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ESTIMATION & MEASUREMENTS:

DATA ⇒ MODEL

◦ System modeling
◦ Spectral analysis of time-series
◦ Radar, tomographic techniques
◦ Ultrasound spectroscopy/sensing, earth sciences
◦ Acoustic microscopy, echolocation
◦ Reflectivity in thin films, deposition
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ESTIMATION & MEASUREMENTS:

DATA ⇒ MODEL + UNCERTAINTY

• Systems viewpoint:

Data⇒ { Family of consistent spectra/models}

◦ particular elements⇒ algorithms

◦ size of family quantifies uncertainty

◦ integration of data from various sensors

◦ incorporation of prior information

◦ optimization of data collection techniques

◦ high resolution

Albuquerque, June 2005
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ESTIMATION & MEASUREMENTS::

DATA ⇒ MODEL + UNCERTAINTY

• Basic “inverse problem”:

data/statistics⇒ consistent models/distributions/
power spectra/etc.

Albuquerque, June 2005
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ESTIMATION & MEASUREMENTS:
STATISTICAL & QUANTUM MECHANICAL MEASUREMENTS

• Statistical ensemble averaging:r =
∑

k g(k)ρ(k)

Determineρ(k) based onr

• Quantum measurements:ρA = traceB(ρAB) =
∑2

k=1Gkρ
ABG∗

k

DetermineρAB based onρA,

e.g.,ρAB =
(
|01〉+|11〉√

2

)(
〈00|+〈11|√

2

)
andρA = 1

2(|1〉〈1| + |0〉〈0|).
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ESTIMATION & MEASUREMENTS:
NON-UNIFORM ARRAY, NON-UNIFORM SAMPLING

phi

E1 E2 E3

Sensor readings:u`(t) =
∫
A(θ)ej(ωt−px` cos(θ)+φ(θ))dθ

Correlations:Rk = E{u`1ū`2} :=
∫ gk(θ)︷ ︸︸ ︷
e−jk cos(θ)

dµ︷ ︸︸ ︷
ρ(θ)dθ with ρ(θ) = A(θ)2,

k ∈ {0, 1,
√

2,
√

2 + 1}.
GivenR0,R1,R√

2,R
√

2+1

(i) how can we tell they originate as above withρ > 0?

(ii) how can we recoverρ?

(iii) how can we parametrize all admissibleρ’s?
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ESTIMATION & MEASUREMENTS:
NON-UNIFORM ARRAY/SAMPING

∫  1
e−jτ

e−j(
√

2+1)τ

 dµ︷ ︸︸ ︷
ρ(θ)dθ

[
1 ejτ ej(

√
2+1)τ

] =

 R0 R1 R√
2+1

R̄1 R0 R√
2

R̄√
2+1 R̄

√
2 R0

 ≥ 0

necessary but not sufficient
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COMPLETION PROBLEMS

GivenR0,R1,R100, withR2, . . . R99 missing,
∃? values for the missingR’s so thatT100 > 0?

T100 :=

R0 R1 x2? x3? x4? . . . x98? R99

R1 R0 R1 x2? x3? . . . x97? x98?
... ... ... ... ...



• Linear Matrix Inequalities: dominant in Systems, Control, Optimization

• convex optimization
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ESTIMATION & MEASUREMENTS:
2-DIMENSIONAL DISTRIBUTIONS

• Scattered “sensors”E0, E1, . . .
with Green’s functions/transfer functions/etc.gk(ω, θ)

• stochastic excitation with spectral measuredµ(ω, θ)

• knowledge of correlations of sensor readings

rk,` =
∫
gk(ω, θ)

dµ(ω,θ)︷ ︸︸ ︷
ρ(ω, θ)dωdθ g`(ω, θ)

D

E0

E1 E2

E3
E4

E5
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ESTIMATION & MEASUREMENTS:
THE CLASSICAL MOMENT PROBLEM

x

f(x)

What can we infer about an unknown mass densityρ(x) from a set of moments:

Rk :=

∫ ∞

0

xk ρ(x)dx︸ ︷︷ ︸
dµ(x)

, k = 0, 1, 2, . . .?

R0 : total mass
R1 : torque to hold the beam
etc.
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ESTIMATION & MEASUREMENTS:
POWER SPECTRUM USING OUTPUT MEASUREMENTS

• Low-pass “sensors”Hk(iω) = 1/(1 + iω/τk)

• stochastic input with spectral densityρ(ω)

• knowledge of output covariances

rk =
∫∞
−∞ gk(ω)ρ(ω)dω , with g0 = 1, gk(ω) = 1

ω2/τ2
k+1

, k = 0, 1, 2, 3.
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CONTROL & ANALYTIC INTERPOLATION PROBLEMS

Control problems

• Sensitivity minimization:min{‖w(1− PC)−1‖, over “stabilizing”C}
P stable⇒ (I − PC)−1 = I − PQ affine in a free parameterQ ∈ H∞

⇒ w(I − PC)−1 = w −BQ

Load

Engine

speed

valve

set point

flyball governor

Plant

Controller

input

output
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CONTROL & ANALYTIC INTERPOLATION PROBLEMS

Interpolation problem:Determine, if possible,Q ∈ H∞ such that

‖
s(z)︷ ︸︸ ︷

w −BQ ‖ < 1

Example:B(z) = zn,B(z) = z−z0
1−z0z

, etc.

Re-cast as a moment problem:e.g.,B(z) = z andw = w0

s(z) = w0 − zQ(z) ∈ S
⇔

F (z) := 1+zs(z)
1−zs(z) = 1 + 2

1 + w0

1− w0︸ ︷︷ ︸
R1

z + . . . ∈ C

In general:F (z0) = 1
2π

∫ π
−π

1+z0e
jx

1−z0ejx
ρ(θ)dθ,

F ′(z0) = 1
2π

∫ π
−π

2ejx

(1−z0ejx)2
ρ(θ)dθ, etc. ⇒ R =

∫
G

dµ︷ ︸︸ ︷
ρ(θ)dθ
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NON-CLASSICAL ANALYTIC INTERPOLATION PROBLEMS

WITH FRACTIONAL DERIVATIVES

Interpolation problem:
F (z) = 1

2π

∫ π
0

1+e−jθ

1−e−jθρ(θ)dθ.

FindF (z) analytic with positive real part so that:

F (0) = R0, d
dzF (z)|z=0 = R1, d1/2

dz1/2F (z)|z=0 = R̂1/2,

or, e.g., more important,

R√
2,Rπ,R1.534, etc.

Albuquerque, June 2005
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ESTIMATION & MEASUREMENTS:

GENERAL MOMENT PROBLEM

R = E{xy} =
∫
S gleft

dµ(θ)︷ ︸︸ ︷
ρ(θ)dθgright

• CharacterizeR

•GivenR “find” ρ(θ)

• Parametrize allρ(θ)’s = Uncertainty Set

•What is the effect of theg’s

Albuquerque, June 2005
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OUTLINE

• Motivating examples & non-classical moment problems

Measurements, Sensor arrays, Completion problems

Control, modeling, quantum measurements, etc.

• The classical moment problems

Existence (necessary conditions) & history

Sufficiency - constructive-canonical equations, entropy principle

• General moment problems

Existence & parametrization of solutions

—via minimizers of relative entropy

—homotopy methods

matricial/bi-tangential generalizations

• Applications

Albuquerque, June 2005
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THE CLASSICAL MOMENT PROBLEM

x

f(x)

What can we infer about an unknown mass densityρ(x) from a set of moments:

Rk :=

∫ ∞

0

xk ρ(x)dx︸ ︷︷ ︸
dµ(x)

, k = 0, 1, 2, . . .?

R0 : total mass
R1 : torque to hold the beam
etc.
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THE CLASSICAL MOMENT PROBLEM

Existence question:

Fact: Polynomials inx, which are positive on[0,∞)
include(a0 + a1x + . . .)2 andx(b0 + b1x + . . .)2.

Necessity condition:∫
(a0 + a1x + . . .)2ρ(x)dx ≥ 0 and

∫
x(b0 + b1x + . . .)2ρ(x)dx ≥ 0

⇔
R0 R1 . . . Rn

R1 R2 . . . Rn+1

. . .
Rn Rn+1 . . . R2n

 ≥ 0, and


R1 R2 . . . Rn+1

R2 R3 . . . Rn+2

. . .
Rn+1 Rn+2 . . . R2n+1

 ≥ 0

Sufficient condition:Same!
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THE CLASSICAL MOMENT PROBLEM

Variants of the problem

• Support off :
[0,∞) (Stieljes),
(−∞,∞) (Hamburger),
[0, 1] (1-D Hausdorff), etc.

• Moment kernels:
gk(x) = xk, x ∈ R or [0, 1]
gk being trigonometric, or
gk(θ) = ejkθ, θ ∈ [−π, π]

• Index set:0, 1, . . . , n, or N

Solvability

Non-negativity of quadratic forms

e.g., non-negativity of a Pick or Toeplitz matrix, Sarason operator, etc.

Albuquerque, June 2005
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BRIEF HISTORY

Moment problem – late 1800’s early 1900’s
Chebysev, Markov, Stieljes, Shohat, Tamarkin, Achiezer, Krein, Nudelman, . . .

Analytic interpolation – early 1900’s . . .
Caratheodory, Toeplitz, Schur, Nevanlinna, Pick. . . Krein, Arov, Sarason, Sz-Nagy,

Foias, Ball, Helton, Gohberg, Dym. . .

Stochastic processes, Circuit theory, Control: 1950’s on. . .
Levinson, Youla, Zames. . .

Entropy and relative entropy functionals . . .
Gibbs, Boltzmann, von Neumann, Shannon, Kullback, Leibler, Umegaki

Jaynes, Csiszar, Lewis, Lang & McClellan. . .
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• Motivating examples & non-classical problems

Sensor arrays etc.

Control, completion, etc.

• The classical moment problem

Existence & history

Sufficiency: constructive-canonical equations, entropy principle

• General moment problems

Existence & parametrization of solutions

—via minimizers of relative entropy

—homotopy methods

matricial/bi-tangential generalizations

• Applications
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THE TRIGONOMETRIC MOMENT PROBLEM

Trigonometric moments (finite indexing set):

Rk =

∫ π

−π
e−jkθρ(θ)dθ, k = 0,±1,±2, . . . ,±n.

L. Fejer and F. Riesz:Any non-negative trigonometric polynomial
is of the formp(ejθ) = |a0 + a1e

jθ + . . . ane
njθ|2

Solvability condition:

∫ π

−π
p(ejθ)ρ(θ)dθ =

[
ā0 ā1 . . . ān

] 
R0 R1 . . . Rn

R−1 R0 . . . Rn−1

. . .
R−n R−n+1 . . . R0



a0

a1

. . .
an

 ≥ 0,∀a′s
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SUFFICIENCY. . . , BARRIER FUNCTIONS

Distance between:

ρ =
(
p, q

)
andρ̂ =

(
p̂, q̂

)
, with p + q = p̂ + q̂ = 1 0 1 2 3 4 5 6 7 8 9 10

−3

−2

−1

0

1

2

3

4

5
−log(x)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
−0.4

−0.35

−0.3

−0.25

−0.2

−0.15

−0.1

−0.05

0
x log(x)

S(ρ||ρ̂) = p log
p

p̂
+ q log

q

q̂

0
0.2

0.4
0.6

0.8
1

0

0.2

0.4

0.6

0.8

1
−1

0

1

2

3

4

5

In general: S(ρ||ρ̂) =
∫

(ρ log(ρ)− ρ log(ρ̂)), and
S(A||B) = trace(A logA− A logB),
are jointly convex in their arguments
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BARRIER FUNCTIONS

Example:Findρ =
(
p, q

)
, p, q > 0 such that

ρ = arg min{log(p) + log(q) : pa + qb = R}

Answer:
p = R

2a andq = R
2b

Parametrization of solutions via a choice ofρ̂ in:
ρ = arg min{S(ρ̂||ρ) = p̂ log(p) + q̂ log(q) : pa + qb = R}

Albuquerque, June 2005
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THE TRIGONOMETRIC MOMENT PROBLEM

“Entropy rate”(concave)

Iρ :=

∫
log ρ(θ)dθ

“distance” to 1(convex)

S(1||ρ) :=

∫
(1 · log(1)− 1 · log(ρ(θ))dθ = −Iρ

Albuquerque, June 2005
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THE TRIGONOMETRIC MOMENT PROBLEM

SUFFICIENCY

Find argmax(Iρ)

subject to
∫
G(ejθ)ρ(θ)dθ = R

where G :=


e−jnθ

...
1
...

ejnθ

 andR :=


Rn
...
R0
...

R−n

.

Analysis:L(ρ, λ) :=
∫

log ρdθ − λ(
∫
Gρdθ −R)

δL(ρ, λ; δρ) ≡ 0 ⇒
∫

(
1

ρ
− λG)δρdθ ≡ 0

⇒ ρ =
1

λG

Albuquerque, June 2005
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THE TRIGONOMETRIC MOMENT PROBLEM

CANONICAL EQUATIONS (LEVINSON, YULE-WALKER)

Set

λG =

n∑
−n

λke
jkθ =: |

n∑
0

ake
jkθ|2 = |a(ejθ)|2

Then∫
ā(e−jθ)

|a(ejθ)|2
=

∫
1

a(ejθ)
=

1

a0
, and

∫
ejkθā(e−jθ)

|a(ejθ)|2
=

∫
ejkθ

a(ejθ)
= 0, k ≥ 1,

together with

Rk =
∫ π
−π e

−jkθ 1
|a(ejθ)|2dθ, for k = 0,±1, . . . ,

gives 
R0 R1 . . . Rn

R−1 R0 . . . Rn−1

. . .
R−n R−n+1 . . . R0



ā0

ā1
...
ān

 =


1
a0

0
...
0

⇒ a’s !
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• Motivating examples & non-classical problems

• The classical moment problem

• General moment problems

Existence & parametrization of solutions

—via minimizers of relative entropy

—homotopy methods

matricial/bi-tangential generalizations

• Applications
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ENTROPY FUNCTIONALS

Relative entropy, Kullback-Leibler-von Neumann-Leib-Umegaki distance

Fact:Let ρ, ρ̂ non-negative functions, then

S(ρ||ρ̂) := trace

∫
ρ log(ρ)− ρ log(ρ̂)

is jointly convex

Idea:

Choose “parameter”̂ρ,
then determine the minimizerρ which agrees with the moments.

Similarly,

repeat with the roles ofρ andρ̂ reversed.
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ESTIMATION & MEASUREMENTS:
M INIMIZERS OF RELATIVE ENTROPY

S(ρ‖ρ̂) =

∫
ρ log ρ− ρ log ρ̂

Givenψ find argmin(S(ρ||ψ))

subject to
∫
G(ejθ)ρ(θ)dθ = R

Givenψ find argmin(S(ψ||ρ̂))

subject to
∫
G(ejθ)ρ̂(θ)dθ = R

If ∃ a solutionρ, then it belongs to:

Fexp := {ψ(θ)e−<λ,G(θ)>} or, respectively,Frat := { ψ(θ)

< λ,G(θ) >
: with λG > 0}

for anyψ(θ) > 0.

Albuquerque, June 2005
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M INIMIZERS OF RELATIVE ENTROPY

NOW WHAT?

Need to solve
∫
G(ejθ)ρ(θ)dθ = R

• For generalG, there exists no representationfor positive elements

λG =
∑

index setλkgk

hence, no canonical equations, . . .

Albuquerque, June 2005
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M INIMIZERS OF RELATIVE ENTROPY

HOMOTOPY-BASED CONSTRUCTION

Observation:
If

h : λ 7→ R =
∫
S G(θ) ψ(θ)

<λ,G(θ)>dθ

then

∇h := ∂R
∂λ = −

∫
S G(θ)

(
ψ(θ)

<λ,G(θ)>

)2

G(θ)′dθ

is non-singular∀λG > 0.

If
κ : λ 7→ R =

∫
S G(θ)ψ(θ)e−<λ,G(θ)>dθ

then
∇κ := ∂R

∂λ = −
∫
S G(θ)ψ(θ)e−<λ,G(θ)>G(θ)′dθ

is non-singular∀λ.
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M INIMIZERS OF RELATIVE ENTROPY

HOMOTOPY-BASED CONSTRUCTION

*

R

R

0

1
lambda0

lambda1

K

K

Homotopy on theR’s
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M INIMIZERS OF RELATIVE ENTROPY

HOMOTOPY-BASED CONSTRUCTION

Construction of homotopy:

Rα := R0 + α(R1 −R0) for α ∈ [0, 1]

dRα

dα
= R1 −R0,with Rα=0 = R0 =

∫
S
G(θ)ρ(λ0, θ)dθ

dλα
dα

=

(
∂R

∂λ

∣∣∣∣
λα

)−1

(R1 −R0).
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M INIMIZERS OF RELATIVE ENTROPY

HOMOTOPY-BASED CONSTRUCTION

dRα

dα
= (1− α)(R1 −Rα)

dλα
dα

= (1− α)

(
∂R

∂λ

∣∣∣∣
λα

)−1

(R1 −Rα).

and, forα = 1− e−t,

dλt
dt =

(
∂R
∂λ

∣∣∣∣
λt

)−1 (
R1 −

∫
S G(θ)ρ(λt, θ)dθ

)
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M INIMIZERS OF RELATIVE ENTROPY

HOMOTOPY-BASED CONSTRUCTION

• Minimizers ofS(ψ||f ) : dim(S) = 1

THM: Let λ0 such that λ0G > 0, and

dλt
dt =

(
∂R
∂λ

∣∣∣∣
λt

)−1 (
R1 −

∫
S G(θ)ρ(λt, θ)dθ

)
for t ≥ 0 and

ρ(λt, θ) =
ψ(θ)

〈λt, G(θ)〉
.

If R1 ∈ int(K), then λt ∈ K∗
+ for all t ∈ [0,∞), λt → λ̂ ∈ K∗

+, and

R1 =

∫
S
G(θ)ρ(λ̂, θ)dθ.

If R1 6∈ int(K), then ‖λt‖ → ∞.
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M INIMIZERS OF RELATIVE ENTROPY

HOMOTOPY-BASED CONSTRUCTION

• Minimizers ofS(f ||ψ) : no condition on support ofS or the dual cone

THM: For any λ0 and

dλt
dt =

(
∂R
∂λ

∣∣∣∣
λt

)−1 (
R1 −

∫
S G(θ)ρ(λt, θ)dθ

)
for t ≥ 0 and

ρ(λt, θ) = ψ(θ)e−〈λt,G(θ)〉.

If R1 ∈ int(K), then λt → λ̂, remains bounded, and

R1 =

∫
S
G(θ)ρ(λ̂, θ)dθ.

If R1 6∈ int(K), then ‖λt‖ → ∞.
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M INIMIZERS OF RELATIVE ENTROPY

HOMOTOPY-BASED CONSTRUCTION

In both cases,

V (λ) = ‖R1 −
∫
S
G(θ)ρ(λt, θ)dθ‖2

is aLyapunov function, satisfying

dV (λt)

dt
= −2V (λt),
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M INIMIZERS OF RELATIVE ENTROPY

EXISTENCE, UNIQUENESS, PARAMETRIZATION , COMPUTATION

• All positive densitiesρ solvingR =
∫
S Gρ can be obtained with a suitableψ.

• GivenR,G, ψ either solution,ψ/〈λ,G〉 or,ψe−〈λ,G〉, is unique.

• Convergence is “fast.”

• Failure to converge⇒ no solution existsandλ→∞.

• Use of rational family requires conditions onS & the dual cone
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EXAMPLE : SENSOR ARRAY
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G(θ) :=
[
1 e−jτ e−j

√
2τ e−j(

√
2+1)τ

]′

phi

E1 E2 E3
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EXAMPLE : “ HIGH-RESOLUTION” ANALYSIS• ComputeR1,white =
∫
G(θ)dθ

p0 = argmax{p : R1 − pR1,white ∈ K}.
and computedµ such that

R1 =

∫ 1

0

G(θ)(p0dθ + dµ(θ)).
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EXAMPLE : MORE “ SAMPLES”
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ESTIMATION & MEASUREMENTS:
POWER SPECTRUM USING OUTPUT MEASUREMENTS

• Low-pass “sensors”Hk(iω) = 1/(1 + iω/τk)

• stochastic input with spectral densityρ(ω)

• knowledge of output covariances

rk =
∫∞
−∞ gk(ω)ρ(ω)dω, with g0 = 1, gk(ω) = 1

ω2/τ2
k+1

, k = 0, 1, 2, 3.
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EXAMPLE : MULTI -DIMENSIONAL

• Begin withρref(θ, φ), andgk,`(θ, φ) = cos(kθ + `φ), k, ` ∈ {0, 1, 2}

R1 =

[ ∫
S
gk,`(θ, φ)ρref(θ, φ)dθdφ

]k,`=2

k,`=0

=

 33.0129 0.3140 −1.1417
0.3140 −14.0469 −0.2502

−1.1417 −0.2502 1.0310


• ρref ande−〈λ,G〉 (for comparison).

0
0.5

1
1.5

2
2.5

3

0
0.5

1
1.5

2
2.5

3

0

5

10

15

20

0
0.5

1
1.5

2
2.5

3

0
0.5

1
1.5

2
2.5

3

0

2

4

6

8

10

12

14

Albuquerque, June 2005
44



MATRICIAL /BI-TANGENTIAL – TWO-SIDED MOMENTS

MULTIVARIABLE & MULTI -DIMENSIONAL DENSITIES

R =

∫
S
(GleftρGright)dθ

Gleft: Cp×m-valued (C2)
Gright: Cm×q-valued (C2)
ρ: m×m Hermitian non-negative
R ∈ Cp×q.

(i) GivenGleft, Gright andR, ∃? ρ > 0?
(ii) It ∃, then find a particular one.
(iii) Parametrize allρ’s.

Tangential interpolation. . .
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M INIMIZERS OF S
FORψ = I

• Rational matricial densities:
((GrightλGleft)Hermitian)

−1 = argmin
{
S(I||ρ) subject toR =

∫
S(GleftρGright)

}
• Exponential matricial densities:
1
ee
−((GrightλGleft)Hermitian) = argmin

{
S(ρ||I) subject toR =

∫
S(GleftρGright)

}
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INTERPOLANTS OF RATIONAL FUNCTIONAL FORM

MULTIVARIABLE DENSITIES

ProvidedS ⊂ R1, the homotopy construction generalizes to
Frat : hermitian positive matrix-valued functions of the form

ρ = ψ1/2 ((GrightλGleft)Hermitian)
−1ψ1/2

leading to:

dλ
dt = (∇h(λ))−1(R1 −

∫
(Gleftρ(λ)Gright))

h : λ 7→ R =

∫
(Gleftψ

1/2 ((GrightλGleft)Hermitian)
−1ψ1/2Gright)dx

∇h : δλ 7→ δR . . . . . . is invertible, . . .
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INTERPOLANTS OF RATIONAL FUNCTIONAL FORM

MULTIVARIABLE DENSITIES

• If ∃ ρ > 0 : R =
∫
GleftρGrightdθ then:

λ(t) → λ̂

ρ = ψ1/2
(
(Grightλ̂Gleft)Hermitian

)−1

ψ1/2 > 0, andR =
∫
GleftρGright

λ̂ does not depend onλ0

V (λ) = ‖R1 −
∫

(Gleftρ(λ)Gright)‖2
F a Lyapunov function.

convergence oḟλ = (∇h)−1(R1 −
∫
GleftρGright) exponentially fast.

all admissibleρ’s can be obtained with suitableψ.

• If 6 ∃ dµ > 0, then‖λ(t)‖ → ∞
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INTERPOLANTS OF EXPONENTIAL FUNCTIONAL FORM

MULTIVARIABLE & M ULTIDIMENSIONAL DENSITIES

The homotopy construction generalizes to
Fexp : hermitian positive matrix-valued functions of the form

ρ = ψ1/2e−((GrightλGleft)Hermitian)ψ1/2

leading to:

dλ
dt = (∇h(λ))−1(R1 −

∫
S(Gleftρ(λ)Gright))

with

S ⊂ Rk, k ≥ 1, and no requirements on the dual cone.
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GENERAL MOMENT PROBLEM

R = E{xy} =
∫
S gleftρ(θ)grightdθ

• CharacterizeR ✓

•GivenR “find” ρ ✓

• Parametrize allρ’s ✓

•What is the effect of theg’s ⇐ tradeoffs resolution/variance
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• Motivating examples & non-classical moment problems

• The classical moment problem

• General moment problems

• Applications

high resolution spectral analysis

ultrasound non-invasive temp sensing
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ESTIMATION & MEASUREMENTS:

TIMES-SERIES ANALYSIS

{u0, u1, u2, . . . , uN−1} ⇔ periodicities, harmonics, “color”
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Estimated via periodogram

N=100

◦ Periodogram, FFT

◦ Model based (ARMA,....)

◦ Modern nonlinear (Maximum-entropy, maximum-likelihood,...)
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GENERALIZED STATISTICS

Time-series data
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select
(A,B)
⇒

estimate
R '

∑
k xkx

∗
k

where
xk = Axk−1 +Buk

g(z) = (zI − A)−1B

R =
∫
g(ejθ)ρ(θ)g(ejθ)∗dθ

{spectra consistent withR }

• designg(ejθ): tradoffs between robustness and resolution
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ESTIMATION & MEASUREMENTS:
RESOLVING SINUSOIDS

uk = νk + a1 sin(ω1k + φ1) + a2 sin(ω2k + φ2), k = 1, . . . , n,

0 10 20 30 40 50 60 70 80 90 100
−2

0

2

no
is

e
0 10 20 30 40 50 60 70 80 90 100

−2

0

2

1s
t s

in
us

oi
d

0 10 20 30 40 50 60 70 80 90 100
−2

0

2
2n

d 
si

nu
so

id

0 10 20 30 40 50 60 70 80 90 100
−2

0

2

su
m

Noise, sinusoid 1, sinusoid 2, and their sum

ω2 − ω1 <
2π
n = Fourier uncertainty bound
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ESTIMATION & MEASUREMENTS:

RESOLVING SINUSOIDS
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ESTIMATION & MEASUREMENTS:

SYNTHETIC APERTURERADAR
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ESTIMATION & MEASUREMENTS:

NONDESTRUCTIVE TESTING: WAVE SPECTROSCOPY
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APPLICATIONS: NON-INVASIVE ULTRASOUND TEMPERATURE SENSINGimaging
transducer

heating
transducer

Ultrasound echo:
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frequency shift vs. time⇒ temperature profile

Collaboration: E. Ebbini & A. Nasiri-Amini
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NON-INVASIVE ULTRASOUND TEMPERATURE SENSING
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NON-INVASIVE ULTRASOUND TEMPERATURE SENSING
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Harmonics within “passband” vs. time
(a) state-of-the art
(b) based on tunedgk’s
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NON-INVASIVE ULTRASOUND TEMPERATURE SENSING

Temperature field (lateral & axial) vs. time:
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CONCLUSION

MOMENT PROBLEMS INSCIENCE AND ENGINEERING

Main points: Existence and parametrization
of solutions viaminimizers of relative entropy

Construction viahomotopy methods

Generalizationmatricial/bi-tangential

Family of solutions∼ uncertainty set

Applications: nonuniform sampling, irregular bases (e.g., wavelets),
nonuniform arrays, and spatial distribution of sensors
control design with degree constraint
linear matrix inequalities

Thank you
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