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Abstract. We consider a random Integer Least Squares (ILS) problem. This NP-hard problem
naturally arises in digital communications as the maximum-likelihood detection problem. We analyze
two probabilistic quasi-ILS algorithms based on semidefinite relaxations: the SDR algorithm for
binary variables and the PSK algorithm for constant modulus variables. Both algorithms are capable
of delivering a near-optimal solution with a polynomial worst-case complexity. For a general class of
random parameters, we prove that the SDR algorithm provides a constant factor approximation in
terms of the objective value, and this constant factor remains bounded with increasing problem size.
For the PSK algorithm we show that each local maximum of the low-rank semidefinite relaxation
that is feasible for the ILS problem achieves at least a half of the minimum relative objective value,
and for the binary case even yields an exact ILS solution. Our analysis shows that the ILS problem
can be well approximated in polynomial time by the two semidefinite relaxation strategies.
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1. Introduction. Consider the following Integer Least Squares (ILS) problem:

sils = arg min
s∈Sn

‖y−√ρ Hs‖2. (1.1)

This is a fundamental problem for many practical applications. For example, in
digital communications the maximum likelihood detectors solve problem (1.1) where
the parameters {H,y, ρ} are defined by the vector channel with input s ∈ Cn and
output y ∈ Cm:

y =
√

ρ Hs + v, v ∼ CN (0, I). (1.2)

The channel matrix H ∈ Cm×n and noise vector v ∈ Cm are appropriately scaled so
that parameter ρ signifies the so-called signal-to-noise-ratio per each output dimen-
sion, i.e.:

ρ =
EH,s

{‖√ρ Hs‖2}

Ev {‖v‖2} ,

where EH,s{·} (Ev{·}) denotes expectation w.r.t. the distribution of H and s (w.r.t.
the distribution of v).

For the most part of this work, we consider problem (1.1) with the feasible set
S = {exp(jφ) | φ ∈ {2πk/M, k = 0, . . . , M − 1}} and its special case S = {−1,+1}.
The ILS problem (1.1) is NP-hard due to the combinatorial structure in Sn. For small
problem size {n,m}, the exhaustive search can be used to solve (1.1). However, for
large n, m or |S|, this approach is prohibitively expensive.

Much of the past research was motivated by the desire to obtain an approxi-
mate solution to (1.1) with manageable computational complexity. Unfortunately,
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all existing approaches either exhibit significant performance degradation, e.g. linear
relaxation solvers, or suffer from exponential complexity, e.g. the so-called Sphere De-
coding (SD) algorithm (see [4], [2], [6, Chapter 5] and [30]). For instance, for the binary
feasible set the conventional linear solvers relax the integer constraint s ∈ {−1, +1}n

and impose a penalty term with a weight parameter σ:

slin = arg min
s∈Cn

‖y−√ρ Hs‖2 + σ‖s‖2.

This unconstrained problem can be solved analytically. Rounding the solution to the
integer feasible set s ∈ {−1,+1}n leads to

slin = sign
((

ρ H†H + σ I
)−1

H†y
)

, (1.3)

where (·)† denotes matrix transpose (Hermitian transpose for complex matrices), and
parameter σ = 1, 0,∞ can be selected to specify various common types of solvers.
While these linear solvers have O(n3) complexity, they suffer from significant perfor-
mance loss as compared to the performance of the exact ILS solver. To improve the
solution of (1.1), one can combine the linear solvers with a limited exhaustive search,
yielding the SD algorithm. More specifically, the SD algorithm first computes the
unconstrained minimum:

szf = (1/
√

ρ)
(
H†H

)−1

H†y,

and then performs a local exhaustive search within an ellipsoid centered at szf .
When ρ is large the ILS solution is statistically close to szf , and the SD algorithm is
quite efficient. However, for small ρ or for large size problems, this hybrid strategy
still suffers from exponential complexity [10].

Is there an algorithm that can deliver a provably near-optimal solution for prob-
lem (1.1) and yet still has a polynomial time complexity? In this paper we settle
this question in the affirmative. More specifically, we analyze two polynomial time
semidefinite relaxation strategies to solve the ILS problem: i) the SDR algorithm [17]
which is based on a convex semi-definite relaxation of (1.1), and ii) the PSK algorithm
which is based on a non-convex low-rank relaxation of (1.1). Both algorithms have a
polynomial complexity (O(n3.5) and O(n3) respectively).

For a general class of random models (1.2) whereby the entries of {H,v} are inde-
pendent and identically distributed with zero-mean, we show that the SDR algorithm
can achieve near-optimal performance with at most a constant objective value loss
when n,m →∞ such that m/n → γ for some constant γ ≥ 1.

Semidefinite relaxation is a powerful optimization technique that can generate
high quality approximate solutions for nonconvex quadratic optimization problems.
This technique is based on a careful relaxation of the original problem as a convex
semidefinite program. The latter is efficiently solvable by the interior point methods.
Semidefinite relaxation achieved a notable success in solving the NP-hard MAX-CUT
problem [5] in combinatorial optimization, delivering a provable worst-case approxi-
mation quality of 87%. That is, for any weighted graph, the size of the cut gener-
ated by the semidefinite relaxation is at least 87% of the size of the maximum cut.
Semidefinite relaxation can also be shown to provide strong (a constant factor of 2/π)
approximation for the maximization of a homogeneous convex quadratic function over
the feasible set Sn = {−1, +1}n [21]. Unfortunately, the ILS problem (1.1) involves
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the minimization (rather than maximization) of a convex quadratic function over Sn.
This renders the existing worst-case semidefinite relaxation bounds in the optimiza-
tion literature inapplicable. In fact, one can construct instances to show that the
worst-case approximation quality of the SDR algorithm can be arbitrarily bad for the
problem (1.1). Will this imply a poor performance of the SDR algorithm for a typical
practical application, e.g. maximum likelihood detection? The answer is no since, in
digital communication, the performance of a detection algorithm is always averaged
over all possible realizations of channel matrix H and noise v. While the average per-
formance is a standard, well-defined benchmark to compare detection algorithms, the
worst-case performance is meaningless since it is always bad regardless of detectors.
In this paper, we show that, for a general class of random channels (1.2), the SDR
algorithm does allow a constant average approximation ratio:

‖y−√ρ Hssdr‖2
‖y−√ρ Hsils‖2 ≤ c(ρ, γ), (1.4)

where ssdr is the output of the SDR algorithm and

c(ρ, γ) = 1 +O(ρ1−α), where α =
{

α = 1/3, γ = 1,
α = 1/2, γ > 1.

It is usually difficult to evaluate performance of an algorithm for a random prob-
lem when size n,m and ρ are finite and fixed. What is more tractable is to examine
the algorithm’s asymptotic behavior when either n, m or ρ, or both tend to infinity.
There are two complementary approaches to the asymptotic performance analysis.
The first is to fix n,m and let ρ → ∞. The second approach is to fix the ρ and
let n, m → ∞. The second case is preferable since we can compare the computa-
tional complexity of various algorithms, as well as their asymptotic performance for
large systems. This type of large-system analysis provides a natural way to study the
complexity/performance tradeoff for an algorithm.

The existing large-system analysis of ILS solvers applied to channel detection was
based on two analytic tools: random matrix theory [26, 28] and the replica method
from statistical mechanics [7, 25]. In this paper we use the Marcenko-Pastur theo-
rem from random matrix theory to analyze the asymptotic performance of the SDR
algorithm. The result of Marcenko-Pastur characterizes the limit of the empirical
eigenvalue distribution of the random matrix H†H when n,m both tend to infinity
while m/n → γ for some constant γ. It provides a key to establish the constant factor
optimality of the SDR algorithm. Although our performance analysis is asymptotic,
the exponentially fast convergence of the empirical eigenvalue distribution makes our
results a useful analytical benchmark even for systems of practical size.

For the constant modulus feasible set of the form {exp(jφ)}, we will also consider
an alternative algorithm based on a non-convex low-rank semidefinite relaxation [1],
called the PSK algorithm [14] hereafter. This algorithm is implemented with the co-
ordinate descent strategy on the homotopy of the feasible region of (1.1). When initial-
ized with H†H, the remaining worst-case complexity is polynomial, O (

(max{n,m})2).
Since the PSK algorithm uses a tighter relaxation than the SDR algorithm, it demon-
strates superior empirical performance. However, the resulting tighter relaxation is
not convex. In contrast to the SDR algorithm, theoretical results for this non-convex
relaxation are scarce. In this paper we show that each local minimum of the low-rank
semidefinite relaxation that is feasible for the ILS problem is within a factor of 2 of
the minimum relative objective value, and for the binary case even yields an exact
ILS solution.
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2. Polynomial-time quasi-ILS solvers.

2.1. A convex semidefinite relaxation (SDR algorithm). Denote Sn+1
M ,

{exp(jφ) | φi ∈ {2πk/M, k = 0, . . . ,M −1}, i = 1, . . . , n+1}. For a general set Sn+1
M ,

the ILS problem (1.1) allows an equivalent reformulation [17]:

fils , min Trace(QX)
s.t. X = xx†, x ∈ Sn+1

M ,
(2.1)

where matrix Q and vector x are defined as follows

Q =
[

ρ H†H −√ρ H†y
−√ρ y†H ‖y‖2

]
, x =

[
s
1

]
. (2.2)

Notice that any feasible matrix X in (2.1) is positive semidefinite with all diagonal
entries equal to 1. Let us use diag(X) to signify the vector with entries equal to the
diagonal entries of matrix X, use the notation e to represent the all-one vector and
X º 0 to denote a Hermitian positive semidefinite matrix X. The algorithm [17] re-
laxes the two constraints of (2.1) to {diag(X) = e,X º 0}. This leads to the following
semidefinite relaxation:

fsdp(X) , min Trace(QX)
s.t. diag(X) = e, X º 0.

(2.3)

Let Xopt be an optimal solution of (2.3). Various (often randomized) rounding pro-
cedures can be used to generate an estimate of the optimal solution sils, see [16, 17].
In this work we analyze the following simple rounding procedure for the binary case,
although a more general procedure for a general Sn+1

M set is possible [16]:
• Given Xopt, define Z ∈ Cn×n and z ∈ Cn such that

Xopt =
[

Z z
z† 1

]
. (2.4)

• Define a Bernoulli distribution for the i-th entry of x (denoted by xi), i =
1, . . . , n:

P{xi = +1} = (1 + Re{zi})/2,
P{xi = −1} = (1− Re{zi})/2,

(2.5)

where zi is the i-th entry of z and Re{·} denotes the real part of a complex
number.

• Generate a fixed number D of i.i.d. vector samples xd, xd ∈ {−1, +1}n+1, d =
1, . . . , D, according to (2.5) and last bit set to xn+1 = 1.

• Pick ssdr , arg mind x†dQxd and set the best achieved objective value:

fsdr , s†sdrQssdr. (2.6)

• Output the objective value fsdr and the estimate ssdr (discarding its last bit).

2.2. A non-convex semidefinite relaxation (PSK algorithm). Let us con-
sider a tighter (non-convex) semidefinite relaxation of the ILS problem (2.1). This
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relaxation can deliver superior empirical performance in some cases, although a thor-
ough theoretical analysis is substantially more difficult [14]. Notice that the con-
straint x ∈ Sn+1

M implies that each entry xi, i = 1, . . . , n + 1, can be represented as
xi = exp(jφi), where φi ∈ {2πk/M | k = 1, . . . ,M}. By allowing arbitrary phases, we
can relax the constraint x ∈ Sn+1

M to {|xi| = 1, i = 1, 2, ..., n + 1}. Define X , xx†.
Then, the relaxed feasible set can be written as {diag(X) = e, rank(X) = 1,X º 0}.
Thus, we obtain the following non-convex relaxation of (2.1):

min Trace(QX)
s.t. diag(X) = e, X º 0,

rank(X) = 1.
(2.7)

When X is real the problem (2.7) is equivalent to the ILS problem (2.1). For the
complex case, let xR and xI represent the real and imaginary parts of vector x. For
a real symmetric matrix Q the objective function in (2.7) is:

Trace(Qxx†) = Trace
(
Q(xRx†R + xIx

†
I)

)
= Trace

(
QX̄

)
,

where X̄ , xRx†R + xIx
†
I º 0. Therefore, the complex rank-1 constraint X = xx† is

equivalent to the real-valued constraints
{
rank(X̄) ≤ 2, X̄ º 0

}
. Thus, the relaxation

of the ILS problem (1.1) with real matrix Q is given by:

min Trace
(
QX̄

)
s.t. diag(X̄) = e, X̄ º 0,

rank(X̄) ≤ 2.
(2.8)

The above relaxation was first considered in [1] as a low-rank semidefinite relaxation
of a Boolean quadratic maximization problem in the context of combinatorial opti-
mization. For applications in digital communications, we shall be interested in this
relaxation for general x ∈ Sn+1

M set with complex or real Q. For a complex ma-
trix Q we can double the problem dimension and obtain a low-rank relaxation similar
to (2.8).

In this work we use a different formulation when Q is complex. In particular,
define the following set:

Un+1 , { x | |xi| = 1,∀ i = 1, . . . , n + 1}.

The feasible set in (2.7) is equivalent to the set given by:
{
X = xx†,x ∈ Un+1

}
,

hence, we can write (2.7) in the form

min
x∈Un+1

x†Qx. (2.9)

The optimal x can be determined up to a common phase rotation of all entries of x.
We can remove this phase ambiguity by the condition xn+1 = 1.

The subsequent sections will be devoted to the theoretical performance analysis
of the algorithms based on relaxations (2.3) and (2.9).

3. Performance analysis of the SDR algorithm. In this section we present
the analysis of the probabilistic approximation ratio of objective values for the SDR
algorithm and the exact ILS solver in a large-system limit with both fixed ρ and
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ρ →∞. To facilitate the analysis, we specify model (1.2) with variables s ∈ {−1, +1}n

and assume the entries of H and v are i.i.d. with the following normalization

E{sk} = 0, E{|sk|2} = 1, ∀ k,

E{Hik} = 0, E{|Hik|2} = 1/n, ∀ i, k, (3.1)

E{vi} = 0, E{|vi|2} = 1, ∀ i.

3.1. Approximation ratio. Let fsdr (fils) denote the objective value of the
SDR algorithm (optimal objective value of the ILS problem), c.f. (2.1) and (2.6):

fsdr , ‖y−√ρ Hssdr‖2,
fils , ‖y−√ρ Hsils‖2, (3.2)

where ssdr and sils are the outputs of the SDR algorithm and the exact ILS solver
respectively. The approximation ratio of the SDR algorithm fsdr/fils is always lower
bounded: 1 ≤ fsdr/fils. In the worst case, as n,m →∞ such that m/n → γ (γ ≥ 1),
the approximation ratio fsdr/fils can grow unbounded. However, we will show that
this ratio is bounded in probability, i.e. fsdr/fils ≤ c(ρ, γ) for some constant c(ρ, γ).

The approximation ratio fsdr/fils depends on the quality of the semidefinite relax-
ation (2.3) and the quality of the subsequent randomized rounding procedure. First,
in Lemmas 3.1 and 3.2 we will analyze the unrounded estimate z in (2.4) produced
by the semidefinite relaxation (2.3). Then, we will analyze the randomized rounding
procedure which generates ssdr from z. Combining the results we can obtain the
desired bound on the approximation ratio (Theorem 3.3).

Due to symmetry, we assume without loss of generality that the vector s = e is
the solution of the ILS problem (1.1). The quality of the relaxation (2.3) is measured
in terms of the distance to the optimal solution: ∆z , e − z. When ∆z = 0, the
randomized rounding procedure generates the correct estimate of the solution so that
ssdr = s with probability 1. Whenever ∆z 6= 0 the randomized rounding procedure
rounds the estimate z to ssdr ∈ {−1,+1}n according to the distribution (2.5). Let
‖∆z‖1 ,

∑
i |∆zi|. We define the limiting average distance to the optimal solution as

`(ρ, γ) , lim
n,m→∞
m/n→γ

‖∆z‖1
n

. (3.3)

We are interested in the rate at which the limiting average distance `(ρ, γ) vanishes
with increasing ρ. In general, as n,m → ∞, it is possible to select a deterministic
sequence of parameter realizations {H,v} such that `(ρ, γ) 9 0 as ρ → ∞. We will
prove that for random choices of {H,v} such event happens with probability 0.

The probabilistic analysis of ‖∆z‖1 in the limit n, m →∞ is enabled by random
matrix theory which offers a collection of useful results on the asymptotic behavior
of a large random matrix. Consider the random matrix H†TH, where H and T are
statistically independent, H is normalized as in (3.1) and T is a diagonal matrix. The
empirical eigenvalue distribution function for this random matrix is defined as

FH†TH(x) , 1
n

n∑

i=1

1{λi(H†TH) ≤ x}, (3.4)

where λi are the eigenvalues and 1{·} is the indicator function. This distribution
is useful for evaluating a random quadratic form u†H†THu, where u is a random
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vector, independent of H and T. As n,m → ∞ such that γ , limn,m→∞m/n, this
empirical eigenvalue distribution (3.4) converges almost surely [24] to a non-random
limit. In particular, when T = I, this distribution allows a closed-form analytical
density function called Marcenko-Pastur density [18]:

gγ(λ) = (1− γ)+ δ(λ) +

√
(λ− a)+(b− λ)+

2πλ
,

where (x)+ , max(0, x), a , (1−√γ)2 and b , (1 +
√

γ)2.
Random matrix theory enables us to analyze the behavior of the randomly gen-

erated SDP (2.3) when its size goes to infinity. To estimate `(ρ, γ) we use a strategy
similar to [8]. Specifically, we consider the following optimization problem (c.f. (2.3))
for some positive constants α and β to be specified later:

f0(ρ, α, β) , min Trace(L0X)
s.t. diag(X) = e, X º 0,

Trace(R0X) ≥ βn

ρα
,

(3.5)

where

L0 ,
[

H†H −H†He
−e†H†H e†H†He

]
, R0 ,

[
I −e

−e† n

]
. (3.6)

The objective function in this problem is an equivalent of the objective function
in (2.3) with v = 0, scaled by 1/ρ. Lemma 3.1 will provide a lower bound on the
optimal objective value of (3.5) and Lemma 3.2 will use it to claim the desired bound
on ‖∆z‖1.

Lemma 3.1. Suppose α and β in (3.5) are given by

α =
{

1/3, if γ = 1
1/2, if γ > 1 β =

{
4 3
√

4, if γ = 1
4
√

γ/
√

γ−1, if γ > 1
(3.7)

Then, for any γ ≥ 1 and for any ρ > 0, the optimal objective value of the problem (3.5)
grows linearly with probability 1:

P





4γ

ρ
= lim

m,n→∞
m/n→γ

4‖v‖2
nρ

< lim
m,n→∞
m/n→γ

f0(ρ, α, β)
n



 = 1. (3.8)

The proof of Lemma 3.1 is based on two technical tools: duality theory and ran-
dom matrix theory. In particular, the lower bound on the primal objective f0(ρ, α, β)
is derived using Lagrangian duality:

fd ≤ f0(ρ, α, β), (3.9)

where fd is the dual objective function evaluated at any dual feasible point. With a
fixed ρ, we consider the class of randomly generated semidefinite programs (3.5) with
increasing size (n, m →∞). It turns out we can construct a sequence of deterministic
dual feasible points for these random SDPs, using only 3 scalar parameters. We
use random matrix theory to compute the asymptotic dual objective value achieved
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by this sequence of dual feasible points. The asymptotic lower bound on f0(ρ, α, β)
follows from (3.9). The details of the proof are provided in the appendix.

In Lemma 3.2 we relate the optimal solution Xopt of (2.3) with the lower bound
derived in Lemma 3.1:

Trace(L0Xopt) ≤ 4‖v‖2/ρ < f0(ρ, α, β).

This inequality implies that the optimal solution Xopt of (2.3) can not be feasible for
problem (3.5). Since Xopt satisfies the first two constraints in (3.5) it should violate
the last constraint Trace(R0Xopt) ≥ βnρ−α. Notice that for Xopt we have

Trace(R0Xopt) = 2
n∑

i=1

(1− zi) = 2 ‖∆z‖1, |zi| ≤ 1. (3.10)

This leads us to the desired bound ‖∆z‖1 ≤ βnρ−α/2. The details of the proof of
Lemma 3.2 are relegated to the appendix.

Lemma 3.2. Consider a general class of linear models specified by (1.2) and (3.1).
Suppose vector s = e is the optimal solution, let z be specified in (2.4), and let α and
β be defined in (3.7). Then, for any γ ≥ 1 and for any ρ > 0, z satisfies

P

{
`(ρ, γ)≤ β

2ρα

}
=P



 lim

m,n→∞
m/n→γ

‖e− z‖1
n

≤ β

2ρα



=1, (3.11)

where `(ρ, γ) is defined by (3.3).

Lemma 3.2 provides an estimate of the quality of SDP relaxation (2.3) in terms
of the distance ‖∆z‖1. Recall that for the binary feasible set, the Bernoulli distribu-
tion (2.5) ensures that zi is equal to the expected value of the i-th bit. Thus, we can
view the result of Lemma 3.2 as a bound on the average deviation |∆zi| = |1− zi| of
the mean zi from the optimal solution si = 1.

To complete the analysis of the approximation ratio of the SDR algorithm we
need to complement the bound (3.11) with an analysis of the randomized rounding
procedure. At the core of this analysis is the following chain of inequalities which
hold in probability for some constant c(ρ, γ) when n,m →∞ such that m/n → γ:

fsdr

m
≤ ED{fsdr}

m
≤ fsdp

m
+

(1+
√

γ)2β
γρα−1

≤ c(ρ, γ)
fils

m
,

where ED{·} is expectation with respect to the randomized rounding procedure, fsdp

is defined in (2.3), and fsdr, fils are given in (3.2). The first inequality holds for
sufficiently large D. For the second inequality, we evaluate the expectation ED{fsdr}
and show that it can be expressed in terms of fsdp, λmax(H†H), and ‖∆z‖1. The
bound in (3.11) and almost sure convergence of λmax(H†H) to (1 +

√
γ)2 [24] allow

us to claim the second inequality. The third inequality follows from the relaxation
property fsdp ≤ fils and the lower bound [8]:

lim
m,n→∞
m/n→γ

P

{
1
2
≤ fils

m

}
= 1. (3.12)

The result is summarized in the following theorem whose proof can be found in the
appendix.
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Theorem 3.3. Consider the general class of linear models specified by (1.2)
and (3.1). For any positive constants r, κ and γ ≥ 1, the SDR algorithm provides a
constant factor c(ρ, γ) approximation for the ILS problem in probability:

lim
m,n,D→∞

m/n→γ,D=rn1+κ

P

{
fsdr

fils
≤ c(ρ, γ)

}
= 1,

where

c(ρ, γ) = 1 +
2(1 +

√
γ)2β

γρα−1
, (3.13)

and α, β are given in (3.7).
To help appreciate the bound (3.13), let us consider a naive random algorithm

that simply generates a random vector srnd ∈ Sn (independent of H, v) as an estimate
of the solution. This algorithm achieves an objective value of frnd , ‖y−√ρHsrnd‖2.
Let m,n →∞ such that m/n → γ for some γ (γ ≥ 1). It is straightforward to derive

lim
m,n→∞
m/n→γ

frnd

m
= (2ρ + 1).

Using the lower bound (3.12), we conclude that such a random algorithm provides
the approximation ratio c(ρ, γ) = 4ρ + 2 in probability. This bound is worse than the
SDP bound (3.13).

Theorem 3.3 implies that the approximation ratio of the SDR algorithm remains
bounded for large problem sizes.

3.2. Large-ρ region for a large size ILS problem. So far we have fixed ρ
and studied the asymptotic performance of the SDR algorithm as n, m →∞. In our
next result, we evaluate the performance of the SDR algorithm by letting ρ grow with
problem size. Define the following random variable:

A(n,m, ρ) , ‖H†v‖2√
ρ λmin(H†H)

. (3.14)

It is shown in [8,9] that the semidefinite relaxation (2.3) is tight (rank-1 solution ma-
trix) when A(n, m, ρ) < 1, and in that case the ILS problem is solvable in polynomial
time. The result below states the rate at which ρ needs to grow with n,m → ∞
to ensure that the sufficient condition A(n, m, ρ) < 1 holds with probability 1. The
proof uses the limiting distribution of the minimum eigenvalue of a random matrix
and is relegated to the appendix.

Theorem 3.4. Consider the linear model (1.2) and (3.1) specified with real or
complex Rayleigh H, i.e. Hik ∼ N (0, 1/n), or Hik ∼ CN (0, 1/n). Let

ρ =
{

Ω(m), when γ > 1,
Ω(m5mε), ∀ ε > 0, when γ = 1.

Then, the semidefinite program (2.3) has a rank-1 solution:

P



 lim

m,n→∞
m/n→γ≥1

A(n,m, ρ) < 1



 = 1. (3.15)
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4. Performance analysis of the PSK algorithm. In this section, we present
a theoretical analysis of the algorithm based on the low-rank semidefinite relax-
ation (2.9).

The relaxed problem (2.9) has a non-convex feasible set and is NP-hard [15].
In what follows, we analyze the structure of local minimizers for the relaxed prob-
lem (2.9). Problem (2.9) in the homogeneous form is given by

ẑ = arg min
x∈Un+1

Trace(Qxx†)

where x,Q are defined in (2.2). Note that a vector x(φ) in Un+1 can be parameterized
by an angular vector φ = (φ1, . . . , φn+1)† ∈ Rn+1, i.e., xi = ej φi ,∀ i. Thus, we have

(
x(φ)x(φ)†

)
ik

= ejφi(ejφk)∗ = ej(φi−φk)

Hence, the original minimization problem (2.9) is equivalent to the minimization of

f(φ) , Trace
(
Q x(φ)x(φ)†

)
, ∀φ ∈ Rn+1. (4.1)

Let fmax = maxφ f(φ) and fmin = minφ f(φ) denote the global maximum and min-
imum values of the objective function (4.1). A vector φ̂ is called a δ-minimizer, δ ∈
[0, 1], if

f(φ̂)− fmin

fmax − fmin
≤ δ.

When the above inequality holds, the function value f(φ̂) is called a δ-minimum.

Theorem 4.1. Every local minimizer φ̂ of (4.1) is a 1
2 -minimizer and f(φ̂) is

a 1
2 -minimum of (4.1). If in addition x(φ̂) is feasible for (2.1), then x(φ̂) is a 1

2 -
maximizer for the ILS problem.

To prove Theorem 4.1 we need the following lemma:

Lemma 4.2. For any complex vectors z1, z2, a Hermitian matrix W and u ∈
Un+1, we have:

(z2 ◦ z1)†W(z2 ◦ z1) = z†2(W ◦ (z1z
†
1)
∗)z2 (4.2)

and

z†1Wz1 = u†Diag
([

W ◦ (z1z
†
1)
∗
]
e
)
u = u†Diag

([
W∗ ◦ (z1z

†
1)

]
e
)
u (4.3)

The proof of this lemma is provided in the appendix.

Proof of Theorem 4.1: The Hessian matrix of (4.1) can be expressed in the form:

∇2f(φ) = Q ◦ (xx†)∗ + Q∗ ◦ (xx†)−Diag
([

Q ◦ (xx†)∗ + Q∗ ◦ (xx†)
]
e
)
. (4.4)

At a local minimum x̂ = x(φ̂), the Hessian matrix must be positive semidefinite, so
for any vector u ∈ Un+1 we have:

u†
(
Q ◦ (x̂x̂†)∗ + Q∗ ◦ (x̂x̂†)

)
u

− u†
(
Diag

([
Q ◦ (x̂x̂†)∗ + Q∗ ◦ (x̂x̂†)

]
e
))

u ≥ 0.
(4.5)
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The first term of (4.5) can be written according to (4.2) as

u†
(
Q ◦ (x̂x̂†)∗ + Q∗ ◦ (x̂x̂†)

)
u = (x̂ ◦ u)†Q(x̂ ◦ u) + (x̂ ◦ u∗)†Q(x̂ ◦ u∗).

By (4.3), the second term of (4.5) is equal to 2x̂†Qx̂. Thus, for any vector u ∈ Um+1,
we obtain

(x̂ ◦ u)†Q(x̂ ◦ u) + (x̂ ◦ u∗)†Q(x̂ ◦ u∗)− 2x̂†Qx̂ ≥ 0.

Define vectors v1 = x̂ ◦ u ∈ Un+1, and v2 = x̂ ◦ u∗ ∈ Un+1. As u runs through all
possible elements in Un+1, so does vector v1 (v2 is determined by v1 and u). Thus,
inequality (4.5) can be written as

v†1Wv1 + v†2Wv2 − 2x̂†Wx̂ ≥ 0, ∀ v1 ∈ Un+1. (4.6)

Specializing the above inequality (4.6) at the global minimum v̂1 = arg minUn+1 v†1Wv1

and correspondingly v̂2 = v̂1 ◦ x̂∗ ◦ x̂∗, we obtain

f(x(φ̂)) = x̂†Qx̂ ≤ 1
2

(
v̂†1Qv̂1 + v̂†2Qv̂2

)
≤ 1

2
(fmin + fmax) , (4.7)

which implies that the following inequality holds:

f(x(φ̂))− fmin

fmax − fmin
≤ 1

2
.

This proves the theorem. ¤

For binary feasible set and a real symmetric matrix Q, it is possible to strengthen
the claim of Theorem 4.1: any local feasible minimizer is also a global minimizer [1].
This can be easily seen since for the real case minimizer x̂ and quadratic form v̂†1Qv̂1

are real, and v̂∗1 = v̂2. Thus, we have

v̂†2Qv̂2 = (v̂∗1)
†Qv̂∗1 = (v̂∗1)

†Q∗v̂∗1 = v̂†1Qv̂1.

Therefore, inequality (4.7) in the proof of Theorem 4.1 yields

fmin ≤ f(x(φ̂)) ≤ v̂†1Qv̂1 = fmin,

which proves that φ̂ is a global minimizer.
We caution that the presented analysis does not prove 1/2-optimality of the PSK

algorithm. Our analysis is based on the assumption that the global minimizer belongs
to the feasible set of the ILS problem. It is not clear to what extent this assumption
can be relaxed. Further investigation is required to strengthen the analysis. Numerical
simulations [13] indicate that the assumption holds with high probability. Based on
this, the analysis presented in this paper provides a theoretical justification for the
PSK algorithm.

5. Discussions. The ILS problem is a difficult and yet fundamental problem for
practical applications, such as maximum-likelihood detection in digital communica-
tion. This paper presents a theoretical analysis of two efficient suboptimal approaches
to the ILS problem (1.1) based on semidefinite relaxation. For a general class of



12 M. Kisialiou and Z.-Q. Luo

random linear models, we prove that the SDR algorithm provides a constant factor
approximation ratio. For the PSK algorithm we show that every local minimizer of
the low-rank semidefinite relaxation achieves at least a half of the minimum relative
objective value, and for the binary case even yields an exact ILS solution.

The results in this paper indicate that the ILS problem can be efficiently approx-
imated in polynomial time using semidefinite relaxation. Our analysis provides useful
theoretical support for the good performance/complexity tradeoff reportedly achieved
by the semidefinite relaxation based algorithms in practical applications [16, 17, 19,
20, 22, 31]. From a technical standpoint, the theoretical techniques developed in this
work are likely to be useful in the probabilistic analysis of semidefinite relaxations for
other NP-hard optimization problems, especially when the corresponding worst-case
approximation quality is unbounded.

In a future paper [13], we will present an efficient implementation of the SDR
algorithm based on an optimized dual-scaling interior-point method for the relaxed
semidefinite program (2.3). We will also present a polynomial time implementation of
the PSK algorithm using a coordinate descent strategy on the homotopy of the feasible
region of (2.7). Parameter-sensitive improvements for both algorithm can be achieved
by a dimension reduction strategy and warm start techniques. Extensive numerical
simulations will show that both implementations can achieve near-optimal perfor-
mance at a substantially reduced complexity when compared with either a general
purpose interior point method implementation or the best available implementation
of a sphere decoding algorithm.

Appendix A. Proof of Lemma 3.1.
The proof relies on two analytical tools: duality theory in optimization and ran-

dom matrix theory [28]. The former allows us to obtain a lower bound for the primal
objective value f0(ρ, α, β) by the dual objective value at a dual feasible point, while the
latter helps to find a good dual feasible point for a random semidefinite program (3.5).

Let us review two results from random matrix theory that will be needed in the
ensuing analysis. If n,m →∞ such that n/m → γ for a random matrix H with i.i.d.,
zero-mean, variance 1/n entries, the empirical distribution of eigenvalues of H†H
converges almost surely [24] to a non-random distribution FH†H(λ) with Marcenko-
Pastur density [18]:

gγ(λ) = (1− γ)+ δ(λ) +

√
(λ− a)+(b− λ)+

2πλ
, (A.1)

where (x)+ , max(0, x), a , (1 − √
γ)2 and b , (1 +

√
γ)2. For matrices of the

form M = H†TH, where T is a random diagonal matrix independent of H, the
asymptotic empirical distribution of eigenvalues FM(λ) can be described in terms of
its Stieltjes transform [24], defined by:

SM(z) ,
∫

dFM(λ)
λ− z

. (A.2)

It is shown in [24] that the Stieltjes transform of the asymptotic empirical eigenvalue
distribution of M = H†TH is a unique solution to the following functional equation:

SM(z) =
(
−z + γ

∫
t dFT(t)

1 + t SM(z)

)−1

, (A.3)

where FT(t) is the asymptotic distribution of the diagonal entries of matrix T.
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For the primal semidefinite program (3.5) the dual problem with dual variables
µ and G can be written as:

f0(ρ, α, β) , max Trace(G) + µ
βn

ρα

s.t. L0 −G− µR0 º 0,
µ ≥ 0,
G is diagonal,

(A.4)

where we used the strong duality of semidefinite programs to claim the dual optimal
objective value is given by f0(ρ, α, β). We consider a sequence (as n →∞) of diagonal
matrices Gn+1 of dimension n+1 parameterized by two scalars τ and χ (to be chosen
later to ensure dual feasibility):

Gn+1 =
[ −τIn 0

0† χn

]
. (A.5)

The dual objective value of (A.4) at a point {Gn+1, µ} is defined as

f0(Gn+1, µ) , Trace(Gn+1) + µ
βn

ρα
= n(χ− τ) + µ

βn

ρα
(A.6)

and serves as a lower bound on f0(ρ, α, β) whenever {Gn+1, µ} is dual feasible. To
ensure dual feasibility of {Gn+1, µ}, the scalars {τ, χ} must be chosen to satisfy
L0 −Gn+1 − µR0 º 0. By the definition (3.6), we obtain

[
H†H + (τ − µ)I − (H†H− µI)e
−e†(H†H− µI) ‖He‖2 − (χ + µ)n

]
º 0.

By Schur complement, this is equivalent to the following two conditions:

{
H†H + (τ − µ)I Â 0,

τ − χ ≥ τ2 1
ne†

(
H†H + (τ − µ)I

)−1

e.
(A.7)

Since H†H is positive semidefinite, any choice of {τ, µ} such that τ > µ will satisfy the
first constraint. For a random matrix H the right hand side of the second constraint
in (A.7) is a random variable. Our goal is to select deterministic values for {τ, χ, µ}
such that the second constraint is satisfied in probability as n,m →∞. This combi-
nation of τ and χ will specify the good dual feasible matrix Gn+1 in (A.5) that will
provide the lower bound claimed in Lemma 3.1. Notice that the limit (n,m →∞) in
the right hand side of (A.7) depends only on the asymptotic eigenvalue distribution
of H†H. We can evaluate this limit using the Stieltjes transform (A.2):

lim
m,n→∞
m/n→γ

1
n
e†

(
H†H + (τ − µ)I

)−1

e =
∫ +∞

0

dFH†H(λ)
λ− (µ− τ)

= SH†H(µ− τ). (A.8)

We calculate the Stieltjes transform SH†H(µ− τ) using functional equation (A.3):

SH†H (z) =
(
−z +

γ

1 + SH†H(z)

)−1

=
γ − 1− z ±

√
(z + 1− γ)2 − 4z

2z
,
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where the second step follows from solving the first implicit equation for SH†H (z).
Substitute z = µ− τ to obtain:

SH†H (µ−τ) = −1
2
− γ−1

2(τ−µ)
± 1

2

√(
1+

γ−1
τ−µ

)2

+
4

τ−µ
.

Since integral (A.8) is non-negative and dual feasibility requires τ > µ, only the plus
sign gives a valid expression in the integral above. Substituting the limit into (A.7)
we conclude that there ∃{n0, m0} > 0 such that ∀n ≥ n0, ∀m ≥ m0 dual feasibility of
{Gn+1, µ} is achieved with probability 1 if we select {τ, χ, µ} such that

τ > µ ≥ 0, (A.9)

χ− τ ≤ τ2

2


1 +

γ − 1
τ − µ

−
√(

1 +
γ − 1
τ − µ

)2

+
4

τ − µ


.

For χ satisfying the above condition with equality, the asymptotic dual objective
value (A.6) grows linearly:

lim
m,n→∞
m/n→γ

f0(ρ, α, β)
n

≥ lim
m,n→∞
m/n→γ

f0(Gn+1, µ)
n

= χ− τ +
µβ

ρα
=

µβ

ρα
+

τ2

2

(
1 + ζ −

√
(1 + ζ)2 +

4
τ − µ

)
,

where ζ , γ−1
τ−µ . Now we specify the lower bound with constants (3.7). When γ = 1,

we select {α, β, τ, µ} such that

β = 4 3
√

4, α =
2
3
, τ =

1
16

β2

ρα
, µ =

3
64

β2

ρα
+ ε, ∀ε > 0.

When γ > 1, we select {α, β, τ, µ} such that

β =
4
√

γ√
γ − 1

, α =
1
2
, τ =

β(γ − 1)
2ρα

, µ = τ + ε, ∀ε > 0.

For both cases τ > µ satisfies (A.9), and for any fixed ρ the lower bound on the
objective value is

lim
m,n→∞
m/n→γ

f0(ρ, α, β)
n

≥ 4γ

ρ
+ ε, ∀ε > 0.

At the same time, by the strong law of large numbers

P



 lim

m,n→∞
m/n→γ

4‖v‖2
nρ

=
4γ

ρ



 = 1.

This establishes the desired lower bound with probability 1:

P



 lim

m,n→∞
m/n→γ

4‖v‖2
nρ

< lim
m,n→∞
m/n→γ

f0(ρ, α, β)
n



 = 1.
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¤
Appendix B. Proof of Lemma 3.2.
The proof follows in part the steps in the proof of Lemma 8.2 in [8]. For large n,m,

we consider a randomly generated problem (2.3) whose optimal solution is represented
in the block form (2.4):

Xopt =
[

Z z
z† 1

]
.

We will prove (3.11) by contradiction. In particular, if the desired lower bound (3.11)
does not hold, then Xopt must belong to the feasible set of (3.5) with a non-zero proba-
bility. In light of Lemma 3.1, this in turn would imply that the limit of Trace(L0Xopt)
is strictly greater than the limit of 4‖v‖2/(nρ) with a non-zero probability, which is
a contradiction.

First we notice that for R0 defined in (3.6), there holds

Trace(R0Xopt) = Trace
([

I −e
−e† n

] [
Z z
z† 1

])
= 2

n∑

i=1

(1− zi) = 2‖∆z‖1

since diag(Z) = e and ∆zi = 1− zi ≥ 0, i = 1, . . . , n.
Suppose that the claim in Lemma 3.2 is not true, i.e. under the assumptions of

the lemma we have

P



 lim

m,n→∞
m/n→γ

‖∆z‖1
n

>
β

2ρα



 > 0, (B.1)

where α and β are defined in (3.7). That is, ∃n0 such that ∀n ≥ n0 we have
P{‖∆z‖1/n > β/(2ρα)} > 0. Therefore, according to (B.1) the probability that
matrix Xopt is feasible for (3.5) is not 0:

P



 lim

m,n→∞
m/n→γ

Trace(R0Xopt)
n

>
β

ρα



 > 0.

Thus, from Lemma 3.1 we conclude that

P



 lim

m,n→∞
m/n→γ

Trace(L0Xopt)
n

>
4‖v‖2

nρ



 > 0. (B.2)

We will prove that for Xopt this probability should be 0, thus leading to a contradic-
tion. The dual optimization problem for (2.3) can be written as

fsdp , max Trace(G)
s.t. Q−G º 0,

G is diagonal,

where G is a dual variable. Matrix Q − Gopt has at least 1 non-zero eigenvalue
with probability 11. Thus, for the optimal {Xopt,Gopt} the complementary slackness

1In fact, the matrix Q−Gopt will have non-zero off-diagonal entries with probability 1.
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condition (Q−Gopt)Xopt = 0 implies that Xopt is rank deficient. Hence, Xopt allows
the following factorization:

Xopt =
[

W†

u†

]
[W u] =

[
W†W W†u
u†W u†u

]
.

Let us express the optimal objective value of (2.3) in terms of W and u:

Trace(QXopt) = ‖√ρ HW† − yu‖2F = ‖√ρ H(W† − eu†)− vu‖2F ,

where ‖ · ‖F is the Frobenius norm. Since Xn+1,n+1 = 1, we have ‖u‖2 = 1, and
√

Trace(QXopt) ≥ ‖√ρ H(W† − eu†)‖F − ‖v‖2. (B.3)

Notice that matrix X = ee† is feasible for (2.3), therefore we have

Trace(QXopt) ≤ Trace(Qee†) = ‖v‖22.
This bound combined with the bound in (B.3) leads to

‖√ρ H(W† − eu†)‖2F ≤ 4‖v‖22.
On the other hand, the Frobenius norm in the expression above is related to the
objective function of (3.5):

‖√ρ H(W†−eu†)‖2F = ρTrace
(
(W†−eu†)†H†H(W†−eu†)

)

= ρTrace
(
MH†HM†Xopt

)
,

where M , [I − e†]. Notice that L0 = MH†HM†, thus

‖√ρ H(W† − eu†)‖2F
nρ

=
Trace (L0Xopt)

n
≤ 4‖v‖22

nρ
.

Taking the limit n,m → ∞,m/n → γ, we obtain a contradiction with (B.2). Thus,
the assumption (B.1) is incorrect and the statement of the lemma follows. ¤

Appendix C. Proof of Theorem 3.3.
In what follows, P{·} and E{·} will denote probability and expectation evalu-

ated with respect to random H, v, s as well as random sampling in the randomized
rounding procedure. Define PD{·} (ED{·}) as probability (expectation) with respect
to the distribution of random samples x̄d in the randomized rounding procedure given
a fixed realization of H,v, and s.

We will show that the following chain of inequalities holds in probability with
respect to the distribution of H,v, and s, as m, n,D → ∞ such that m/n → γ
and D = a n1+κ with arbitrary positive constants a, κ > 0:

fsdr

m
≤ ED{x†dQxd}

m
≤ fsdp

m
+

(1 +
√

γ)2β
γρα−1

≤ c(ρ, γ)
fils

m
, (C.1)

where α and β are specified in (3.7), and

c(ρ, γ) = 1 +
2(1 +

√
γ)2β

γρα−1
(C.2)
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1) The randomized rounding procedure selects sample xd that corresponds to the
minimum objective value, that is

fsdr = min
1≤d≤D

x†dQxd.

Define Mn , ED{x†dQxd}. Since vector samples xd, d = 1, . . . , D, are independent,
for any function `(n) we have:

PD{fsdr≥`(n)Mn} = PD{x†dQxd≥`(n)Mn, d = 1, . . . , D}
=

(
PD

{
x†1Qx1 ≥ `(n)Mn

})D

≤
(

Mn

`(n)Mn

)D

=
(
`(n)

)−D
,

where we used Markov’s inequality. Since the above inequality holds for all realizations
of H, v, and s, we obtain

P{fsdr ≥ `(n)Mn} ≤
(
`(n)

)−D
.

Select function `(n):

`(n) ,
(

1− 1
nκ/2

)−1

→ 1, as n →∞.

For D = r n1+κ and `(n) as selected above, the following series is convergent:

∞∑
n=1

(
`(n)

)−D =
∞∑

n=1

(
1− 1

nκ/2

)rn1+κ

< ∞.

Therefore, we can apply Borel-Cantelli lemma to obtain

P





lim sup
m,n,D→∞

m/n→γ,D=rn1+κ

{fsdr

m
≤ `(n)

ED{x†dQxd}
m

}




= 1

which further implies

P





lim
m,n,D→∞

m/n→γ, D=rn1+κ

fsdr

m
≤ lim

m,n,D→∞
m/n→γ, D=rn1+κ

ED{x†dQxd}
m





= 1.

2) The second inequality in (C.1) is based on a bound on the performance of the
randomized rounding procedure:

ED{x†dQxd} = ED





n+1∑

i,j=1,i6=j

Qi,jxixj +
n+1∑

i=1

Qi,ix
2
i





=
n+1∑

i,j=1,i6=j

Qi,jED{xi}ED{xj}+
n+1∑

i=1

Qi,iED{x2
i }

=
n∑

i,j=1,i6=j

Qi,jzizj + 2
n∑

i=1

Qi,n+1zi +
n+1∑

i=1

Qi,i

=
[
z† 1

]
Q

[
z
1

]
+

n∑

i=1

Qi,i

(
1− z2

i

)
. (C.3)
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Using the Schur complement of (2.4) we have zz† ¹ Z, thus
[

z
1

] [
z† 1

]
=

[
zz† z
z† 1

]
¹

[
Z z
z† 1

]
= Xopt.

Hence, the first term in (C.3) can be bounded by

[
z† 1

]
Q

[
z
1

]
≤ Trace(QXopt) = fsdp.

Since −1 ≤ zi ≤ 1, and ∆zi , 1 − zi ≥ 0, the second term in (C.3) can be bounded
as follows:

1
m

n∑

i=1

Qi,i

(
1− z2

i

) ≤ ρλmax(H†H)
m

n∑

i=1

(
1− z2

i

)
=

ρλmax(H†H)
m

n∑

i=1

(1− zi)(1 + zi)

≤ 2ρλmax(H†H)
γ

‖∆z‖1
n

.

As n,m → ∞, m/n → γ, the largest eigenvalue of H†H converges almost surely to
(1 +

√
γ)2, [3, 24]. Lemma 3.2 allows us to bound ‖∆z‖1. Therefore,

P



 lim

m,n→∞
m/n→γ

ED{x†dQxd}
m

≤ lim
m,n→∞
m/n→γ

fsdp

m
+

(1+
√

γ)2β
γρα−1



= 1.

3) Since the semidefinite program (2.3) is a relaxation of (2.1), we have fsdp ≤ fils.
The third inequality in (C.1) follows from a lower bound on fils in probability [8]:

lim
m,n→∞
m/n→γ

P

{
1
2
≤ fils

m

}
= 1.

The convergence with probability 1 of previous inequalities implies convergence in
probability, thus

lim
m,n,D→∞

m/n→γ, D=rn1+κ

P

{
fsdr

m
≤

(
1+

2(1 +
√

γ)2β
γρα−1

)
fils

m

}
= 1.

This proves the approximation ratio claimed in Theorem 3.3. ¤
Appendix D. Proof of Theorem 3.4.
Let H be an m× n matrix and v be an m× 1 vector independent of H, both are

real or complex, random, such that E{vi} = 0, E{|vi|2} = 1, and Hik ∼ N (0, 1/n)
or Hik ∼ CN (0, 1/n). Define a random variable A(n,m, ρ), parameterized by m,n,
and ρ, as

A(n,m, ρ) , ‖H†v‖2√
ρ λmin(H†H)

.

The semidefinite relaxation is tight [9] when A(n,m, ρ) < 1:

P {A(n,m, ρ) < 1} = P

{
1
mv†HH†v

λ2
min(H†H)

<
ρ

m

}
. (D.1)
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Consider the enumerator in the above inequality, 1
m v†HH†v, as n,m → ∞. The

empirical distribution of eigenvalues of HH† converges almost surely to a deterministic
distribution with density fγ(λ), c.f. (A.1):

fγ(λ) ,
(

1− 1
γ

)+

δ(λ) +

√
(λ− a)+(b− λ)+

2πλγ
.

For independent H and v we can use this density to evaluate the limit

lim
m,n→∞
m/n→γ

1
m

v†HH†v =
∫ +∞

0

λ fγ(λ)δλ = 1.

Thus, for any γ > 0 we have

P



 lim

m,n→∞
m/n→γ

1
m

v†HH†v = 1



 = 1.

This almost sure convergence holds for both square, γ = 1, and rectangular, γ >
1, matrices H, while the behavior of the minimum eigenvalue in (D.1) has to be
considered separately.

For Wishart matrices H†H with m/n → γ > 1 the minimum eigenvalue of H†H
converges almost surely [3, 23] to:

P



 lim

m,n→∞
m/n→γ>1

λmin(H†H) = (
√

γ − 1 )2



 = 1.

Hence, for arbitrary small ε > 0 and ρ = ρ(m) such that

ρ(m) =
1 + ε

(
√

γ − 1 )4
m = Ω(m),

it follows from (D.1) that event {A(n, m, ρ) < 1} holds almost surely as n, m → ∞
such that m/n → γ > 1:

1 ≥ P



 lim

m,n→∞
m/n→γ>1

A(n, m, ρ) < 1



 ≥ P {ε1 > 0} = 1.

For Wishart matrices H†H with m/n → γ = 1, we have the following almost sure
convergence [3] for any ε > 0:

P



 lim

m,n→∞
m/n→γ=1

1
m2+ε/2λmin(H†H)

= 0



 = 1.

Consider ρ that grows with m as ρ(m) = m5mε, for some small ε > 0. Taking limit
in (D.1) as n,m →∞ such that m/n → γ = 1, we obtain

1 ≥ P



 lim

m,n→∞
m/n→1

A(n, m, ρ) < 1



 = P



 lim

m,n→∞
m/n→1

‖H†v‖22
λ2

min(H†H)
< ρ





≥ P



 lim

m,n→∞
m/n→1

1
m v†HH†v

m4+ελ2
min(H†H)

<
ρ

m5mε



 = P {0 < 1} = 1.
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Hence, the choice of ρ(m) = Ω(m5mε) with arbitrary small ε > 0 ensures that
event {A(n,m, ρ) < 1} holds almost surely as n,m →∞ such that m/n → γ = 1 . ¤

Appendix E. Proof of Lemma 4.2.
Equation (4.2) follows immediately if we write both left and right hand sides in

the scalar componentwise form. The left hand side of (4.2) is given by:

(z2 ◦ z1)†W(z2 ◦ z1) =
∑

i,k

(z∗1 ◦ z∗2)iWi,k(z1 ◦ z2)k =
∑

i,k

z∗1iz
∗
2iWi,kz1kz2k.

Writing the right hand side in the scalar form, we have:

z†2
(
W ◦ (z1z

†
1)
∗
)
z2 =

∑

i,k

z∗2i

(
W ◦ (z1z

†
1)
∗
)

ik
z2k =

∑

i,k

z∗2iWi,kz∗1iz1kz2k.

The sums in (E.1) and in (E.1) are the same, which proves (4.2). To prove equa-
tion (4.3) we use the constraint on the entries of u ∈ Un+1:

u†Diag
([

W ◦ (z1z
†
1)
∗
]
e
)
u =

∑

i

|ui|2
([

W ◦ (z1z
†
1)
∗
]
e
)

i

=
∑

i

([
W ◦ (z1z

†
1)
∗
]
e
)

i
= e†

(
W ◦ (z1z

†
1)
∗
)
e (E.1)

= z†1Wz1,

where we applied (4.2) in the last step. Notice that (E.1) is a real number for a
Hermitian matrix W. Applying complex conjugation to (E.1) we obtain the second
equality in (4.3):

u†Diag
([

W ◦ (z1z
†
1)
∗
]
e
)
u = e†

(
W ◦ (z1z

†
1)
∗
)
e = e†

(
W∗ ◦ (z1z

†
1)

)
e

= u†Diag
([

W∗ ◦ (z1z
†
1)

]
e
)
u.

¤
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