ENTROPIC INTERPOLATION AND GRADIENT FLOWS ON
WASSERSTEIN PRODUCT SPACES
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Abstract. We show that the entropic interpolation between two given marginals provided
by the Schrédinger bridge may be characterized as the curve in the Wasserstein space Wa which
minimizes a suitable action. We also study the relative entropy evolution between an uncontrolled
and a controlled random evolution as a gradient flow on Way X Wa.
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1. Introduction. In the Schrédinger bridge problem (SBP) [13], one seeks the
random evolution (a probability measure on path-space) which is closest in the rel-
ative entropy sense to a prior Markov diffusion evolution and has certain prescribed
initial and final marginals u and v. As already observed by Schrodinger [37, 38], the
problem may be reduced to a static problem which, except for the cost, resembles the
Kantorovich relaxed formulation of the optimal mass transport problem (OMT). Con-
sidering that since [2] (OMT) also has a dynamic formulation, we have two problems
which admit equivalent static and dynamic versions [24]. Moreover, in both cases,
the solution entails a flow of one-time marginals joining g and v. The OMT yields
a displacement interpolation flow whereas the SBP provides an entropic interpolation

flow.

Trough the work of Mikami, Mikami-Thieullen and Leonard [26, 27, 28, 23, 24],
we know that the OMT may be viewed as a “zero-noise limit” of SBP when the prior
is a sort of uniform measure on path space with vanishing variance. This connection
has been extended to more general prior evolutions in [8, 9]. Moreover, we know
that, thanks to a very useful intuition by Otto [32], the displacement interpolation
flow {u:;0 < ¢ < 1} may be viewed as a constant-speed geodesic joining p and v in
Wasserstein space [40]. What can be said from this geometric viewpoint of the entropic
flow? It cannot be a geodesic, but can it be characterized as a curve minimizing a
suitable action? In this paper, we show that this is indeed the case resorting to a time-
symmetric fluid dynamic formulation of SBP. This characterization of the Schrodinger
bridge answers as a byproduct a question posed by Carlen [4, pp. 130-131].

*Department of Mechanical Engineering, University of Minnesota, Minneapolis, Minnesota MN
55455, USA; chen2468@Qumn.edu

TDepartment of Electrical and Computer Engineering, University of Minnesota, Minneapolis,
Minnesota MN 55455, USA; tryphon@umn.edu

IDipartimento di Matematica, Universitd di Padova, via Trieste 63, 35121 Padova, Italy;
pavon@math.unipd.it

§Research partially supported by the NSF, the AFOSR and by the University of Padova Research
Project CPDA 140897.



SBP may be also formulated as a stochastic control problem with atypical bound-
ary constraints. It is therefore interesting to compare the flow associated to the un-
controlled evolution (prior) to the optimal one. In particular, it is interesting to study
the evolution of the relative entropy on the product Wasserstein space.

The paper is outlined as follows....

2. Elements of optimal mass transport theory. The literature on this prob-
lem is by now so vast and our degree of competence is such that we shall not even
attempt here to give a reasonable and/or balanced introduction to the various fas-
cinating aspects of this theory. Fortunately, there exist excellent monographs and
survey papers on this topic, see [35, 11, 40, 1, 41, 33], to which we refer the reader.
We shall only briefly review some concepts and results which are relevant for the
topics of this paper.

2.1. The static problem. Let u and v be probability measures on the measur-
able spaces X and Y, respectively. Let ¢ : X x Y — [0,4+00) be a measurable map
with ¢(x,y) representing the cost of transporting a unit of mass from location x to
location y. Let 7, be the family of measurable maps 7" : X — Y such that T#u = v,
namely such that v is the push-forward of p under T. Then Monge’s optimal mass
transport problem (OMT) is

2.1 inf / c(x, T(x))du(x).

(2.1) it [ e T(a)dua)

As is well known, this problem may be unfeasible, namely the family 7,, may be
empty. This is never the case for the “relaxed” version of the problem studied by
Kantorovich in the 1940’s

(2.2) inf / c(z,y)dnr(z,y)
mell(uv) J xxy

where II(u, v) are “couplings” of u and v, namely probability distributions on X x Y
with marginals p and v. Indeed, II(u, v) always contains the product measure p ® v.
Let us specialize the Monge-Kantorovich problem (2.2) to the case X = Y = RY
and c(z,y) = |v — y|?>. Then, if x4 does not give mass to sets of dimension < n —
1, by Brenier’s theorem [40, p.66], there exists a unique optimal transport plan 7
(Kantorovich) induced by a du a.e. unique map T (Monge), T = V¢, ¢ convex, and
we have

(2.3) T=IxVe)#pu, Ve#up=rv.

Among the extensions of this result, we mention that to strictly convex, superlin-
ear costs ¢ by Gangbo and McCann [15]. The optimal transport problem may
be used to introduce a useful distance between probability measures. Indeed, let
Po(RY) be the set of probability measures p on RY with finite second moment.
For u,v € Po(RY), the Kantorovich-Rubinstein distance, usually called Wasserstein
(Vasershtein) quadratic distance, is defined by

1/2
(2.0 Walp) = (ot [ e yanten)
T€ll(p,v) JRN xRN
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As is well known [40, Theorem 7.3], W5 is a bona fide distance. Moreover, it provides
a most natural way to “metrize” weak convergence! in Po(RY) [40, Theorem 7.12], [1,
Proposition 7.1.5] (the same applies to the case p > 1 replacing 2 with p everywhere).
The Wasserstein space Ws is defined as the metric space (P2 (RN ), Wg). It is a Polish
space, namely a separable, complete metric space.

2.2. The dynamic problem. So far, we have dealt with the static optimal
transport problem. Nevertheless, in [2, p.378] it is observed that “..a continuum
mechanics formulation was already implicitly contained in the original problem ad-
dressed by Monge... Eliminating the time variable was just a clever way of reducing
the dimension of the problem”. Thus, a dynamic version of the OMT problem was
already in fieri in Gaspar Monge’s 1781 mémoire sur la théorie des déblais et des
remblais! It was elegantly accomplished by Benamou and Brenier in [2] by showing
that

1
(2.5) Wie) = int [ [ fote o) Pu(dor,
(k) Jo JrN
o
2.5b B LV (op) =
(2.5) V(o) =0,
(2.5¢) o =, fi1 = V.

Here the flow {u;;0 <t < 1} varies over continuous maps from [0, 1] to P2(RY) and
v over smooth fields. In [41], Villani states at the beginning of Chapter 7 that two
main motivations for the time-dependent version of OMT are

e a time-dependent model gives a more complete description of the transport;
e the richer mathematical structure will be useful later on.
We can add three further reasons:

e it opens the way to establish a connection with the Schridinger bridge prob-
lem (see Section 9 below), where the latter appears as a regularization of the
former [26, 27, 28, 23, 24, 8, 9];

e it allows to view the optimal transport problem as an (atypical) optimal
control problem [6]-[9].

e In some applications such as interpolation of images [10] or spectral morphing
[21], the interpolating flow is essentiall

Let {u;;0 <t <1} and {v*(x,t); (x,t) € RY x [0,1]} be optimal for (2.5). Then

py = (1=t +tV] #u,

with T = V¢ solving Monge’s problem, provides, in McCann’s language, the dis-
placement interpolation between p and v. Then {u;;0 < ¢ < 1} may be viwed as a
constant-speed geodesic joining p and v in Wasserstein space (Otto). This formally
endows Wy with a “pseudo” Riemannian structure. McCann discovered [25] that cer-
tain functionals are displacement conver, namely convex along Wasserstein geodesics.

Ly, converges weakly to pu if fJRN fdug — fRN fdu for every continuous, bounded function f.
3



This has led to a variety of applications. Following one of Otto’s main discoveries
[22, 32], it turns out that a large class of PDE’s may be viewed as gradient flows on
the Wasserstein space Ws. This interpretation, because of the displacement convexity
of the functionals, is well suited to establish uniqueness and to study energy dissipa-
tion and convergence to equilibrium. A rigorous setting in which to make sense of the
Otto calculus has been developed by Ambrosio, Gigli and Savaré [1] for a suitable class
of functionals. Convexity along geodesics in W also leads to new proofs of various
geometric and functional inequalities [25], [40, Chapter 9]. Finally, we mention that,
when the space is not flat, qualitative properties of optimal transport can be quanti-
fied in terms of how bounds on the Ricci-Curbastro curvature affect the displacement
convexity of certain specific functionals [41, Part II].

The tangent space of P2(R”Y) at a probability measure x, denoted by T}, Ps(RY)
[1] may be identified with the closure in L2 of the span of {Vy : ¢ € C®}, where
C2° is the family of smooth functions with compact support. It is naturally equipped
with the scalar product of L.

3. The Fokker-Planck equation as a gradient flow on Wasserstein space.
Let us review the variational formulation of the Fokker-Planck equation as a gradient
flow on Wasserstein space [22, 40]. Consider a physical system with phase space RY
and with Hamiltonian H : x — H(x) = E,. The thermodynamic states of the system
are given by the family P(R%) of probability distributions P on RV admitting density
p. On P(RY), we define the internal energy as the expected value of the Energy
observable in state P

(3.1) U, p) =Ep{H} = | H(@) pla)dr = (H.p)

Let us also introduce the (differential) Gibbs entropy
(3:2) S0 ==k [ p(ayp(o)ds

where k is Boltzmann’s constant. S is strictly concave on P(RY). According to the
Gibbsian postulate of classical statistical mechanics, the equilibrium state of a micro-
scopic system at constant absolute temperature T and with Hamiltonian function H
is necessarily given by the Boltzmann distribution law with density

H
(3.3) plx) = Z 'exp { k(;j)}
where Z is the partition function®. Let us introduce the Free Energy functional F
defined by
(34) F(Ha P,T) = U(Ha P) _TS(p)

Since S is strictly concave on S and U(FE,-) is linear, it follows that F' is strictly
convex on the state space P(R™). By Gibbs’ variational principle, the Boltzmann

2The letter Z was chosen by Boltzmann to indicate ¢

integral).
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distribution p is a minimum point of the free energy F on P(RY). Also notice that

X
D(p7) = / log [’;EI; plz)dz
= sy v10e2+ = [ H@)p@)de = —F(H, p, T) +log Z
=550 tlogZ+ 57 | H(@)plw)de = 2 F(H, p, 0g Z.

Since Z does not depend on p, we conclude that Gibb’s principle is a trivial conse-
quence of the fact that p minimizes D(p||p) on D(RYN).

Consider now an absolutely continuous curve p : [to, t1] — Wa. Then [1, Chapter
8], there exist “velocity field” v; € Lit such that the following continuity equation
holds on (0,7)

d
etV (vepe) = 0.

Suppose du; = prdx, so that the continuity equation

Ip
3.5 —+ V. =0
(35) L4V (p)
holds. We want to study the free energy functional F(H,p:,T) or, equivalently,
D(p:||p), along the flow {ps;to <t < t;}. Using (3.5), we get

d _ 1 8pt
) — 1+1 —_H(z)| 2
g (pellp) /RN { +logp + o (w)} 5

(3.6) =— /]RN {1 + log pr + leH(x)] V- (vpy)dx.

Integrating by parts, if the boundary terms at infinity vanish, we get

L

kTVH(x),v>L2 .

Pt

d 1
(3:7) £D(lp) = [V [logpr + ()| - vpuds = (Viogpu +
dt RN kT

Thus, the Wasserstein gradient of D(p||p) is

1
Vi, D(pellp) = Vlog pr + ﬁVH(@")-

The corresponding gradient flow is

apt - 1 N i
38 =9 | (Vg + g VH@ ) o] =9 [ V@] + 80

But this is precisely the Fokker-Planck equation corresponding to the diffusion process

1

T VH (Xo)dt + V24w,

(3.9 dX; = —
where W is a standard n-dimensional Wiener process. The process (3.9) has the
Boltzmann distribution (3.3) as invariant density. Recall that [1, p.220] F/(H, p;,T) or,
equivalently, D(p:||p) are displacement convezr and have therefore a unique minimizer.



REMARK 1. It seems worthwhile investigating to what extent the fundamental
assumption of statistical mechanics that the variables with longer relaxation time
form a wector Markov process having (3.3) as invariant density is equivalent to the
requirement that the flow of one-time densities be a gradient flow in Wasserstein space
for the free energy.

Let us finally plug the “steepest descent” (3.8) into (3.6). We get, after integrating
by parts, the well known formula [16]

d 1 (’9pt
00 = [ |1+ 10np 4 )| Bt

1
:/RN [1+10gpt+kT (z )}V [kTVH( ot + Vi | dz

-/, v10g( ) 2 ped.
p

The last integral in (3.10) is sometimes called the relative Fisher information of p;
with respect to p [40, p.278].

(3.10)

4. Relative entropy as a functional on Wasserstein product spaces.
Consider now two absolutely continuous curves p : [to,t1] — Wa and fiz : [to, 1] —
W, and their velocity fields v; € L, and 9, € L% . Then, on (0,T)

d
(4].) dtut + V- (Utﬂt) = 0,
d -

Let us suppose that du; = pi(x)dr and di; = pi(x)dz, for all t € [tg,t1]. Then
(4.1)-(4.2) become

(4.3) %+v (0p) = 0,
(4.4) % +V-(5p) =0,

where the fields v and v satisfy

| el p@dr <o, [ a0l < o.

The differentiability of the Wasserstein distance Wa(p¢, p¢) has been studied [41, The-
orem 23.9]. Consider instead the relative entropy functional on Ws x Wh

Dl = [ pde= [ 1og(;t)ptdm h(5,p) = log (Z) .

Relative entropy functionals D(:||y), where v is a fixed probability measure (density),
have been studied as geodesically convex functionals on Pp(RY), see [1, Section 9.4].
Our study of the evolution of D(p|p:) is motivated by problems on a finite time
interval such as the Schréodinger bridge problem (Section 6) and stochastic control
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problems (Section 8) where it is important to evaluate relative entropy on two flows
of marginals.

We get
d. onop  Ohdp
a2 Pellee) _/ [ap ot " ap at} da
(45) = [ #1025~ togp0 (-7 @0+ (<2) (-5 - (o)
RN t

After an integration by parts, assuming that the boundary terms at infinity vanish,

we get
d Pt -~ Pt
7 D(pel|pe) = Vieg | = ) -9pt — V= vp;| dx
t RN Pt Pt

(10 L7 ()) (@]

Notice that the last expression looks like

< (v os ()) ® > |

Thus, we identify the gradient of the functional D(5||p) on Wa x Wy as

1 = \val (é)
@7) (Thepien) = (Vre ).
Vv, D(llp) -vL
Let us now compute the gradient flow on W x Wh corresponding to gradient (4.7).
We get

oA () -

= Vlog ( ) pr=V <pt> pr = —Ja,
Pt Pt

we observe the remarkable property that in the “steepest descent” (4 8) on the product
Wasserstein space the “fluxes” are opposite and, therefore, % = — 22 If we plug the

steepest descent (4.8) into (4.5), we get what appears to be a new formula

d op]

il ) 17 — 1+1 ]

o (Pellpe) /RN [( + log pr — log py + )at dx
||2pt] dz

—— [ [ioe (2] 25 t+|v(pj_
(4.9) :—/RN KHp > |V log <pt> ||2~_ dz,

7

Since

\_/




which should be compared to (3.10).

Let us return to equation (4.6). By multiplying and dividing by §; in the last
term of the middle expression, we get

(4.10) iD@Nm)AQ{ng<m>~@vﬂﬁﬂx

Pt

which is precisely the expression obtained in [34, Theorem III.1].

5. Elements of Nelson-Fo6llmer kinematics of finite-energy diffusion
processes. Let (2, F,P) be a complete probability space. A stochastic process
{&(t);to <t < t1} is called a finite-energy diffusion with constant diffusion coef-
ficient 0?1y if the paths {(w) belong to C ([to,t1]; RY) (N-dimensional continuous
functions) and

(5.1) wrf@:/ﬂmm+wmmfwuﬁ,ms“wsm

where 3(t) is at each time ¢ a measurable function of the past {£(7);to < 7 <t} and
W is a standard N-dimensional Wiener process. Moreover, the drift 3 satisfies the

finite energy condition
t1
E{/ ||ﬂ||2d7} < o0.
to

In [12], Follmer has shown that a finite-energy diffusion also admits a reverse-time Ito
differential. Namely, there exists a measurable function (t) of the future {&(7);¢ <
7 < t1} called backward drift and another Wiener process W_ such that

(5.2) E(t) —&(s) = / Y(r)dr + o[W_(t) = W_(s)], to<s<t<t.

t1
E{/ |'y||2d7'} < 0.
to

Let us agree that dt always indicate a strictly positive variable. For any function
f i lto, t1] = Rlet dy f(t) = f(t + dt) — f(t) be the forward increment at time ¢ and
let d_f(t) = f(t) — f(t — dt) be the backward increment at time ¢. For a finite-energy
diffusion, Follmer has also shown in [12] that forward and backward drifts may be
obtained as Nelson’s conditional derivatives [29]

mwnmE{ﬁf@mw»mgrsﬁ,

Moreover, ~y satisfies

dt\0 dt

d_
) = fim B{ oDt <7 <n

the limits being taken in L3 ({2, F,P). It was finally shown in [12] that the one-time
probability density p:(-) of £(t) (which exists for every t.tg) is absolutely continuous
on RY and the following duality relation holds V¢t > 0

(5.3) E{B(t) = 1(DIE(1)} = *Viog p(€(t), 1), aus.
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Let us introduce the fields

by(z,t) = E{BM®)IEE) =2}, b-(,t) = E{y(1)[E(E) =2}

Then, Ito’s rule for the forwardd and backward differential of £ imply that p; satisfies
the two Fokker-Planck equations

5‘p 0'2
4 LV (bip)—=0p=
(5.4) ot + V- (b1p) 9 p=0,
ap 0'2
: = - (b= —Ap=0.
(5.5) 8t+v ( p)+2 p=0
Following Nelson, let us introduce the current and osmotic drift of £ by
t t t) — (¢
(5.6) o(t) = w ult) = w

respectively. Clearly v is similar to the classical velocity, whereas w is the velocity due
to the noise which tends to zero when o2 tends to zero. Let us also introduce

+(z,t) + b_(a:,t).

v(z,t) = E{v(t)[{(t) = =} = y 2

Then, combining (5.4) and (5.5), we get

ap B

which has the form of a continuity equation expressing conservation of mass. When £
is Markovian with 8(t) = by (&(t),t) and () = b_(&(t),t), (5.3) reduces to Nelson’s
relation

(5.8) by (x,t) —b_(z,t) = 0®V log ps ().
Then (5.7) holds with

(5.9) v(x,t) =by(z,t) — %Vlog pe(x).

6. Schrédinger bridges and entropic interpolation. Let Q = C([to,t;]; RY)
be the space of RY valued continuous functions. Let W2 * denote Wiener measure
on € with variance o2y starting at the point x at time ty. If, instead of a Dirac
measure concentrated at x, we give the ;/olume measure as initial condition, we get the
unbounded measure on path space W7 = fR ~ W2 dx. It is a useful tool to introduce
the family of distributions P on €2 which are equivalent to it. Let P € P represent an
“a priorl” random evolution and let @ € P. Then, we have [12]

t1
(6:10) D(QIP) = Tg |log 52| =Dlanlm) + Bq | [ 515152 - 57 Pat|

t1 1
(6.10) =Dl + Fo | [ 5zl " P
to o

Here qg, q1 are the marginal densities of Q) at ty, and t;, respectively. Similarly, pg,
p1 are the marginal densities of P. Let py and p; be two probability densities. Let
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P(po, p1) denote the set of distributions in P having the prescribed marginal densities
at tp and t;. Given P € P, we consider the following problem:

(6.2) Minimize D(Q||P) over Q € P(po,p1)-

Conditions for existence and uniqueness for this problem and properties of the min-
imizing measure have been studied by many authors, most noticeably by Fortet,
Beurlin, Jamison and Follmer [14, 3, 20, 13]. If there is at least one @ in D(pgl/p1)
such that D(Q||P) < oo, there exists a unique minimizer @* in P(po||p1) called the
Schrédinger bridge from pg to py over P [13]. Existence is guaranteed by under con-
ditions on P, py and p1, see [24, Proposition 2.5]. We shall tacitly assume henceforth
that they are satisfied so that Q* is well defined.

In view of Sanov’s theorem [36], solving the maximum entropy problem (6.1) is
equivalent to a problem of large deviations of the empirical distribution as showed by
Foéllmer [13] recovering Schrodinger’s original motivation. Using (5.6) and observing
that D(qo||po) and D(q1||p1) are constant for Q varying in P(po|lp1), we get that
problem (6.2) is equivalent to
(6.3)

! 1
Minimize Eg [/ EH’UQ — P2+ TCQHUQ —uP|2dt|  over Q€ P(po,p1).
to

Suppose now that the prior measure P is Markovian. In this case, the classical
results of Jamison [20] imply that the solution of (6.2) or, equivalently, of (6.3) is
also Markovian. Thus, we can restrict our search to P (pg, p1), namely Markovian
measures in P(pg, p1). Taking (5.8) into account, we can rewrite (6.3) in the form

(6.4) Minimize Eq [ /t 1 %HvQ(ﬁ(t),t)—vp(g(t),t)||2

1 o’ PtQ 2 M
+oo2 5 Vies 5 (E(t) )[7dt|  over Q@ € PH(pollpr).
o°" 2 Pt

Finally, in view of (5.7), we get the following equivalent fluid dynamic formulation

t1 1
(6.5a) Minimize, ) /to /]RN [wﬂv(x,t) — P (z,1)|]2

o P 2

0
(6.5b) a—f +V - (vp) =0,
(6.5¢) Pto = Pos  Pt; = P1.

Comparing (6.5) to the OMT with prior formulated and studied in [8], see also [9] for
the Gauss-Markov case, we see that the essential difference is that there is here an
extra term in the action functional which has the form of a relative Fisher informa-
tion of p; with respect to the prior one-time density pf (Dirichlet form) [40, p.278]
integrated over time. Also notice that, in view of (4.7), we have

p
(6.6) V log tha = Vv, D(pillpy)-
t

10



To find the connegtion to the classical OMT, let us specialize to the situation where
the prior P = W7 . In that case, v’ = u” = 0 and, multiplying the criterion by o2,
we get the problem

t1 1 4
(6.7a) Minimize, ) / / {QHU(x,t)2-I—U8|Vlogpt(x)||2 po(@)dudt,
to RN

(6.7D) % V- (0p) =0,
(67C) Pty = PO, Pty = P1-

Again, specializing (6.6) to the case p!’(z) = 1, we get

1
(6.8) —Vlogp: = Vyy, ES(pt).

If 02 \, 0 it appears that in the limit we get the Benamou-Brenier formulation
of OMT (2.5). This is indeed the case, see [26, 27, 28, 23, 24] and [8, 9] for the case
with prior.

7. Optimal transport and Nelson’s stochastic mechanics. There has been
some interest in connecting optimal transport with Nelson’s stochastic mechanics [4],
[41, p.707] or directly with the Schrodinger equation [42]. Consider the case of a
free, non-relativistic particle of mass m. Then, a variational principle leading to
the Schréodinger equation, can be based on the Guerra-Morato action functional [15]
which, in fluid dynamic form, is

Acai (to 1) /t / [lo(, )12 — l[u(z, )]1%] pr(a)dedt
2
(7.1) :[ [ Blvte0Pada)ds - 51600 a

where

(7.2) I(p) = /RN vpp”dx

is the Fisher information of p since, for the Nelson process, o2 = h/m. Instead, the
Yasue action [44] in fluid-dynamic form is

v (o 1) /t / [lo(e, )12 + l[u(z, )]1%] pr(a)dedt
2
(7.3 L[], B oo + 1) .

In [4, p.131], Eric Carlen poses the question of minimizing the Yasue action subject
to the continuity equation (6.7b) for given initial and final marginals (6.7¢) ) stating
that “...the Euler-Lagrange equations for it are not easy to understand”. In view of
Section 6, we already know the solution to this problem: It is provided by the current
velocity and the flow of one-time densities of the Schrédinger bridge with (6.7¢) and
stationary Wiener measure as a prior.

11



8. Relative entropy production for controlled evolution. Consider on
[to,t1] a finite-energy Markov process taking values in RY with forward Ito differ-
ential

(8.1) € = by (£(8), )t + odW,..

Let pi(x) be the probability density of £(¢). Consider also the feedback controlled
process £" with forward differential

(8.2) g™ = b (E4(t), £)dt + u(€"(t), t)dt + odW ..

Here the control u is adapted to the past and is such that £* is a finite-energy diffusion.
Let p¥(z) be the probability density of £“(¢). We are interested in the evolution of
D(p}lpt). By (5.9)-(5.7), the densities satisfy

ap o?
(83) 2TV (vp) =0, w(z,t) =by(z,t) - - Vlog pe(x)
(84) W—’—V (’U p ) =0, v (:E,t) :b+(x7t)+u(x7t) - EVIngt (.’E)

By (4.10), we now get

d U _ ﬁ u u
G0t = [ [viog ()00 = )] pras

o5 [ () (o Do (2))]

Suppose now pi* = p? is also uncontrolled and differs from p; only because of the initial
condition at t = tg. Then (8.5) gives the well known formula generalizing (3.10)

d 0.2 pO pO
8.6 —ID(p? =_—— Vieg (2 ) - Vieg [ & v
(5. G20l == [ [7r00 (2) - w10 (2] s

which shows that two solutions of the same Fokker-Plank equation tend to get closer.

9. Schroédinger bridges as controlled evolution. Consider now the situation
where &(t) represents a “prior” evolution on [to, ;] and the controlled evolution &% =
&* is the solution of the Schrodinger bridge problem for a pair of initial and final
marginals pg and p; [13, 43]. Then the differential of £* is given by

(9.1) de* = by (£ (), t)dt + o*V1og (¥ (t),t)dt + odW
where ¢ is space-time harmonic for the prior evolution, namely it satisfies

Oy o2
9.2 — +by -V —Ap =0.
(9-2) 5 T o+ Vet A
Let p¥ be the density of £*. Let us single out a special case of the Schrédinger bridge
problem where relative entropy on path space is minimised under the only constraint
that the final marginal density be p1 # ps, . In such case, we have

pi (x) = pe(x) - p(a,t).
12



Then (8.5) gives

2

d o
(9.3) 3 2E o) = 7/ [Viog ¢ - Viog ] pf du.
]RN

This shows that D(pf ||p:) increases up to time ¢ = ¢;. It represents the intuitive
fact that the bridge evolution has to be as close as possible to the prior but the
final value of the relative entropy must be the positive quantity D(p1||ps, ). Thus,
D(pf |lp¢) approaches this positive quantity from below. Result (9.3) may be viewed
as a reverse-time H-theorem, as the bridge and the reference evolution have the same
backward drift [13].
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