — AjAq. Then there exists a sequence {hy}72, C &, ||hi|| =
1, k=1,2,..., such that

Qhy, — 0 strongly and (|| Ao||*X — A5X Ag)hy, hi) — 0,

for all X € A

Proof. Without loss of generality we can assume that ||Ag]] = 1. Let
Xi,..., X, be an algebraic basis of A’. (Note that A’ is finite dimen-
sional.) Set T; := X; — A;X; Ao, 7 = 1,...,n. Then by virtue of Lemma 6,
Wo(Th, ..., T,) is convex and compact. If 0 ¢ W5(Ty,...,T,), there exists
= (Y1,...,%,) € C" and ¢ > 0 such that

RY A >, VA= (A, 0) € Wo(Th, ..., T)).
7=1
Set .
T =T,
7=1

13



Property (O°) implies that there exists a sequence {gx}72, C &, |lgx|| = 1,
gr — 0 weakly such that (T'gy, gr) — 0. Without loss of generality (by passing
to a subsequence if necessary), we can assume that

<Tjgkagk> — )\]‘, (] = 1,. .. ,n),
for k£ = oo. Thus
A=(A1,..., ) € Wg(Tl,...,Tn).

Hence

0 R(Tge,gr) = RDY_Vi(Tige, gr) = RY_ ;A >,

=1 7=1
a contradiction. We therefore conclude that 0 € Wg(Tl, ..., 1), i.e., there
exists a sequence {hy }72, C & satisfying the properties ||| = 1,k = 1,2,.. .,
|Qhkl] = 0, h, — 0 weakly, and

(X; — A3 X AoV, hy) = (Tihg, hy) — 0
for all j = 1,2,...,n. This implies that
(X — AZX Ag)hy, hy) — 0,
for all X € A", 2

We can now state the second main result of this paper:

Theorem 2 If there exists a critical operator Ay satisfying property O° in
the closed A'—orbit of A, then

pan(A) = fia(A).

Proof. We only have to note that because of Lemma 10, in the proof of
Theorem 1, we need not take direct sums. More precisely, referring to equa-
tion (7) in the proof of Theorem 1, we can take uy = hy, where

{hk}?ﬂ

is the sequence provided by Lemma 10. The proof then proceeds exactly
as in Theorem 1 with Ay replacing Aén), X replacing X, and Y replacing
Y. 9

14



Remark. Under the hypotheses of Theorem 2, when A” = A (which hap-
pens in all cases of interest in control), we have that

Let L(A’AA’) denote the linear space generated by
A'AAN = {XAY : XY e A'}.

Obviously L(A’AA") is finite dimensional, and therefore closed. Hence Oa/(A) C
L(A’AA").

Corollary 2 [f for every B € L(A'AA'), B # 0, the norm of B is not
attained (that is, there is no h € H such that ||Bh|| = || B]|||h|| # 0), then

pan(A) = fia(A).

Proof. The critical operator Ay constructed in the first part of the proof
of Theorem 1 belongs to L(A’AA’), and therefore its norm is not attained.
However in equation (6), we can assume that the sequence {h;}%2, is weakly
convergent, say h; — h weakly. Without loss of generality, we may assume

that || Ao|| = L. Then (6) shows that
(I — A% Ao)h = 0.
Therefore if h % 0, we would have
[Aoh||* = ||1[|* = || Aol *|[2]|* # O,

and so the norm of Ay would be attained. We conclude that ~; — 0 weakly,
and so Ay satisfies property (O°). The required result now follows by Theo-
rem 2. 2

Remark. Note that Corollary 2 applies only to infinite dimensional Hilbert
spaces £.

Example.
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We would like to give an explicit example to which Corollary 2 applies. Let
A; be an operator on a Hilbert space & (j = 1,...,n) for which the norm
is not attained. (For example, take & = L?((0,1)) and A; the muliplication
operator f(z) — zf(x) for x € (0,1) and f € L*((0,1)).) Set

E=ED---DE,,

and A the algebra of operators on &€ of the form

X: 0 ... 0
0 X, ... 0
0o 0 ... X,

with X; € £(&;), 7 =1,2,...,n. Then A’ is formed by the diagonal operators

Mlg, 0 .00
0 Xleg, ... 0
0 0 ... AN,
for \; € C, 7 =1,2,...,n, and I¢; denotes the identity operator on &;, j =
1,2,...,n. Let A be any operator on & the n x n block matrix representation
of which has entries in the set {0, Aq,..., A,} with only one nonzero entry

in each row and column. Then it is easy to check that L(A’AA’) has the
property required in Corollary 2, and therefore

pan(A) = fia(A).

6 Toeplitz Operators

In this section, we want to use our lifting methodology in order to derive
a beautiful result of Shamma [13, 14] on the structured singular value of a
Toeplitz operator, i.e., a linear time invariant system.

Accordingly, set & = H?(C") and let A denote the multiplication (ana-
lytic Toeplitz) operator on £ defined by

(AR)(z) = A(2)h(z), |z| <1, h €E,

16



where
Alz) = la]] ey 2] <1,

has H> entries. Let A’ be any s—subalgebra of L(C"), the elements of which
are regarded as multiplication operators on £. Note that in this case, A” = A
is the algebra generated by operators of the form

(Bh)(z) = B(2)h(z), |z|<1, he&
with B(z)X = XB(z), |z] <1, X € A’ as well as of the form

hy Yhy
ho Yh,
I, Yh,

with Y € L(H?*(C)) arbitrary. We can now state:
Lemma 11 Let Ag be an analytic Toeplitz operator. Then if Ay has prop-
erty (O), it also has property (OV).

Proof. Without loss of generality we may assume ||Ag|| = 1. Let X € A’
and let h;,7 =1,2,... be a sequence of unit vectors satisfying

(1 = A3Aa)hy |12 = 0, (X — A;X Ag)hj. hy) — 0. (9)
Note that since I — A5Ag > 0 the first condition in (9) is equivalent to
(I = AZAQ)h, hj) — 0.
Let U denote the canonical unilateral shift on &€ = H*(C"), that is,
(Uh)(2) := zh(2), |z| <1, h €E.

As is well-known, we can view H?*(C") as a subspace of L?(C"). In particular,
in this representation the relations (9) are equivalent to

R = Ao (P 0

[ Be) = (X Aof () by D)t = 0. (10)

17



Note that X is an n x n matrix with constant coefficients. Therefore in (10),
h; can be replaced by U*h; for any k > 0 without changing the values of the
integrals. We infer that

(I — Az A)US hi||* =0, (X — AsX A)UR h;, UM Ry — 0,
for any sequence {k;}?2, of natural numbers. Since for any g,h € €
(U g, h)| = (g, U h)| < |lgl[U*h][ = 0 (k — o0),

we can choose k; sufficiently large in order to guarantee that

1
(U b} < 5

for any h of the form
h=(2"0p) 5y, 0<m <y, 1 <p<n, (11)
where 9,5 is the Kronecker delta. Thus
(UFihj h) =0, as j — oo

for all vectors of the form (11). Since these vectors form an orthonormal
basis of £, we see that U* h; — 0 weakly, which concludes the proof of the
lemma. 2

Corollary 3 ([13, 14]) For A and A’ as above, we have that

Proof. First, note that any operator B in L(A’AA’) is also an analytic
Toeplitz operator. In particular, the critical operator Ay obtained in the
proof of Theorem 1 is a multiplication operator given by

Ao(2) = [a?k('z)];k:h 2| < 1.

By Lemma 9, the operator Ag has property (O), and thus also property (O),
by virtue of Lemma 11. The conclusion now follows from Theorem 2. 2
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7 Structured Singular Value of Input-Output
Operators

In this section, we will put some of the above results into a system-theoretic
framework. Accordingly, let {3 be the space of square summable one-sided
sequences in C, let C denote the set of all bounded linear operators on (3.
Further, let A : (2(C") — (3(C") be an arbitrary bounded linear opera-
tor. Thus A defines a (possibly) time-varying system. (Here (3 (C") the
space of of square summable sequences in C”, i.e., the space of finite en-
ergy vector-valued signals with n components.) Then we want to interpret
fa(A) as a structured singular value on an extended space with an enhanced
perturbation structure. Note € in this case is the Hilbert space 3 (C™).
Define the algebra of perturbations

g 0 ... 0
0 6 ... 0 .

A=A{ . 6 elii=1,... n}.
0 0 ... 9,

Then the commutant of A is the finite dimensional C*-algebra,

d 0 ... 0
0 dy ... 0 .

A=A . | :dieCli=1,...,n}.
0 0 ... d,

Note that a constant d € C defines an operator on £2 via multiplication.
From Theorem 1, it follows that the g upper bound given by the infimum

of || XAX || over all constant X —scales equals jia(A). We now have the

following interpretation of jia(A). We lift A to A" : £ — €0 Then

A, 0 0 0
- 0 A, 0 0 N
(An)"=A{ . C . tA; e AL
0 0 ... A,

(A,)" is a space of time-varying perturbations and we have from Theorem 1
that

fia(A) = pag (A0,

19



This is true for arbitrary time-varying systems A. In case A is Toeplitz, i.e.,
the system is time-invariant, then as we have seen (Corollary 3, [13, 14]),

fia(A) = pa(A).

References

[1] H. Bercovici, C. Foias, and A. Tannenbaum, “Structured interpolation
theory,” Operator Theory: Advances and Applications 47 (1990), pp.
195-220.

[2] H. Bercovici, C. Foias, and A. Tannenbaum, “A spectral commutant

lifting theorem,” Trans. AMS 325 (1991), pp. 741-763.

[3] H. Bercovici, C. Foias, and A. Tannenbaum, “A relative Toeplitz-
Hausdorff theorem,” to appear in Operator Theory: Advances and Ap-
plications.

[4] H. Bercovici, C. Foias, and A. Tannenbaum, “Continuity of the spectrum
on closed similarity orbits,” Integral Equations and Operator Theory 18
(1994), 242-246.

[5] H. Bercovici, C. Foias, P. Khargonekar, and A. Tannenbaum, “On a
lifting theorem for the structured singular value,” to appear in Journal
of Math. Analysis and Applications.

[6] J. C. Doyle, “Analysis of feedback systems with structured uncertain-
ties,” IEE Proc. 129 (1982), pp. 242-250.

[7] M. Fan, “A lifting result on structured singular values,” Technical Re-
port, Georgia Institute of Technology, Atlanta, Georgia, November 1992.

[8] P. Halmos, A Hilbert Space Problem Book, Springer-Verlag, New York,
1982.

[9] M. Khammash and J. B. Pearson, “Performance robustness of discrete-
time systems with structured uncertainty,” IEEE Trans. Aut. Control
AC-36 (1991), pp. 398-412.

[10] A. Magretski, “Power distribution approach in robust control,” Techni-
cal Report, Royal Institute of Technology, Stockholm, Sweden, 1992.

[11] W. Rudin, Functional Analysis, 2nd Edition, McGraw-Hill, 1991.

20



[12] M. G. Safonov, Stability Robustness of Multivariable Feedback Systems,
MIT Press, Cambridge, Mass., 1980.

[13] J. Shamma, “Robust stability with time-varying structured uncer-
tainty,” to appear in [EEE Trans. Aut. Control.

[14] J. Shamma, “Robust stability for time-varying systems,” 31st Proc.
IEEE Conference on Decision and Control, Tucson, Arizona, 1992, pp.
3163-3168.

21



