EE5585 Data Compression February 8, 2013

Lecture 7

Instructor: Arya Mazumdar Scribe: Seth Hays

Lemmas

Lemma 1

AEP: given the sequence: x1x2x3...x,; an independant identically distributed (iid) random variable,
then:

Llog p(z12925...2,) — H(X) in probability (proved in Lecture 6)
Lemma 2

Given a binary sequence of length n parsed so that all phrases are distinct. The number of distinct
phrases, ¢(n), is:

n
C(n) = (1—ep) logn
where ,, > 0 as n —

Lemma 3

X is a random variable that takes non-negative integer values and E(X) = u then H(X) < H(Z),
where Z is a geometric random variable and

Pr(Z=k)= (- 39) 7 k=0,1,2, ...

Verify that:
Sve  Pr(Z=k)=1and E(z) = p

H(Z) = (p+1)logp+1— plogp
(Proved later)

Prove L.Z. Code is Optimal

Theorem: L.Z. Code is optimal:
c(n)[loge(n)+1] H(X)

True for any file of length n that is produced from the source alphabet, X and random variable, X:
X1, Xo, ..., X5 X, iid with X



Proof of the theorem:
Start with Lemma 1:

%logp(XngXg...Xn)

take p(X1X2X3...X,,) with parsed phrases of Si,S2, ...
therefore log [p(S1, Sa, ...Sc(n))]

= 5 log plSi] = 25 [Sis)=t log p(S)]

= Zlm” a Zl(s):l % log [p(5)]

where ¢; = the number of phrases of length [
< Eﬁz‘f cilog i) C%[p(S)] — Jensen’s Inequality
< Zlm‘” ¢ log é

= o(n) Ylmsr - log ) — ylmer ¢/ log ()]
take Y473” ¢ log [e(n)] = log e(n) Y4" c1 = e(n) log c(n)

= ¢(n) Yimee ey log C(C:L) — ¢(n)logc(n)

=c(n) Zlm‘” m log 71% —¢(n)loge(n)
e(n)
c

where m; =
= ¢(n)H(II) — ¢(n)log c(n)

Using Zlm“ Im, = Zlcz n__ .

c(n) = c(n)
c(n)H(TT) — c{n) log e(n) < c(n)((=25 + 1) log (<25 +1) — 2

s =

c(n) )

Going back to the beginning:
Llogp(z1w223...00) > M

~em (s 4 1) log( 1) — 225 log o]

= (1+ 42 log 2 — log 2

:log(1+@+@log oy 1

c(n

cn) 4 ()

limnHOO log (1 + log

take

)-l-l

c(n

oy =M

= log (1) + limyn o0 222+ =0

Soasnaoo;M%H(X)

—¢(n)loge(n)



Prove Lemma 3

Take Pr(X = k) =pand Pr(Z =k) =g

H(Z) - H(X) = —>_(qlogq) + X (plogp)
=>(gqlklog1 — 5] —logu+ 1] + Y- (plogp)

=Y (kqllog 1 — 45]) + X (qlog u +1) + X (plog p)
= — Y (kpllog 1 — 35]) + X (plog u + 1) + Y- (plogp)

= Y (pllog (1 — A7)*[5]) + Y(plogp)

= —> (plogq+plogp)
=2 (plog?) = D(X[|Z) = 0

Now Prove:
H(Z) = (p+1)log (1 +1) — plogp

H(Z) = = 31— 37) g klog (1 — o37) —log i + 1]
= — 2 (kqlog (1 - 37)) + X(qlog (n+ 1))
= —plog iy +log (k+1)

= (p+1)log(u+1) — plogp



