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MOTIVATING NON-CLASSICAL PROBLEM
NON-UNIFORM ARRAY

phi

Sensor readingsi(t) = [ A(f)elwi=precosl)+o(0) gy

95(0) dp
Correlationsi R), = E{uy, iy} = [ e /" OF(0)dd with f = A(6)?,

ke{0,1,v/2,v2+1}.
GivenRO, Rl, R\/—, R\/§+1
(i) how can we tell they come from ah> 0?

(i) how can we recovef?

(i) how can we describe all admissibfes?
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MOTIVATING NON-CLASSICAL PROBLEM
NON-UNIFORM ARRAY

1. i @O Rl R\/§_|_1_
/ e 7 f(9>d9 [1 elT ej\/?T} = _Rl _Ro Rﬂ >0
_6‘«7\/57_ | R R B

necessary but not sufficient
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MOTIVATING COMPLETION PROBLEM

Given Ry, R1, R0, with RQ, ... Rogg miSSing,
37 values for the missin§g’s so thatl’,) > 07?

Tip0 :=

RQ R1 213'2? I‘g? ;Ij'4?
Rl RO Rl 5132? 5133?

Solvable in principle via LMI’s.
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POWER SPECTRUM OF INPUT GIVEN OUTPUT MEASUREMENTS
e Low-pass “sensorsH;(iw) = 1/(1 + iw/7y)
e stochastic input with spectral measuye w)
e knowledge of output covariances

—

rp = ffooo gr(w)dp(w), with gy = 1, gr(w) = 55—, k =0, 1,2, 3.

w2/7'13+1’
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2-DIMENSIONAL DISTRIBUTIONS
e Scattered “sensordy, 1, . ..
with Green'’s functions/transfer functions/eig(w, 0)

e stochastic excitation with spectral measuigw, 6)
e knowledge of correlations of sensor readings

Tk = f ng(wv 6>d:u(w7 9)9@(&), (9)

EO O

e Determinedy
e Effect of g;.’s
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MOTIVATING NON-CLASSICAL INTERPOLATION
FRACTIONAL DERIVATIVES!?

Interpolation problem
Flz) = & [ =25 £(0)do

Find F'(z) analytic with positive real part so that:

1/2 ~
F(0) = Ro, £-F ()]0 = Ru, S F(2)]om0 = Rupo

or, e.g., more important,

R\/_1 Rﬂ" R15341etc
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MOMENT PROBLEM

R = E{zy} = 5 9edpgr

e Characterize?

e Given R “find” du

e Parametrize ali’s

e What is the effect of th@’s
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BRIEF HISTORY

Moment problem — late 1800’s early 1900’s
Chebysev, Markov, Stieljes, Shohat, Tamarkin, Achiezer, Krein, Nudelman, ...

Analytic interpolation — early 1900’s ...
Caratheodory, Toeplitz, Schur, Nevanlinna, Pick. .. Krein, Arov, Sarason, Sz-Nggy.
Foias, Ball, Helton, Gohberg, Dym. ..

Circuit theory, Stochastic processes, Control: 1950's ...
Levinson, Youla, Helton, Tannenbaum, Zames, Kalman, Kimura. ..

Entropy and relative entropy functionals . ..
von Neumann, Shanon. . . Kullback, Leibler,. ..
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PLAN

e Motivating non-classical problem

e Classical moment problems
Necessity - positivity of a quadratic form
Sufficiency - constructive-canonical equations, entropy principle

e Classical- non-classical problems
existence & parametrization of solutions
—Via minimizers of relative entropy
—homotopy methods
matricial/bi-tangential generalizations

e a theorem in analytic interpolation

e analogs in LMI’s (if time permits)

10
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THE PROBLEM OF MOMENTS

109

What can we infer about an unknown mass dengity) from a set of moments:

Ry, ::/ 2" fla)de, k=0,1,2,...7
0

R, : total mass

Ry : torque to hold the beam
etc.

11
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- THE PROBLEM OF MOMENTS

= - concentrated mass

Ry, = / du(z), k=0,1,2,...,
0
p(x) non-decreasing, distribution function
f(x) = p(x) non-negative density function

In generaldu(x) = f(x)dx + du_j(x) + dps(x)

Into “absolutely continuous,” “jump,” and “singular” parts.

12

Fall 2004 @ UofM




THE PROBLEM OF MOMENTS

Basic questions:
e Given Ry, Ry, .. ., determine whethet p(x)
e If yes, determine one sugh(x)
e If possible, describe all sugh(z)’s
e Determine bounds on integraJsy(z)du(x), etc.

13
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THE PROBLEM OF MOMENTS

EXxistence question:

Fact: Polynomials inz, which are positive o), o)
include(ag + ayz +...)*> andxz(by + byx + ...)%

Necessity condition:
[ (ag+ayz+...)%dp > 0and [ 2(by + byz +...)*du(x) >0

<~
Ry R, ... R, Ri Ry ... Ry
Ri Ry . Ruvt | g angl B2 Bo oo R | o
Rn Rn—|—1 RQn Rn—|—1 Rn—|—2 R2n—|—1

Sufficient condition;Same!

14
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Variants of the problem

e Support ofy:
0, 00) (Stieljes),
(—o0,0) (Hamburger),

0, 1] (1-D Hausdorff), etc.

e Moment kernels:
gr(x) = 2%,z € Ror|0, 1]

g, being trigonometric, or
gr(0) =e*, 0 ¢ |7, 7]

e Index set0,1,...,n,0rN

Solvability
Non-negativity of quadratic forms

THE PROBLEM OF MOMENTS

e.g., hon-negativity of a Pick or Toeplitz matrix, Sarason operator, etc.

Fall 2004 @ UofM
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THE TRIGONOMETRIC MOMENT PROBLEM

Trigonometric moments (finite indexing set):

Ry = / e Mdu(x), k=0,41,42,..., +n.

—T

L. Fejer and F. RieszAny non-negative trigonometric polynomial
is of the formp(e/*) = |ag + a1e/* + ... a,e™*|*

Solvability condition:

i RO Rl .. Rn a
/ p(@JT)d/L<QJ> = [C_L() ai ... dn] Ry RO Rn—l @ > O,\V/CL/S
_ R, By ... Ro | |an)
16
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DiStance between: SUFFICIENCY. .., BARRIER FUNCTIONS

f=(p. 1-p)andf = (p, 1—p) S —— L=

S(f]1f) =plog§+ (1 —p)log

in general: S(f[[ ) = [ (flos(f) — flog(f) ), and
S(A||B) = trace(Alog A — Alog B),
are jointly convex in their arguments
Kullback-Leibler, von Neumann, Lieb, ...

17
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BARRIER FUNCTIONS

Example:Find f = (fi, f2), fi > 0 such that

f = argmin{log(f1) +log(f2) : fia+ fob = R}

Answer:
R R
f1= % andf, = %

Parametrization of solutions via a choice/oin:

f =argmin{S(f[|f) = filog(f1) + f2log(f2) : fia+ fob = R}

18
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THE TRIGONOMETRIC MOMENT PROBLEM

“Entropy rate”(concave)

I — / log f(x)dz

“distance” to 1(convex)

S(11£) 1= [ (1-log(1) = 1 Iog(f(x))dw = -1,

19
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THE TRIGONOMETRIC MOMENT PROBLEM

SUFFICIENCY
Find argmax(I )
subject to [G(e?)f(x)dx = R
- —jna ‘R
where G = 1 andR = | Ry
Analysis:L(f, \) .= [log fdx — (| Gfdz — R)
1
SLUf NG =0 = /<? _AG)Sfdx =0
1
= [ = Ve
20
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Set
Then
ale JT
\a (eI7) \2
together with
gives

Fall 2004 @ UofM

G = jf:,xkefht

~ [ =/

THE TRIGONOMETRIC MOMENT PROBLEM

CANONICAL EQUATIONS (LEVINSON, YULE-WALKER)

!}:ﬁ v = Ja(e’"))?

6‘7]” 6 jT ejkx
:/ =0,k > 1,

la(el®)|

a(el?) -

.Rk::jkfﬁhﬂdgmp,fork::O,iﬂ,”.,
Ry Ry ... R, [ay] }g
R, Ry Ry 1| oy _ 0 S
R, R4 ... Ro | |an 0

21




ENTROPY FUNCTIONALS

Relative entropy, Kullback-Leibler-von Neumann distance

Fact:Let f, g non-negative functions, then

S(fllg) == /flog(f) — flog(g)

IS jointly convex. Given one of, g and specifying moments for the other, leads t
a minimizer of a particular form.

ldea:

Choose “parameter,
then determine the minimizgrwhich agrees with the moments.

Similarly, repeat with the roles of andg reversed.

22
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MINIMIZERS OF RELATIVE ENTROPY
SUFFICIENCY

S(f1]|f2) = / filog f1 — filog f

Giveny find  argmin(S(f|[v)) Giveny find  argmin(S(||f))

subjectto [ G(e/")f(x)dx = R subjectto [ G(e/")f(x)dx = R

If 4a solutionf, then it belongs to:

(6)
A G(O) >

Fexp = {0(0)e" D=1 or, respectivelyF,., = {< . with A\G > 0}

for any(0) > 0.

23

Fall 2004 @ UofM




NoOw WHAT?

We need to solve G(e/7) f(z)dx = R

For general~, there exists
no representation of positive elements

AG = 2 index set\kIk
hence, no canonical equations.

24
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MINIMIZERS OF RELATIVE ENTROPY
HOMOTOPY-BASED CONSTRUCTION

Key observation:
If

b A R oGO

then

P (6 2
Vh =9 = — [{G(0) (i) GlO)do
IS non-singulaiy\G > 0.

If

koo A= R= [(GO)(0)e=M0>qg
then

Vi =% = — [CGO)0(0)e = CD>G(0) db
IS hon-singulaiv .

25
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Homotopy on theR'’s

Fall 2004 @ UofM

MINIMIZERS OF RELATIVE ENTROPY
HOMOTOPY-BASED CONSTRUCTION

26




MINIMIZERS OF RELATIVE ENTROPY
HOMOTOPY-BASED CONSTRUCTION

Construction of homotopy:

R, = Ry+ p(Ry — RO) for p € [O, 1]

hy _ Ry — Ro,with R,y = Ry = / G(0)f (Ao, 0)d0
dp S
-1
i\, (R
i3, o

27
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MINIMIZERS OF RELATIVE ENTROPY
HOMOTOPY-BASED CONSTRUCTION

dR,
A (I —=p)(R — Ry
A\, oR| \
d—p_< —p) (m Ap) (R1 — R,)

28
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MINIMIZERS OF RELATIVE ENTROPY
HOMOTOPY-BASED CONSTRUCTION

A > (R — [5G(6)f(\, 0)db)

THM: Let )y such that \oG > 0, and
fort > 0 and
(0)

Dy _ (aR
dt o\
F8) =75 Gy

If R, € int(K), then )\, € K% for all t € [0,00), \; — A € K, and

A

R1:/SG((9)f()\,9)d9.
If R, ¢ int(K), then ||\;|| — oo.

29
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THM: For any A\, and

MINIMIZERS OF RELATIVE ENTROPY
HOMOTOPY-BASED CONSTRUCTION

dy
dt

|

IR
B

A) (R1— [sG(0)f(\,0)d0)

for ¢t > 0 and

Fall 2004 @ UofM

f(\,0) = () O,
If R, € int(K), then \, — ), remains bounded, and

AN

Ri= [ GO)f(\0)do.
If Ry & int(KC), then || \;|| — oc.

30




MINIMIZERS OF RELATIVE ENTROPY
HOMOTOPY-BASED CONSTRUCTION

In both cases,
V) = IR = [ GOF0.0)as)
S
IS aLyapunov function satisfying

dV(Ai)
dt

— _2‘/()\15)7

31
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MINIMIZERS OF RELATIVE ENTROPY

SUMMARY
e All positive densities solving? = [ G f can be obtained,
with a suitable choice af, via one of the two constructions.
e Given R, GG, 1 either solutiong)/(\, G) or, e~ is unique.
e Convergence is “fast.”
e Failure to converges> no solution existand A — oo.
32
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EXAMPLE: SENSOR ARRAY
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EXAMPLE: “HIGH-RESOLUTION’
o ComputeR; wnire = [ G(0)d0
e Problem:
po = argmax{p : R — pRiynite € L}

e d1? such that 1
Ri= [ G(O)(pudt + du(6))
0

- - - r’nref

;o\ — exp
35 / \ —.— mEconstant+ M, | -

\
/ me Mrat

34
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phi
EXAMPLE. MORE “SAMPLES’

El E2 E3 E4 E5
O O e ®
4 T

- - - mref

4 T
— = = href
. meM
/N exp
35 / \ — . mEconstant + M, | -
\
/ me Mra‘
h \

05 I I I I I I I I I
0 0 A . . . . . . .
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EXAMPLE: POWER SPECTRUM OF INPUT GIVEN OUTPUT MEASUREMENTS
e Low-pass “sensorsH;(iw) = 1/(1 + iw/7y)
e stochastic input with spectral measuye w)
e knowledge of output covariances

= [ gr(w)dp(w), with go = 1, gr(w) = 577, b =0,1,2,3.

10 ; 20
o — — — estimated power spectrum| ] error(t)
input power spectrum
10°
! | | 1 1
25 3 3.5 4 4.5 5
1 t
10
3000 , : :
integral(log(mt(w))dcu)
2500
©
- S 2000
107 8
C
. 1500
o
[
S 1000
[}
500
107 0 L
10 10 10 0 0.5 1 15 2 25 3 3.5 4 4.5 5

36
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EXAMPLE: MULTI-DIMENSIONAL

e Begin withm,(6, ), andgy «(0, @) = cos(kf + Lp), k,¢ € {0,1,2}

ki=2 | 33.0129  0.3140 —1.1417 |
R, = [ / Gr.o(0, @)myes(0, ¢)dOd o = 0.3140 —14.0469 —0.2502
S k(=0 | —1.1417 —0.2502  1.0310 |

o M, ande~ MG (for comparison).

37
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MATRICIAL /BI-TANGENTIAL— TWO-SIDED MOMENTS
MULTIVARIABLE & MULTI-DIMENSIONAL DENSITIES

R = /(Gleftd,uGright>
S

Giepi: CP*™-valued C* andS C RY)

Grignt: C"*-valued (same)

du: m X m Hermitian non-negative measure

R e CP~4,
(1) Given G e, Grigny and R, 37 dp > 07
(i) It 4, then find a particular one.
(i) Parametrize altiy’s.

Cf. tangential interpolation

38
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INTERPOLANTS OF RATIONAL FUNCTIONAL FORM
MULTIVARIABLE DENSITIES — TWO-SIDED MOMENTS

The homotopy construction generalizes to
-t - hermitian positive matrix-valued functions of the form

f — ¢1/2 ((Gmﬁght)\Gleft>Hermitian)_1 ¢1/2

leading to:

D (TR By = [(Grpef N Goignt)

h : A— R = /(Glef't¢1/2 <(Gm'ghtAGlefOHermz'tian)_1 wl/QGright)dx
Vh : 0 A—o0R ... ... IS Invertible, . ..

39
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MATRICIAL /BI-TANGETIAL— TWO-SIDED MOMENTS
MULTIVARIABLE & MULTI-DIMENSIONAL DENSITIES

GivenGlefta Gm’ghta R
choose) > 0 onS, and\g S.t. (G,ightAoGie t) Hermitian > 0.
Then integrate the diff. equation \(7):

o If 3du>0:R= [ GpduG,yn then:
(1) A1) — A
(2) f = ¢1/2 (<Gright5\Gleft)Hermitian) 1¢1/2 > 0
andR = [ GiepduGignt, With dp = fdo.
(3) A\ does not depend ok,
Q) V(N = |R1 — [(Giestf(N)Grignt)||% @ Lyapunov function.
(5) convergence of = (Vh) ' (R1 — [ GiesefGrign) €Xponentially fast.
(6) all admissibled;’s can be obtained with suitable

o If Adu > 0,then||\|| — oo

40
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INTERPOLANTS OF EXPONENTIAL FUNCTIONAL FORM

The homotopy construction generalizes to
Sexp - hermitian positive matrix-valued functions of the form

f — wl/ze_((Gr'i,ght)‘Gleft)Her’rmllfian)¢1/2

leading to:

% — <Vh(>‘))_1(R1 - f5<Gleftf()‘)GTight>>
with S Cc R, k > 1.

41
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SUMMARY

Moments/Interpolation problems, in absence of a “shift”

Main points: Existence and parametrization
of solutions vianinimizers of relative entropy

Construction viehomotopy methods
Generalizatiomnmatricial/bi-tangential

Applications: nonuniform sampling,
Irregular bases (e.g., wavelets),
nonuniform arrays, and
spacial distribution of sensors

42
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A THEOREM IN ANALYTIC INTERPOLATION

D open unit disc
H? C L?(0D)
U:L?>— L? : f(z)— 2f(2)

All U-invariant subspaces @f> are of the formyHo,
with ¢ inner in H°°

Let K := H? & ¢H?, S := II)U|x, and
T : K — K suchthatl’'s = ST

e 1 fc H>suchthatl'= f(S)and||T|| = || f]|cc-
e If 7" has a maximal vector thehis unique andf = b a.b e K.

51
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Fall 2004 @ UofM




A THEOREM IN ANALYTIC INTERPOLATION

If ||T|| < 1 andy arbitrary outer inC = H? & ¢H?, then

dla,b e .
o f=tecH>
¢ | flloo <1
e f(S)="Tand
o [a]* — [b]* = [¢]*

44
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A THEOREM IN ANALYTIC INTERPOLATION

Proof imizi *log(1 — ’
roof based on maximizingyp ||~ log(1 — | w + ¢uv |*)dm overv

f
w is any Hyo-function :w(S) =T

45
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CONTINUING ON: LMI' s
LINEAR MATRIX INEQUALITIES

PROBLEM: GivenL; = L} € R™*", determiner; € R:
L(x) = Lo+ Lyx1+ ...+ Lz > 0.

Below:
a particular interior point method (special path of analytic centers

Caveat: o
e strict dual feasibility

¢ Not clear if any advantage. ..

46
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LMI" s
GEOMETRY

k

L = {M M = ZLZ':EZ', with x € Rk},
1=1

G ={M : (M,L)=0,VL € L}

(M, M) := trace(MM>)

H = {M : M=Ly+Lwith L € £}
= {M eM : lHgM = llgLy =: R}

47
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R={ReG : R=IgM with M > 0}.

LMI PROBLEM:
IS R; € 'R?
If yes, then determine all/ > 0 such that?; = [IgM.
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LMI" s
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LMI" s

R={ReG : R=IIgM with M > 0} is a convex cone

Q={Q g : (Q,R)>0,VR € R}isits dual.

Q

\ ! '
', QO y R1
Q1 RO

we conside — R = lgQ ™! ..
and again “pull back” the homotopy, = (1 — p) Ry + pR;.

49
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e map betweer® andfi:

hIQ+—>%
Q= R=1gQ ™",

e Jacobian (tangent map) athc 9.

Vh : G — (G
0Q — 0R = —TIg(Q teQQ ™).

Vh|q is finite and invertible for all 95Q > 0

Also for Q — R = Tlg(vQ 1), ...
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LMI" s
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LMI' s
Set Q(0) € Q4 and integrate:

%(t) - (W”Q(t))_l (F1 - 11gQ() ™).

o If R € R, then Q(t) € Q4 forall ¢t € [0, 00),
lim 00 Q(t) =: Q1 exists, and

Ry = Hng_l.
Moreover, V(Q) = (R — IgQ ™!, By — MIgQ™!)
satisfies dwg(t)) = =2V (Q(1)).

o lf Ry R and if
te € (0,00) denotes the max value s.t. [R(0), R(t.)) C *R,

then as t — t, either ||Q(t)|| — oo or ||Q(t) ™| — oo.

51
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RE-CAP

Moment (and LMI-type) problems:
find M > 0s.t. Ry = IIM, parametrize all such

e as minimizers of relative entropgxistence & parametrization
e homotopy on the moments

52
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