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ESTIMATION & MEASUREMENTS

DATA = MODEL

o System modeling

o Spectral analysis of time-series

o Radar, tomographic techniques

o Ultrasound spectroscopy/sensing, earth sciences
o Acoustic microscopy, echolocation

o Reflectivity in thin films, deposition
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ESTIMATION & MEASUREMENTS

DATA = MODEL + UNCERTAINTY

e Systems viewpoint:
Data=- { Family of consistent spectra/modéls

o particular elements> algorithms
o size of family quantifies uncertainty

o Integration of data from various sensors

o Incorporation of prior information

o optimization of data collection techniques
o high resolution
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ESTIMATION & MEASUREMENTS:':

DATA = MODEL + UNCERTAINTY

e Basic “inverse problem”:

data/statisticss> consistent models/distributions/
power spectra/etc.
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ESTIMATION & MEASUREMENTS
STATISTICAL & QUANTUM MECHANICAL MEASUREMENTS

e Statistical ensemble averagilﬂg:: > L g(k)p(k)
Determinep(k) based omr

e Quantum measurementg = tracep(p??) = 327_, G PG
Determinep”? based o,

e.g.,p"" = (L) () andp? = §(11)(1] + [0){0)).
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ESTIMATION & MEASUREMENTS
NON-UNIFORM ARRAY, NON-UNIFORM SAMPLING

phi

Sensor readingsi(t) = [ A(8)e/wi-rrecosll)+ol0) gy

9r(0) du
TS A :
Correlations] Ry = E{ug g} = [ e * (@) |with p(0) = A(9)?,

ke{0,1,vV2,V2+1}.
Given Ry, Ry, R 5, R 5,4
(i) how can we tell they originate as above wjth> 07?

(i) how can we recovep?

(i) how can we parametrize all admissihs?
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dp

—~— , .
0(0)dl| 1 eI (V2T

ESTIMATION & MEASUREMENTS
NON-UNIFORM ARRAY/SAMPING

Ry

R

Ry Ry

Ry

R s

_R\/§+1 Rz R
necessary but not sufficient




COMPLETION PROBLEMS

Given Ry, R1, Ri00, with R, ... Rgg miSSing,
37 values for the missingg’s so thatl’yy > 07?

R() R1 SCQ? 563? 564? 51398? R99
T100 = R1 RO R1 ZCQ? 563? 5697? .2398?

e Linear Matrix Inequalities: dominant in Systems, Control, Optimization

e convex optimization
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e Scattered “sensord), F, . ..
with Green'’s functions/transfer functions/eig(w, 0)

e stochastic excitation with spectral measuiéw, 0)
e knowledge of correlations of sensor readings

dp(w.0)

7\

oo = fgk(w,ﬁ),rO(w, )dwdf gi(w, 6)

EO e

-
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ESTIMATION & MEASUREMENTS
2-DIMENSIONAL DISTRIBUTIONS



ESTIMATION & MEASUREMENTS

f )A THE CLASSICAL MOMENT PROBLEM
X)

What can we infer about an unknown mass dengity from a set of moments:
Ry = / " pla)dz, k=0,1,2,...7
! dp(z)

R, : total mass
R, : torque to hold the beam
etc.

10
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ESTIMATION & MEASUREMENTS
POWER SPECTRUM USING OUTPUT MEASUREMENTS

e Low-pass “sensorsH;(iw) = 1/(1 + iw /)
e stochastic input with spectral denspyw)
e knowledge of output covariances

ri = [_ gr(w)p(w)dw|, with go = 1, g(w) = ——, k =0,1,2,3.

wQ/Tngl !
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CONTROL & ANALYTIC INTERPOLATION PROBLEMS

Control problems

e Sensitivity minimizationmin{ ||w(1 — PC)~!||, over “stabilizing”C'}

Load % .
input
A % M
e e output

speed
R Engine |
Plant

flyball governor I

Controller

set point
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CONTROL & ANALYTIC INTERPOLATION PROBLEMS

Interpolation problembDetermine, if possibley) € H,, such that

s(z)
—N—
Jw—BQ| <1

Re-cast as a moment problemg.,B(z) = z andw = wy
s(z) =wy—2Q(z) € S

&
1
Fz) = b2 _q o2 TW, o
1—zs(2) 1 — wy
N——
Ry
In general: F(z) = 5~ [ ii—giﬁp(e)d&
Fl(z0) = & [T %p(@)d@, etc. = |R=[Gp(0)dd

13
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NON-CLASSICAL ANALYTIC INTERPOLATION PROBLEMS
WITH FRACTIONAL DERIVATIVES

Interpolation problem:
F(z) =L [T 50)do.

% 0 1—e*j9

Find F'(z) analytic with positive real part so that:

Albuquerque, June 2005

F(O) = RO, %F(Z’)‘Z:() = Rl,
or, e.g., more important,

R\/_1 Rﬂ" R15341 etc

d1/2
dz1/2

F(2)].=0 = Rya,
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ESTIMATION & MEASUREMENTS

GENERAL MOMENT PROBLEM

dp(0)
ANy

R = E{zy} = [g 91efp(0)dOgrion

e Characterize?

e Given R “find” p(0)

e Parametrize alb(0)’s = Uncertainty Set
e What is the effect of th@’s

Albuquerque, June 2005
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OUTLINE

e Motivating examples & non-classical moment problems
Measurements, Sensor arrays, Completion problems
Control, modeling, quantum measurements, etc.

¢ | The classical moment problems
Existence (necessary conditions) & history
Sufficiency - constructive-canonical equations, entropy principle

e General moment problems
Existence & parametrization of solutions
—Via minimizers of relative entropy
—homotopy methods
matricial/bi-tangential generalizations

e Applications

16
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THE CLASSICAL MOMENT PROBLEM

1)

What can we infer about an unknown mass dengity from a set of moments:
Ry = / " pla)dz, k=0,1,2,...7
! dp(z)

R, : total mass
R, : torque to hold the beam
etc.

17
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THE CLASSICAL MOMENT PROBLEM

Existence question:

Fact: Polynomials inz, which are positive o), o)
include(ay + ayz +...)*> andxz(by + by + .. .)%

Necessity condition:
[ (ap+ ayz+...)%p(x)dx > 0and [ z(by+ byz + ...)*p(x)dx > 0

<~
Ry R, ... R, Ri Ry ... Ry
Ri Ry . Ruvt | g ang| B2 Bo oo R | o
Rn Rn—|—1 RQn Rn—|—1 Rn—|—2 R2n—|—1

Sufficient condition;Same!

18
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Variants of the problem

e Support off:
0, 00) (Stieljes),
(—o0,0) (Hamburger),

0, 1] (1-D Hausdorff), etc.

e Moment kernels:
gr(x) = 2%,z € Ror|0, 1]

g, being trigonometric, or
gr(0) =e'*, 0 ¢ |7, 7]

e Index set0,1,...,n,0rN

Solvability
Non-negativity of quadratic forms

THE CLASSICAL MOMENT PROBLEM

e.g., hon-negativity of a Pick or Toeplitz matrix, Sarason operator, etc.

Albuquerque, June 2005
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BRIEF HISTORY

Moment problem — late 1800’s early 1900’s
Chebysev, Markov, Stieljes, Shohat, Tamarkin, Achiezer, Krein, Nudelman, ...

Analytic interpolation — early 1900’s ...
Caratheodory, Toeplitz, Schur, Nevanlinna, Pick. .. Krein, Arov, Sarason, Sz-Nqgy.
Foias, Ball, Helton, Gohberg, Dym. ..

Stochastic processes, Circuit theory, Control: 1950’s on. ..
Levinson, Youla, Zames...

Entropy and relative entropy functionals ...
Gibbs, Boltzmann, von Neumann, Shannon, Kullback, Leibler, Umegaki
Jaynes, Csiszar, Lewis, Lang & McClellan. ..
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e Motivating examples & non-classical problems
Sensor arrays etc.
Control, completion, etc.

e The classical moment problem
Existence & history

Sufficiency: constructive-canonical equations, entropy principle

e General moment problems
Existence & parametrization of solutions
—Via minimizers of relative entropy
—homotopy methods
matricial/bi-tangential generalizations

e Applications

21
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THE TRIGONOMETRIC MOMENT PROBLEM

Trigonometric moments (finite indexing set):

R, = / e Mp(0)dh, k=0,+1,42,...,+n.

—T

L. Fejer and F. RieszAny non-negative trigonometric polynomial
is of the formp(e’?) = |ag + a1e’’ + ... a,e™’|?

Solvability condition:

I R() Rl ce Rn ago
/ p(e’”)p(0)do = [C_lo ap ... C_Ln] oo o Roy | > 0,Va's
B R, Ropi ... Ro| |an]

22
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SUFFICIENCY. .. , BARRIER FUNCTIONS
Distance between:

p=(p. d)andp = (p, 4),withp+q=p+¢=1

. p q
S(p||p) = plog = + qlog =
p q

\ B

In general: S(p|[p) = | (plog(p) — plog(p)), and
S(A||B) = trace(Alog A — Alog B),
are jointly convex in their arguments

23
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BARRIER FUNCTIONS

Example:Findp = (p, q), p,q > 0 such that

p = arg min{log(p) + log(q) : pa+gb= R}

Answer:
R R
p — % andq = 2_b

Parametrization of solutions via a choicegcaf:
p = argmin{S(p||p) = plog(p) + ¢log(q) : pa+qb= R}

24
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THE TRIGONOMETRIC MOMENT PROBLEM

“Entropy rate”(concave)

I, := /logp(@)d@

“distance” to 1(convex)

S(116) = | (1-Iog(1) — 1-log(p(6))d8 = -1,

25
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THE TRIGONOMETRIC MOMENT PROBLEM

] SUFFICIENCY
Find argmax(IL,)
subject to [ G(e)p(0)dd = R
-t "R
where G = 1 andRR .= | Ry
ej.”e R._n
Analysis: L(p, \) := [log pdf — (| Gpdf — R)
1
OL(p, \;0p) =0 = /(— — AG)opdh = 0
p
o,
SDYe
26

Albuquerque, June 2005




Set

Then

e JH
/]a 639 )2

together with

gives
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THE TRIGONOMETRIC MOMENT PROBLEM

CANONICAL EQUATIONS (LEVINSON, YULE-WALKER)

n n
AG = M =1 ™ = |a(e!)?
-n 0

- | -

, and /

€jk9 6 J@ ejkﬁ
:/ 0k,

la(ei?)|? a(el?) -
T 1
Rp=["_e JW‘@(GJHMQCM, fork=0,%1,...,
i Ry Ry .. R, | _@0_ _aio—
R1 Ry Ry fan| 0 S
Ry Rowpr ... Ro | la.| 0]
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e Motivating examples & non-classical problems
e The classical moment problem

e General moment problems

Existence & parametrization of solutions
—Via minimizers of relative entropy
—homotopy methods

matricial/bi-tangential generalizations

e Applications

28
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ENTROPY FUNCTIONALS

Relative entropy, Kullback-Leibler-von Neumann-Leib-Umegaki distance

Fact:Let p, p non-negative functions, then

S(p|[p) = trace / plog(p) — plog(p)

IS jointly convex

ldea;

Choose “parametels,
then determine the minimizerwhich agrees with the moments.

Similarly,
repeat with the roles gf andp reversed.

29
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ESTIMATION & MEASUREMENTS
MINIMIZERS OF RELATIVE ENTROPY

S(pllp) = /plogp — plogp

Giveny find  argmin(S(pl[v)) Giveny find  argmin(S(v)

p))

subjectto [ G(e/)p(0)d0 = R subjectto [ G(e/)p(0)d0 = R

If 4 a solutionp, then it belongs to:

p(6)
A G(O) >

Fexp = {0(0)e" M= or, respectivelyF,., = {< . with A\G > 0}

for any(0) > 0.

30
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MINIMIZERS OF RELATIVE ENTROPY
NoOw WHAT?

Need to solve/ G(e/%)p(0)dd = R

e For general~, there exists no representatifum positive elements

AG = 2 index set'kJk
hence, no canonical equatigns.

31
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MINIMIZERS OF RELATIVE ENTROPY
HOMOTOPY-BASED CONSTRUCTION

Observation:
If
(6
hoo A R= [ Gl0) = =do
then

2
(6 /
Vh =5 =—[sG(0) (<A{,pc(:(>9)>) G(0)do
IS non-singulaiv\G > 0.

If

kA= R= [(GO)(0)eMO>dp
then

Vi = 6_R _fS —<)\,G(«9)>G(9)/d9
IS hon-singulaiv\.

32
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Homotopy on theR'’s

Albuquerque, June 2005

MINIMIZERS OF RELATIVE ENTROPY
HOMOTOPY-BASED CONSTRUCTION
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MINIMIZERS OF RELATIVE ENTROPY
HOMOTOPY-BASED CONSTRUCTION

Construction of homotopy:

R, = Ry+ CY(Rl — R()) fora € [O, 1]

dR,, :
o _ Ry — Ry, with Ro—o = Ry = / G(0)p(Ao, 0)do
do S
1
dA, OR
o (m AO) i o

34
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MINIMIZERS OF RELATIVE ENTROPY
HOMOTOPY-BASED CONSTRUCTION

dR,,
d& (1 — Oé)(Rl R )
A\, orl \
o —(1-a) (m ) (B = Ro)

35
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MINIMIZERS OF RELATIVE ENTROPY
HOMOTOPY-BASED CONSTRUCTION

e Minimizers of S(¢|| f) : dim(S) = 1

THM: Let )y such that \oG > 0, and
for t > 0 and
V()

s- (4] ) - seomn.om
(A, G(0))

If R, € int(K), then \, € K% forall t € [0,00), \, — A € K*, and

/0(>‘t7 (9) —

If R ¢ int(KC), then || \;|| — oc.

36
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MINIMIZERS OF RELATIVE ENTROPY
HOMOTOPY-BASED CONSTRUCTION

e Minimizers ofS(f||¢) : no condition on support a$ or the dual cone

THM: For any A\, and

v _ [ OR
a — | X

p(As, 0) = ()= N,
If R, € int(K), then )\, — )\, remains bounded, and

R = /3 G(0)p(\, 0)db

If Ry ¢ int(KC), then ||\] — oo.

)( L GO0

fort > 0 and

37
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MINIMIZERS OF RELATIVE ENTROPY
HOMOTOPY-BASED CONSTRUCTION

In both cases,
V) = IR~ [ GO 0)d8)]
S
IS aLyapunov function satisfying

dV(Ai)
dt

— _2‘/()\15)7

38
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MINIMIZERS OF RELATIVE ENTROPY
EXISTENCE, UNIQUENESS PARAMETRIZATION, COMPUTATION

e All positive densitie solvingR = [, Gp can be obtained with a suitable

e Given R, G, either solutiony)/ (), G) or, e~ is unique.

e Convergence is “fast.”

¢ Failure to converges> no solution existand\ — oo.

e Use of rational family requires conditions &h& the dual cone

39
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EXAMPLE: SENSOR ARRAY

2 T 2 T
— — true () — — true f(0)

a
o
T
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2

- (6]
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\
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e ComputeR wnire = [ G(0)d0 EXAMPLE: “HIGH-RESOLUTION’ ANALYSIS

po = argmax{p : Ry — pRiwnite € K}.
and computel;, such that

Ry = /0 G(0)(podf + du(0)).

4 T T T T T T T T T
m
ref

. meM
ex|

P

3.5+ / \ _ . _ mEconstant + Mexp .

\
/ me Mrat

41
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phi
EXAMPLE. MORE “SAMPLES’

El E2 E3 E4 E5
O O e ®
4 T

- - - mref

4 T
— = = href
. meM
/N exp
35 / \ — . mEconstant + M, | -
\
/ me Mra‘
h \

05 I I I I I I I I I
0 0 A . . . . . . .
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ESTIMATION & MEASUREMENTS
POWER SPECTRUM USING OUTPUT MEASUREMENTS

e Low-pass “sensorsH;(iw) = 1/(1 + iw /)
e stochastic input with spectral denspyw)
e knowledge of output covariances

re = [° gr(w)p(w)dw, with gy = 1, gr(w) = 72—, k =0,1,2,3.

2 ’
w?/TE+1
10 ] 20
o — — — estimated power spectrum| -] error(t)
input power spectrum
10°
! | | 1 1
25 3 3.5 4 4.5 5
1 :
10
3000 T T T
integral(log(mt(w))dcu)
2500
©
S 2000
107 g
C
. 1500
o
9]
S 1000
[}
500 -
107 H 5 , ) | | | | | | | | |
10 10 10 0 0.5 1 15 2 25 3 3.5 4 4.5 5

43

Albuquerque, June 2005




EXAMPLE: MULTI-DIMENSIONAL

e Begin with p,.¢(0, ), andg; (0, ¢) = cos(kf + L¢), k,l € {0,1,2}

ki=2 | 33.0129  0.3140 —1.1417 |
R, = [ / 9r.0(0, ) pret(0, &)dOd = 0.3140 —14.0469 —0.2502
S k(=0 | —1.1417 —0.2502  1.0310 |

e p.o; ande~ M) (for comparison).

44
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MATRICIAL /BI-TANGENTIAL— TWO-SIDED MOMENTS
MULTIVARIABLE & MULTI-DIMENSIONAL DENSITIES

R = / (Glefe pGhight ) dO
S

Glee: CP*™-valued (C?)

Ghignt: C"*-valued (C?)

p. m X m Hermitian non-negative

R e CP*4,
(1) Given Glege, Ghight @and R, 37 p > 07?
(if) It 4, then find a particular one.
(i) Parametrize alp’s.

Tangential interpolation. . .

45
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MINIMIZERS OF S
FORY = 1

e Rational matricial densities:
((Gright)\Glcft>Hcrmitian>_1 — al’gmiﬂ {S(ll ‘ﬂ) SUbjeCt toR = fS(Glefthright>}

e Exponential matricial densities:
%6_((Grjght/\Gleft)Hermitian> — argmin {S<p| |]) subject toRR = fS(Glefthright>}

46
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INTERPOLANTS OF RATIONAL FUNCTIONAL FORM
MULTIVARIABLE DENSITIES

ProvidedS ¢ R', the homotopy construction generalizes to
Srat - hermitian positive matrix-valued functions of the form

P = wl/Q <(GrightAGlefOHermitian)_1 wl/Z

leading to:

% = (Vh(N) (R — f(GleftPO\)Gright))

h : A— R = /(Glef'twl/Q ((GrightAG}eft)Hermitian)_1 wl/QGright)dx
Vh : 0OAN—o0R ...... IS Invertible, . ..

47
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INTERPOLANTS OF RATIONAL FUNCTIONAL FORM
MULTIVARIABLE DENSITIES

o lf 3p>0: R= [ GenpGugntdd then:
/\(t) — 5\
~ —1
P = ¢1/2 ((Gright)\Gleft>Hermitian) ¢1/2 > 0; andR — f Glefthright

)\ does not depend ok,

V(A) = IR — [(Gresep(N)Ghignt) ||7 @ Lyapunov function.
convergence of = (Vh) MRy — [ GresepGrignt) €xponentially fast.
all admissibley’s can be obtained with suitable

o If Adu > 0,then||\(t)|| — oo

48
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INTERPOLANTS OF EXPONENTIAL FUNCTIONAL FORM
MULTIVARIABLE & M ULTIDIMENSIONAL DENSITIES

The homotopy construction generalizes to
Sexp - hermitian positive matrix-valued functions of the form

0= wl/ze_<(Gright/\Glcft)Hermitian) ¢1/2

leading to:

9 = (Vh(A) YR — [¢(Grerep(N)Ghright))

with

S C R¥, k > 1, and no requirements on the dual cone.

49
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GENERAL MOMENT PROBLEM

R = E{ry} = |5 91eftp(0) Grightd0

e Characterizer [
e Given R “find” p [
e Parametrize alp’s [

e What Is the effect of the's < tradeoffs resolution/variance

50
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¢ Motivating examples & non-classical moment problems
e The classical moment problem

e General moment problems

¢ | Applications
high resolution spectral analysis
ultrasound non-invasive temp sensing

51
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ESTIMATION & MEASUREMENTS

TIMES-SERIES ANALYSIS

{ug, ui,us, ..., uy_1} < periodicities, harmonics, “color”

o Periodogram, FFT
o Model based (ARMA,....)
o Modern nonlinear (Maximum-entropy, maximum-likelihood,...)

52
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GENERALIZED STATISTICS

select
(A, B)
=—
estimate {spectra consistent witR }

R~ xpx]

Time-series data

{uo, Ui, U9, . .. 7UN—1}

where
xr = Axp_1 + Buy

g(z) = (I — A)7'B

R= [g(e!)p(0)g(c’’)"db

e designg(c’’): tradoffs between robustness and resolution

53
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ESTIMATION & MEASUREMENTS
RESOLVING SINUSOIDS

U, = v + ag sin(wik + @) + agsin(wok + @), k= 1,...,n,

2 T T T T T T T T T
] VWM\MMWWWW
3 0
2
72 L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100

1st sinusoid
o
i
L

2nd sinusoid
o
;
L

0 10 20 30 40 50 60 70 80 90 100
2 T
Eo
3
-2 L
0 10 20 30 40 50 60 70 80 90 100

wy —wy < =X = Fourier uncertainty bound
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ESTIMATION & MEASUREMENTS

RESOLVING SINUSOIDS

14r
|
|
12| ] 121
o | ol
|
8 \ sl
4 \ o
6 ‘\ \ 6F
i
Y ] I
2 ]L \ = — ——— 2
- A —
0 T . . T : . T ) 0 . I . . .
0 1 2 3 4 5 6 7 11 1.2 1.3 14 15 16 17
bluezenvelope, green:fft, green——filter, red:true bluezenvelope, green:fft, green——filter, red:true

60 " 14
5 12

10
4 RN

, N
, N
8 7 AN
’ N
301 , N
’ N
, N

6 7 AN
20} e N

4 .

Ao
10F . $
A 2
S I —
e - T -
[ .. e PR ) 0 e . ,
0 1 2 4 6 7 11 1.2 1.3 1.4 1.5 1.6 1.7
blue:envelope, green:fit, green-—filter, red:true blue:envelope, green:ift, green—~filter, red:true
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ESTIMATION & MEASUREMENTS

SYNTHETIC APERTURERADAR

14

- saliteflightpath

X...echo . §
N terrain profile

Yy

beam footprint

range

4
4

o
oo1f g
€ o
_oos-  Signal at given g 80|
distance bin across syrthetic aperture g 100
120)

o s 10 15 2 25w 3 40 45 % 20 W ) 80 100 120
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ESTIMATION & MEASUREMENTS

NONDESTRUCTIVE TESTING WAVE SPECTROSCOPY

44048000 He

) Input speaker

speaker ane he inputiequences

Wave Frequencies Present ina
Linear Aesponse

input

oulput

I

440 BOOO
frequency

I

440 8000
fraquency

*m) A4048000 Hz
Input speaker

Wave Freguencies Present ina
Monlinear Aesponse

input

I I

440 anoo

2 frequency
harmonics -
ouput sidebancds
speaker includes frequencias al:
+ 1320 + 1740
20 + 24000 + 32000 440 8000
P+B40+ T He freguency
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¢ imaging APPLICATIONS. NON-INVASIVE ULTRASOUND TEMPERATURE SENSING

= transducer

Ultrasound echo:

heating

* Time window
transducer V :

1L Window corresponding to given depth o9 ‘

Collaboration: E. Ebbini & A. Nasiri-Amini
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NON-INVASIVE ULTRASOUND TEMPERATURE SENSING

59
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NON-INVASIVE ULTRASOUND TEMPERATURE SENSING

0.98
0

I I
00000

Harmonics within “passband” vs. time
(a) state-of-the art
(b) based on tuneg.’s
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NON-INVASIVE ULTRASOUND TEMPERATURE SENSING

Temperature field (lateral & axial) vs. time:

e by pae il o e G

k] LBl 2 = L L] = ) L+ L) 1
uha
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CONCLUSION

MOMENT PROBLEMS INSCIENCE AND ENGINEERING

Main points: Existence and parametrization
of solutions viaminimizers of relative entropy

Construction vihomotopy methods
Generalizationmatricial/bi-tangential
Family of solutions~ uncertainty set

Applications: nonuniform sampling, irregular bases (e.g., wavelets),
nonuniform arrays, and spatial distribution of sensoys
control design with degree constraint
linear matrix inequalities
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