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Abstract—In this paper we develop two quasi-Maximum Like-
lihood channel detectors for multiuser detection: SDR detector
and PSK detector. These detectors can deliver near-ML BER  — =
performance with a polynomial worst-case complexity. The SDR 0
detector for BPSK constellation is based on a convex semidefinite
relaxation, whereas the PSK detector forA/-PSK constellations
is based on a non-convex low-rank semidefinite relaxation. The 107}
SDR detector is implemented using a dual-scaling interior-
point method, while the PSK detector is based on a coordinate

BER

descent strategy on a feasible region homotopy. We use dynamic 100k ,
dimension reduction and warm start techniques to achieve SNR- VT

sensitive improvements for both detectors. Numerical simulations & Sop Detector

of BER performance and running time indicate the effectiveness o], | 2 Matched Fie |
of the two quasi-ML detectors when compared to the conventional Nuling and Canceling

sphere decoder and its variants.

Index Terms—Dimension reduction, duality, maximum- 10° i i w \ i \ i
likelihood detection, MIMO systems, semidefinite relaxation.
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|. INTRODUCTION ig performance of various detectaris= m 0, BPS

ONSIDER a vector communication channel withrans-

mit andm receive antennas: constellations are popular because they allow a simple signal
amplifier design and can be used in differential modulation
= Hs + v 1
y=vpHstv, @) schemes.

where p denotes the Signal-to-Noise Ratio (SNR) at each The maximume-likelihood (ML) detection is known to de-
receiver;s = (s1,...,s,)" € C™ is a vector of transmitted liver optimal block error rate performance. For Gaussian noise,
symbols drawn from a constellation €&t, (-)* denotes matrix ML detection can be written as the following Integer Least-
transpose (Hermitian transpose for complex valué$)js Squares problem:

anm x n channel matrix with i.i.d. entriesy is a Gaussian . 9

noise vector with i.i.d. entries; angis a vector of received Swr = arg min ly = /o Hs||". 3)

signals. We consi_der model (1) with a general class of randomis problem is known to be NP-hard. For small problem size
channels, normalized so that the exhaustive search can be used to solve (3). However, for
E{sp} =0, E{|si*Y =1, Vk, large systems this approach becomes prohibitively expensive.
) The popular sphere decoding algorithm can deliver the ML-
E{Hy} =0, FE{|Hiz|*}=1/n, Vi k, 2) e S
{Ha} {l kL} /n Z‘ ) like BER performance with significantly reduced complex-
E{vi} =0,  Effuil"} =1, Vi, ity compared to the brute force ML detector. It was first
where E{-} denotes expectation. In this paper we focus dRtroduced in [7] and later studied extensively in literature;
two signal constellations, Quadrature Amplitude Modulatiof®® [6l. [8, Chapter 5], [26] and references theréiine
(QAM) and Phase Shift Keying (PSK). Both constellation§Phere decoder is a variant of tree search detectors [19] that
are common in practical applications: QAM constellations af€Stricts the exhaustive search to an ellipsoid centered at
widely used in high-rate communication systems, while PSke zero-forcing estimateszr = (1/,/p) (H'H)  H'y. In
high SNR region, this strategy allows a fast implementation
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embedded applications. implemented over a homotopy of a relaxed feasible set. A
Alternative strategies have been developed to overcomvarm start procedure and a dynamic dimension reduction

high computational complexity of the ML detector. Thes&echnique allow us to make efficient use of symbol reliabilities

detectors achieve polynomial complexi€)(n?) by relaxing to deliver highly optimized running time. The PSK detector

the integer constraint in the ML detection problem (3). Suatnjoys worst-case polynomial complexity (when initialized

relaxation often results in a substantial deterioration of theith H'H, the remaining complexity i¥)(n?)) and scales

BER performance, see Fig. 1 for the BER performance of tigeacefully with problem size and SNR.

LMMSE detector, matched filter, decorrelator, and nulling and We show that, in addition to popular PSK constellations, the

cancelling stategy. SDR and PSK detectors can also be applied to detect signals
In this paper we focus on the quasi-ML detectors unifyingnodulated with square QAM constellations.

the two advantages of polynomial complexity and near-optimal Monte-Carlo simulations show that for the Rayleigh fading

BER performance. A prominent detector in this category watannel with BPSK/QPSK/PSK/16-QAM constellations our

introduced [16], [24]. This detector is based on a convémplementations of the SDR and PSK detectors compare

semidefinite relaxation of the ML detection problem, followefvorably to other existing quasi-ML detectors in terms of

by a (randomized) rounding procedure. It enjoys excellehbth BER and running time. The current versions and the

BER performance, see Fig. 1. Interior-point methods caubsequent improvements for the SDR and PSK detectors

be used to implement this strategy with polynomial worspresented in this paper are available online [29].

case complexity for detection of BPSK signals [16], QAM

signals [5], [17], [18], [22], [27], [28], or PSK signals [13], I1. QUASI-MAXIMUM -LIKELIHOOD DETECTION

[15], [20]. The running time of existing semidefinite relaxation ) )

detectors scales well with the problem size and is insensitifle LOcalized exhaustive search

to SNR. This insensitivity is a blessing in low SNR region The sphere decoder originates from an algorithm for com-

where the ML detection problem is more difficult. Howeverputing the shortest vector in a lattice [7]. Various improve-

it becomes a curse in high SNR region since it implies th@ents [8], [26] (e.g. adjustable radius search procedure) have

algorithm fails to effectively exploit the low noise property oheen proposed to adapt it to the ML detection problem, demon-

the channel, as does the sphere decoder. Another drawbgghting impressive running time for small systems operating

of the current implementations is the lack of an efficient tejn high SNR region. However, the average and worst-case

mination procedure. All symbols are rounded simultaneousggmplexity of the sphere decoder is exponential [9], [11]:

in the end, irrespective of their reliabilities. In this work wWeor any polynomial radius search procedure and for any node

present theoretical analysis and efficient implementations &{dering, the number of objective function evaluations;,

two quasi-ML detectors which overcome the drawbacks statggrformed by the sphere decoder is lower bounded by the

above. exponential function in probability:
For BPSK-modulated signals, we develop a quasi-ML de- )
tector based on a convex semidefinite relaxation [16], called RILH;OP{Nf > exp(nn)} = 1,

the SDR detector hereafter. For a general class of randQVrH : " :
) i eren = n(p,C) is a positive function of SNR and con-
channels (1) and (2), theoretical analysis based on randgfgllation set, and P{-} denotes probability. The exponential

matrix theory [12] showg th".ﬂ the SDR de_tecFor prOVIdec':'omplexity of the sphere decoder manifests itself empirically
a constant factor approximation of the log-likelihood valu the form of unacceptably long running time in low SNR
for the ML detection problem in probability and deliversregion for large input size

the exact ML solution in high SNR region. We present an
efficient implementation of the SDR detector which empiriB. Semidefinite relaxation (SDR detector)

cally achieves near-optimal BER performance with polynomial LetC"+L. denote a discrete set of complex-valusdPSK
complexity. The core of the proposed implementation is @ dUdlsciorey of dimensionn + 1. For a general-PSK con-
scaling interior-point algorithm [2]. A warm start techniques;e|ation, the ML detection problem (3) allows an equivalent
implemented with a truncated version of the sphere deCOdFerformulation [16]:

provides an SNR-sensitive initialization. The standard ran-

domized rounding step is replaced with a dynamic dimension fur = min Trace{QTX)
reduction technique which gradually rounds the symbols with st X= XT)L(+71 4
high reliability and reduces problem size at every iteration of X € Cprpske
the dual-scaling algorithm. where matrixQ and vectorx are defined as follows

For PSK-modulated signals, we propose a low-rank (non- t t

S : : pHH —/pHly S

convex) semidefinite relaxation [4] for the ML detection prob- Q= 'y 5o lox=|q] (5)
lem, and an efficient implementation of the quasi-ML detector, —Vry Iyl

called the PSK detector hereafter. Theoretical analysis Mbtice that any feasible matrix in (4) is positive semidefinite
this low-rank non-convex relaxation [13] shows that the PSith all diagonal entries equal to Define diagX) to be a vec-
detector delivers %-maximizer of the original ML detection tor with entries equal to the diagonal entries of ma¥ixe to
problem, and the global maximizer when input is BPSK. Thiee an all-one vector, and |1¥t = 0 denote a Hermitian positive
core of the PSK detector is a coordinate descent methsemidefinite matriXX. The detector [16] relaxes the last two
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constraints{X = xx',x € C]’\}JTQSK} to {diagX) =e X =0} ~ > 1, the SDR detector provides a constant factp, )
which leads to a relaxation based on the (primal) conveypproximation for the ML detection problem in probability
Semidefinite Program (SDP):

. SDR
fspp(X) := min TracgQX) I {J;ML < ¢(p, 7)} =1
S.t. dlagX) =€, (6) m/n—~y,D=rnlt"
X =0. ) . .
where fspr and fy 1, are defined in(9), c(p,v) is

Various (often randomized) rounding procedures can be ap- )
plied to generate an estimate of the transmittedPSK c(p,y) =1+ 2(1+7) 57 (10)
symbols based on the optimal soluti&f,; of (6), see [15], oot

[16]. In this work we use the following rounding proceduregq a, 3 are given by

although a more general procedure fof-PSK symbols is

possible [15]: o — { 1/3, if y=1, 5= { 4v/4, if y=1,
n+1 1/2, if v > 1; 4/7/Vy =1, if y>1.

« Compute the spectral decompositis,: = » _ A;u;uf, _ _
The value of the theorem can be easily seen if we compare

i=1

where||u;|| =1,X; > 0,i=1,...,n+ 1. the bound (10) with that of a random algorithm that simply
o Setv, :=+/\; u; and pick vecton™a* that corresponds generates a random vectsgyp € {—1,+1}" (independent
to the largest eigenvalue: of H, v) as an estimate of the solution. This random algorithm
maz achieves the objective valygnp := ||y — /pHsrnp|?. Let
v T f‘;?;‘flx{“‘“”}' m,n — oo such thatm/n — ~ for some~y (y > 1). It is

o Rotate vectorv™®® to ensure that the last entry isstralghtforward to derive

a positive real valuey™a® = ymaz(ymaryx /jymaz| . frnD

where (-)* denotes complex conjugation. m i o =(2p+1). (11)
« For each entry:; define Bernoulli distribution: m/n—y
_ _ mag A similar ratio for the ML detector has been bounded in [9]:
A B G e
‘ ~lim P{g }1. (12)
where Ré€-} denotes the real part of a complex value. iy, 2 m
o Generate a fixed numbdp (typically 5 — 10) of i.i.d. ] .
(n+1)-dimensional vector sampleg;,d = 1,...,D, The expressions (11) and (12) lead to the conclusion that the
according to the distribution in (7). random algorithm provides the approximation rati@, v) =
« For all samples, set, := —X if (n+1)-st entry ofx, is 4p + 2 in probability, which is significantly worse than the
equa| to—1. bound (10)
e Pick Xxspg := arg miny )—(LQ)—(d and set the best achieved N addition to the claim above, the SDR algorithm offers
objective value: theoretical performance guarantees wipegrows with prob-
; lem size. Define the following random variable:
fspr = XgprQXsDR. 8
- ) , [HTv]|2
« Output objective valuefspr andsspr which contains A(n,m, p) = NS (13)
first n entries of vectoxspg. VP Amin( )

The SDR detector presented above allows a probabilistids shown in [9], [10] that the semidefinite relaxation (6) is
constant factor optimality for the ML detection problem. Ifight (rank4 solution matrix) when4(n,m,p) < 1, and in
particular, letfspr (farz) denote the objective value of thethat case the ML detection problem is solvable in polynomial

SDR (ML) detector, c.f. (4) and (8): time. The result below states the rate at whjchheeds to
— v — Hs 2 grow with n,m — oo to ensure that the sufficient condition
;i[DLR = H§ _ % Hsif'ﬁ]! 9  A(n,m, p) < 1 holds with probability1.

wheresspr and sy, are the outputs of the SDR and ML _ Thec_)rem 2: Consider the randpm c.hannéll) and (2) spec-
detectors respectively. The approximation ratio of the SDif¢ed with real or complex Rayleigh, i.e. H;; ~ N(0,1/n),
detector, defined agspr/fur, is always lower bounded: OF Hix ~ CN(0,1/n). Let

1 < fspr/fmr. In the worst case, ag,m — oo such Q(m)

that m/n — ~ for some~ > 1, the approximation ratio pZ{ ’
fspr/fumr can grow unbounded. However, for the SDR

detector theoretical analysis [12] based on random matiiken, the semidefinite progra(@) has a ranki solution:
theory and duality theory shows th#tpr/far is bounded

when~y > 1,
Q(m®m*), Ve >0, wheny=1.

in probability: P{ lim Aln,m,p) <18 =1.
Theorem 1: Consider the general class of random channels m/n—~y>1

specified by(1) and (2). For any positive constants, « and
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C. Low-rank semidefinite relaxation (PSK detector) where x,Q are defined in (5). Note that a vector¢)

+1 i -
A tighter (non-convex) semidefinite relaxation of the MI_In U™+ can be parameterized by an angular veafor=

detection problem (4) fon/-PSK constellations can empiri- (f1,- .., Pns1) € R*HL e, z; = €7 %,V i. Thus, we have
cally deliver superior performance in some scenarios, although (x(gb)x(qb)T). — it (equk)* — oi($i—ou)

thorough theoretical analysis of a non-convex formulation is ik

substantially more complicated. The constraink C}55  Hence, the objective function in the minimization problem (16)

implies that each entry;,i =1,...,n+ 1, of vectorx can s equivalent to
take on valuesxp(j¢;), Whereqbl = Qm/M Vi=1,...,M.
Unlike (6) we can relax only the constraixte CXJC;SK in (4) f(¢) £ Trace(Q x(¢)x(¢)"), Vo e R™™. (17)

to allow arbitrary phaseg; of z; = exp(j¢;),i = 1,...,n+1,

i.e. |z;] = 1,Vi. SinceX = xxt, the relaxed constraint canLet fmax = maxg f(¢) and fumin = ming f(¢) denote
be written as diag<) = e. An equivalent form of the rank- the global maximum and minimum values of the objective
constraintX = xx' with implicit vector x is {rankX) =1, function (17). A vecto is called as-minimizer,s € [0,1], if

X » 0}. Thus, we obtain the following non-convex relaxation.

) f(d)) fmm 5
frrr = min TracgQX) frnax — fmin
s.t. diagX)=e X =0, (14)
rank(X) = 1. When the above inequality holds, the function valt(@) is

Jalled as-minimum. The theoretical bound on the quality of

Let xg and x; represent the real and imaginary parts o
the local minima is given by the following theorem [13].

vectorx. For a real symmetric matri®Q) the objective function

in (14) is: Theorem 3: Every local minimizer$ of (17) is a
1 . . . I . 1 . . - -y

o B z-minimizer andf(¢) is a z-minimum of(17). If, in addition,

TracgQxx') = Trace(Q(xRxR * XIXI)) = Trace(Qz), X(¢) is feasible for(4), thenx(¢) is a i-maximizer for the

wherez £ xRx + x1xT = 0. Therefore, the complex rank- ML detection problem.

constraint X = xxT is equivalent to the real constraints
{rank(Z) S Q,Z t 0}, thus the relaxation of the ML detection I1l. | MPLEMENTATION OF THESDRDETECTOR
problem (3) with real matri>xQ is given by:
In this section, we present an efficient implementation for

frrr = min Trace(QZ) the detector based on semidefinite relaxation (6).

s.t. diadZ) =e, Z =0, (15)
rank(Z) < 2. A. Dual-scaling interior-point method

In the context of combinatorial optimization which corre- The dual-scaling interior point method [2] has been de-
sponds to the case of BPSK modulation, the above relaxatiegioped to solve general large-scale semidefinite programs.
was first considered in [4] as a low-rank semidefinite relaxatidn addition to the advantages associated with a standard
of a Boolean quadratic maximization problem. From a digitéihterior point method (polynomial worst-case complexity, cer-
communications standpoint, we are interested in this relaxatitdficates of infeasibility when no solution exists, robustness
for general M-PSK signals with complex or red). For a and scalability), the dual-scaling method efficiently exploits
complex matrixQ we can double dimensions of the problenthe structure and sparsity in the dual semidefinite programs.

and obtain a low-rank relaxation similar to (15). Existing implementations of the semidefinite relaxation de-
In this work we use a different formulation whe@ is tector rely on interior-point methods which solve the primal
complex. In particular, define the following set: problem (6) and/or the following dual problem with vari-

ablesg € R"*+1:

UM L [ x| fag| = L,¥i=1,...,n+1}. g
— i

The feasible set in (14) is equivalent to the set given by: Jspp: msai( ng_ Diag(g) = 0 (18)

{X =xxT,x € U"*™'}, hence, we can write (14) in the form - 99 =

min x1Qx. (16) where Diadg) denotes a diagonal matrix with diagonal entries
xgUn+1 equal to those of vectay. For anyr > 0 define{ X,,g,,S,}

The global phase ambiguity ir is removed if the entries @S the solution to

of vector x are rotated by a common phagg to ensure diagX,) = e,
thatz, 1 =1, i.e. X := exp(jdo)X, wheregy = — ey, 41. Q — Diag(g,) = S, (19)
Despite the fact that the relaxed problem (16) is NP- S, X, =vl.

hard [14], we have a theoretical bound on the quality of local
minimizers. Let us formulate problem (16) in the homogeAs v — 0% the sequencd X,,g,,S,} of solutions of (19)
neous form: forms a central path in the feasible region and converges to the
i optimal solution of (18). The dual-scaling algorithm generates
= arg min, TracgQxx") iterates that approximately follow the central path. At each
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step, 'Fhe quat!ng 'dll’eCtIOH |§ calculated as the solution to the Input. Re. AR. N, N,
following linearization of (19): . . .
e Ry s starting radius
diag(AX) =0, e AR s radius step size
. _ e N, is number of radii to be searched
AS+ Diag(Ag) =0, :
SIAS 11 AX = 5! _ X e N, is number of vectors to be searched
Vo, S+ =Vo T Aw 1. R:= Ry
Solving this system of matrix equations in terms of dual| 2. while (number of radii searched< N,.) _
variablesAg, we obtain the following condition: 3. if (found a vector inside sphere with radify
1 1 i 1 4. Smin = € f?mﬁn = ||y - \/p HeH2
v(S,7 oS, ") Ag=e—wvdiags,"), (20) 5. while (number of vectors searched N,)
whereo denotes Hadamard (component-wise) product. 6. for each ('S found in the gpher)e
After computingAg from (20), an inexact line seardt := 7. :’]Z(S) = [ly — v/ Hs|
g, + TAg is performed where step size is obtained by 8. it (f(s) <_J2’””) ) B
minimizing the dual potential function 9. f""’?" = f(S); Smin =S
10. end if
f4:=~log (2 — (g")e) — logdet (Q — Diag(g")), 11. end for
) 12. if (no vectors in sphere with radius
where z = TracdQX) is an upper bound computed at 13 it re\t/urn MLI soIFl)Jtion S’VZIV u8)
some primal feasibleX. The algorithm starts withr := 14 end if "
min {1, 0.957,,..} and then backtracks until sufficient de- 15' end while
scen_t or termln'atlon tolerance is ach|eve'd:.The maximum return best gUEsS, i,
feasible step sizer,,,, that ensures feasibility ofyt < 17. end if
{g|Q — Diag(g) = 0}, is given by the distance to the bound- 18. R:— R+ AR
FAafi -1 —1py; —1\¢ : = AR+
ary of the semidefinite cone),., (L~ 'Diag(Ag)(L~")T), 19. end while
where L is the lower triangular Cholesky factor &, = 20' return s... is not found
. . A . min
Q — Diag(g,). To compute the largest eigenvalue Af =

Lleiag(Ag)(Lfl)T we apply Lanczos procedure [25]. StartFig. 2. Truncated version of the sphere decoder
ing from a vectow, ||u;|| = 1, Lanczos procedure iteratively

constructs a basid); = [u;,...,u;] in the Krylov sub- to be searched in a sphere to be a decreasing functign of
space{u;, Au, ..., A" 'u; }, and a tridiagonal matriX;, i x ~andn: N, = max {2,0 (27"/?/p) }.
1, such that The smallest objective valug,;,, achieved by the truncated

+ ; sphere decoder is used to initialize upper boané: f,,;, in

AU; =UiT; +tiaUing, U AU =T, the dual-scaling algorithm. In our experience, a good initial
wheree; is thei-th basis vector. The extreme eigenvaluesof UPPer bound improves the convergence of the dual-scaling
are usually well approximated by those Bf with far fewer nterior-point method.

iterations tham. C. Dimension reduction technique

B. Warm start with the truncated sphere decoder Instead of using a standard randomized rounding proce-

The sphere decoder with adjustable radius search serve§d#¢ [16] after solving SDP (6), we introduce a dynamic
a fast heuristic test of low noise channel realizations. Timension reduction technique which allows us to round sym-
initialization routine of the SDR detector uses a truncatdP!s at intermediate steps of the dual-scaling algorithm. After a
version of the sphere decoder [26] (see Figure 2) to restrf@nstant number of steps of the dual-scaling algorithm, we use
its exponential complexity with the following constant param-anczos procedure to compute the principal eigenvector
eters: initial radiusR,, radius step sizé\ R, upper boundV, of X,, in (19) to check if there is a strong bias in distribution (7)
on the number of radius increases, and upper batpcon for some bits. Given a constant parameted < o < 1, the
the number of objective function computations. dynamic dimension reduction strategy rounds the bits with

The maximum number of sphere expansions is select&f{v;"*“}| > o max; [Re{v;"**}|, and subsequently reduces
to ensure that the complexity of the truncated sphere dB€ problem size and complexity of solving (19), see Figure 3.
coder C(SD) does not dominate the complexity of the dual- The principal eigenvector™** of X, can be computed

scaling algorithm C(SDP): without expensive computation of priml,. Equations (19)
show that the eigenvectors of, and S, are the same on
O (n*%) ~ C(SDP)~ C(SD)~ O ((NT AR)”/”/p) . the central path, and eigenvectdr®® of X, is equal to the

) ) _ _ eigenvector ofS, corresponding to the smallest eigenvalue:
Thus, the number of times the algorithm is allowed to increase

the radius of the sphere is sat. = O ((n3'5 p)”" JAR). V™ =arg min u'S,u=arg min u'(Q - Diag(g,))u.
For the heuristic radius search procedure the expected number wllli=1 wlluli=1

of vectors found within a sphere is exponentia®/*. The After rounding at each iteration, a new matr@ with
SDR detector heuristically sets the number of vectors allowesduced dimensions can be updated recursively in aier)
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B. Dimension reduction technique

Input: o, S,nq

e 0, 0 <o <1 is reliability threshold Let S;na C {1,...,n} denote the set of indices of rounded

e Snd is set of rounded symbols symbolsz, k = 1,...,n. Initially, we haveS,,; = . The
// Find the most reliable symbol core of the PSK detector is the projected coordinate descent
1. Spnd = 0; wmar = |Re{UT}H; imas =1 method that solves the following problem with a dynamically
2. for (Vi,1<i<mn) adjusted parametes > 0:
3. if (JRe{v™™*} > Wwmaz) . _
4 U()m(j:{:: ‘R}e|{1};na”r}| lmaz 1= 1 n;}vn f(X) N XTQX
5. endif st. (14w ' <l|ap| <1+4w, VEESme, (21)
6. end for ot = 1.
// Round symbolsr-fraction away fromuw,,,q.
7. for (Vi,1<i<nmn) Parametew (which is set in the algorithm to decrease linearly
8. if (JRe{v™*} > 0 Wmax) to 0) allows a continuous homotopy of the feasible region to
9. // Round thei-th symbol the unit circle. An additional, linearly increasing parameétes
10. z; = sign(Re{v™® (ver)*}) used to implement the dimension reduction technique. AFhe
11. Srnd = {Srnd, 1} th entry x;, is rounded to the closest constellation point prior
12. endif to algorithm termination if it falls in the set:
}?Sggufég problem dimension {{ oy | distancdg(wk), Carpsx) < 0/2 1,
14. n:=n — |Spndl where ¢(z;) denotes the phase of the complex valug
15. Recursively update matriQ The early rounding of entries of reduces problem size and

improves algorithm efficiency. Whety, is rounded, we update
the set of rounded entries to include theh index, S,,q4 :=

. _ {Synd, k}, in the subsequent iterations of (21). Parameters
oplerat|or;]s. Given the fset of round%d b?”d Wr? remo_\/edandg are updated after minimization is performed along all
columnsh;,i € Syng Of matrix H and update the receivedy, o, 1o nded entries of, see Figure 4. After the last iteration,

vectory =y — Ziesm_d w;h;. Matrix Q can be' similarly - o5cp remaining entry of is rounded to the closest/-PSK
updated by removing theth rows and columns for € S,.,.4, symbols.

and recomputing the last row and column with updated values .
of —/p H'y, andyTy. C. Complexity

D. Complexity The coordinate descent method requires the computation
of the objective function and its gradient. The complexity of

Due to truncation of the sphere decoder in the warm staKe initialization phase is cubic due to the cost of computing

procedure, the complexity of the SDR detector is dominategatrix Q. However, such computation is performed only once

by complexity of the dual-scaling algorithn®)(n>®). The and is common in other quasi-ML strategies (compare with

complexity of the dimension reduction techniqu(n®m), the cost of QR-factorization of matrid to compute the zero-

is dominated by Lanczos procedure to compute the princiq@}cing estimate in the sphere decoder).

eigenvecton™ . In subsequent iterations, the objective function and its

partial derivative are updated recursively along each coordinate

direction in linear time. Notice that an entry; affects

only 2n—1 terms in the quadratic fornfi(x) = x'Qx. Reusing

In this section, we present an efficient implementation sdpe value of the objective function and its gradient vector from

the detector based on the low-rank semidefinite relaxation (1B}¢ Previous iteration and recoér)r}g(l;ting the contribution of the
new k-th component tgf (x) and == can be done with linear

A. Warm start with unconstrained minimization complexity. Complexity of the dimension reduction procedure

We propose the following initialization method: a good? also Ilggart S'Sce I {rmdltf;]esd only c;ne e?_trydat a Sme.f
starting point can be obtained with a fixed number of projecte&1e coordinate descent method runs for a fixed number o

coordinate descent iterations for the relaxed problem given Bgra“f’”s over all entries O‘ therefore, the complexity .Of the'
coordinate descent algorithm (warm start and the dimension

min f(x) = x'Qx reduction technique) i©)(k?), wherek = max{m, n}.
Tk

Fig. 3. Dimension reduction technique

IV. IMPLEMENTATION OF THEPSKDETECTOR

St |z <14+¢ k=1,...,n,
Tny1 =1,

V. SIMULATIONS
A. Simulation setup

wherex and Q are defined in (5)¢ > 0 is a parameter, and In this section we present Monte Carlo simulations of the
¢ — 0 with iteration number.aSpecificaIIy, at each iteration wéollowing detectors: (1) sphere decoder [1], [21]; (2) SDR
take a step proportional tegT(:) for somek € {1,...,n}, detector; (3) SDR detector without warm start; (4) PSK de-

and project it onto the sdtx € C" | |z)| < 14¢, 2,41 = 1}.  tector; (5) SDP detector [16], based on SeDuMi [23]. We will
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Input: Q s Co, wo, N1, N2

e 1y is the number of iterations for warm start
e 1 Is the number of dimension reduction iterations 1024
e (p,wp are parameters of feasible region homotopy
// Warm Start:
1. for (Vi,1<i<mnq)

2. C=C(n—14)/(m — 1)

BER

-4

3. for (VE1<k<n) il
4. min f(X), S.t|zg| <1+ —&— Sphere Decoder
Tk 100 —— SDR Detector
5. end for —6— PSK Detector .
6. end for A D Detector o warm st
// Dimension Reduction: O 5 h i
7. Srna :=10 // The set of rounded entries is empty SNR, dB
8. for (Vi,1 <i < ny)
9. w:=uwp(ne—1)/(ny—1) Fig. 5. BER performance; = m = 20, QPSK.
10. 6:=27(i—1)/(M(ne —1))
11. for (Vk stk & Srna) : . . :
19, if (3p; € Carpsk S |6(z1) — d(p;)| < 6/2) of the dual-scaling algorithm. The implementations of the SDR
13. xkazp- // Round {he;ntry and PSK detectors described in this paper are available on-
14. Srnd ::J{S ok} // Add indexk to Sy line [29] for further comparison. For high-order constellations
15. if (|S,na| ==n) // Ifall z;, are rounded (e.g. 16-QAM, 8-PSK), the gray-code mapping of bits onto
16. return solutionx complex symbols is used to compute BER. Our results show

17, end if that, among all the detectors tested, no single one performs
uniformly the best for all simulated channels.

18. else
. -1 ) 1) A. Complex communication channelMaximum-

19- I?;in f), st(4w)™ <o < 1+w; likelihood detection (3) can be generalized to complex

20. end if fading channels. Define the real and imaginary parts of

21. end for channel matrixH = Hpg + jH;, noisev = vg + jvy,

22.end for transmitted signalss = sp + js; and vector of received

23. return solutionx signalsy = yj + jy;. Then, the complex channel model (1)
Fig. 4. PSK detector algorithm is equivalent to the following real valued channel with the

double dimension:

average and worst-case running time (measured in seconds, | Y;

CPU: AMD Athlon 64, 3000-+). Running the SDR or PSK detector with equivalent channel
We have selected the Schnorr-Euchner variant of the sphg{gtrix H., and received signalg,,

decoder [1], [21] as a benchmark due to its excellent per-

formance for small-to-medium size problems and the avail- Ho — [ Hr —H; } Y. = [ Yr }

ability of codes (courtesy of Prof. G.B. Giannakis, University “ Hr Hgr |’ eq yr |’

of Minnesota).The performance comparison of semidefinitqe obtain quasi-ML estimates &z and s; which can be

relaxation and tree search strategies [19] in the context @mbined to reconstruct the complex estimate of transmitted
the coded communication system suggests that intelligendignalss = sg + js;.

designed semidefinite relaxation detectors can outperform treg) paM constellationsA signal drawn from a uniforr2 -
search detectors [20Marious other quasi-ML detectors arepAM constellation can be represented as a linear combination
either not available in the ready-to-use form, significantly mog A/ binary signals:

complex, or exhibit significant BER degradation as compared | v )

to the true ML detector. Following [22] and to make the . i i M
comparison fair, we do not rely on an ad-hoc method [6] °*~ L Z; bri2" = m biC, by € {=1,+1}7,

to tune the input radius for the sphere decoder based on ’

system parameters. Instead, we have set the infinite radiugVfere vectorc = 20,21, ... 2 ~1]T specifies the2"'-PAM

the Schnorr-Euchner variant of the sphere decoder to ensgf@stellation, normalization factor; = /(4™ —1)/3 is

that we obtain the optimal solution and have ML-like BERNtroduced to satisfy?{|s;|*} = 1, andb, contains the bit
performance. The SDP detector is implemented with SeDulfiPresentation of signal.. A vectors € Cj _py Of n signals
optimization toolbox [23] for Matlab, and the other detectordrawn from2"/-PAM constellation can be represented in terms
are implemented in ANSI C with mex interfaces for Matlap?f the corresponding matrix of bits:

In our implementation of the SDR detector we used DSDP5 1

1l 5 o nxM
software package [3] that contains an efficient implementatior?_ m Be, B= [ by, ..., bn } € {~-L+1} - (22)

focus on3 performance metrics, namely BER performance, [ Yr ] = /P [ Hr —H; ] [ Sr } 4 { VR }
N H; Hg Sy vr |’



IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. VV, NO. NN, MONTH YEAR 8

=
o
e o

—O—

/ ol |
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Fig. 6. Average running time; = m = 20, QPSK. Fig. 7. BER performance; = m = 60, BPSK.

Thus, communication channel (1) can be written as followstransformation in the previous section, a ve®@r Cyza gy
_ of n signals drawn fron22-QAM constellation is given by:
y = (v/p/m)HBc + v. .
Let veq.-) denote the operator that stacks a matrix into a vec- S=~—Pc, P=[p,, ..., p, |' € CEroK- (24)

tor column-by-column, and lep denote Kronecker product. Hiz

Applying ved-) operator to the above equation results in ~ Substituting this equation into the communication channel
model (1) and applying vég operator, we arrive at the

Y= (Vp/m)Heb+Vv, He2choH (23) equivalent channel over QPSK-modulated signals:

where signal detection is performed over binary vedios — ( ) A o
veqB) € {—1,+1}"™. The SDR or PSK detector can be ap- Y= (V2/uz)Hep v, Ry STa B, (25)
plied to efficiently solve (23) followed by reconstruction (22where signal detection is performed over vegice veqP) €
of the original PAM-modulated signals. CSpsk The PSK detector can be used to efficiently solve (25)
3) PSK and QAM constellationsvarious strategies basedfollowed by reconstruction of the QAM-modulated ML esti-
on semidefinite relaxation have been proposed for genemahte, given by (24).
QAM constellations, e.g. [5], [17], [18], [22], [27], [28],
and general PSK constellations [15]. These strategies o
different optimality on the complexity-performance tradeo
curve. 1) Medium problem size with QPSK constellatioBER
We solve the ML detection problem (3) over higher ordep€rformance and average running time of various detectors
PSK constellations with the PSK detector. We also investigs#¢ shown in Figures S and 6 for a simulated scenario
performance of both SDR and PSK detectors on chann¥{gh » = m = 20, and QPSK constellation. Both SDR and
with 16-QAM constellation. For this purpose, we apply & SK detectors closely follow the BER performance of the
standard transformation of the transmitted signals drawn frdffi- detector in all SNR regions. The SDP detector based on
higher order QAM constellation22V-QAM (e.g. 16-QAM, SeDuMi and the SDR detector without warm start exhibit a

64-QAM, etc.), to an equivalent channel with BPSK or QPSi@ap in BER performance of — 2 dB in high SNR region.
constellation. In low SNR region, the PSK detector offers an order of

The SDR detector can be applied after sequential transfgiagnitude average speed improvement compared to other
mation of 22N-QAM signals in a complex channel @V - detectors, whereas in high SNR region, the sphere decoder,
PAM signals in the equivalent real channel followed by trané?®¢ SDR and PSK detectors achieve similar average running
formation to the equivalent channel with BPSK-modulatedmes, superior to the SeDuMi-based detector and the SDR
signals. An alternative transformation can be used to 238p ~ detector without warm start.

QAM signals to QPSK signals. Specifically, a signgldrawn _ 2) Large problem sizesFigures 7, 8, and 9 demonstrate
from 22N-QAM constellation can be written as BER performance, average and worst-case running time of the

tested detectors for a large system £ n = 60). The sphere
V2 MY i V2 t M decoder, the SDR and PSK detectors exhibit BER which is
= Z Pri2’ = s PiC P € Capsk within 1 dB away from BER of ML detector, however the
=0 sphere decoder runs several orders slower than the SDR and
where vectoc = [2°0,2!, ... 2M~1]f specifies the?-QAM  PSK detectors for any SNR. Figures 8 and 9 show that for large
constellation and normalization factpp, = /2(4™ —1)/3 systems both average and worst-case running time of the PSK
is selected to satisf;E{\skF} = 1. By analogy with the detector (SDR detector) are superior in low (high) SNR region.

r ~. .
. Simulation results
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10 SDP Detector (SeDuMi) 10" SDP Detector (SeDuMi)
—#— SDR Detector (no warm start) —A&— SDR Detector (no warm start)

H
o
Average running time, seconds
=
o

Average running time, seconds
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»
T
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o
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SNR, dB Problem size, n (n = m)
Fig. 8. Average running time; = m = 60, BPSK. Fig. 10. Average running timey = m, p = 13 dB, BPSK.

107

—&— Sphere Decoder (4-PAM formulation)
—6— PSK Detector (BPSK formulation)
10" }:| —€— PSK Detector (QPSK formulation)
SDP Detector (SeDuMi, BPSK formulation)

—#A— SDR Detector (no warm start, BPSK formulation)
6 L L L L L

10 T T T T T 10
10° | \h\_‘_‘\ 107k E
(%]
K]
@ 102 L ] 2L E
:’5 10 —#— Sphere Decoder 10
E —@— SDR Detector
o —6— PSK Detector xr 3
£ 10 k E w 10 E
5 SDP Detector o
3 —&— SDR Detector (no warm start)
% -
o
B
o
=

i i i i I T
8 10 12 14 16 18 6 8 10 12 14 16 18 20 22 24

10

SNR, dB SNR, dB
Fig. 9. Worst-case running time, = m = 60, BPSK. Fig. 11. BER performance; = m = 10, 16-QAM.

All polynomial complexity detectors enjoy highly predictable  and signals € Ci; oy are converted intéi., € R2nx4n
running time with small variance around its mean value. ands., € {—1,+1}".

We also compare the performance of these detectors as a PSK detector (QPSK formulation): channelH € C™**"
function of problem size. Monte Carlo simulations of BER  and signals € Cf; ooy are converted intéd., € R™**"
performance for a square communication channel with BPSK  ands., € C3psy-
modulation andp = 13 dB are shown in Figure 10. We can « SDP detector (BPSK formulation): channeH € C™*"
see that the average running time of polynomial complexity —and signals € Ci5 oay are converted intél., € R2nx4n
detectors scales significantly better than exponentially growing ands., € {—1, +1}".
average running time of the sphere decoder [11]. The PSKe SDR detector (without warm start, BPSK formula-
detector enjoys superior running time for all problem sizes. tion): channelH € C"*" and signalss € Cis.oav are
The warm start procedure implemented in the SDR detector converted intoH., € R*"*4" ands,, € {—1,+1}".

delivers up tol0-times speed improvement for problem sizes The performance metrics (i.e. BER, average and worst-case
20—80 (compared to the SDR detector without SNR sensitivgnning time) for the quasi-ML detectors are presented in

improvements). _ _ Figures 11, 12 and 13 respectively.
3) High order constellations:For comparison purposes |n these simulations, the SDR detector bypasses the warm
we select a communication system with = m = 10, start procedure because the channel matrix in the equivalent

and 16-QAM modulation. At the receiver side we performchannel is fat2n x 4n. The PSK detector on the equivalent
the following conversions to an equivalent channel that can BRannel with BPSK modulation shows near-ML BER, however
handled by the detectors: on the equivalent channel with QPSK modulation we can
« sphere decoder 4-PAM formulation): channelH € see BER degradation of several dB in high SNR region. The
C™*™ and signalss € Cis.oaw are converted intdd., € difference can be attributed to the global-minimum property of
R2™X2" ands., € C3bam- low-rank relaxation (see Remark after the proof of Theosgm
o PSK detector (BPSK formulation): channeH € C"*™ The BER of the SDR and SDP detectors indicates significant
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Fig. 12. Average running timey = m = 10, 16-QAM. Fig. 14. BER and SER of the PSK detectar= m = 40, 8-PSK.
10° : : : : : - : : 0.2 : : : :
—&— Sphere Decoder (4-PAM formulation) —©— Average running time
=——©— PSK Detector (BPSK formulation) 0.18 —8— Worst case running time | 4
—@— PSK Detector (QPSK formulation)

SDP Detector (SeDuMi, BPSK formulation) 0.16
—#— SDR Detector (no warm start, BPSK formulation)

0.14

0.12

Worst case running time, seconds
Running time, seconds
o
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0.02f /4\9_6_0_9_0
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Fig. 13. Worst-case running time, = m = 10, 16-QAM. Fig. 15. Running time of the PSK detectar,= m = 40, 8-PSK.
loss in performance. channel matrices, i.e» > m. Figures 16 and 17 present BER

From the perspective of the average running time, the sph@g&fformance and running time of the above three detectors for
decoder (PSK detector) is the fastest detector in high (lo@)Communication system with = 20, m = 15 and QPSK-
SNR region (Figure 12). However, in applications limited bynodulated signals. We can see that the PSK detector offers the
the worst-case latency, the SDR detector offers the best spbégt BER performance with the smallest average running time.
(Figure 13), while the sphere decoder suffers from long delaj§€e worst-case running time of the PSK detector exhibits a
on bad channel/noise realizations and runs slower than $inilar advantage.
other detectors that we consider here. The worst-case running@verall, we can draw the following conclusions from the
time of the polynomial complexity detectors is empiricallypresented results:

immune to changes in SNR. « The SDR and PSK detectors offer near-ML BER perfor-
For a higher ordefd/-PSK constellations¥/ > 4), the only mance with the running time that is superior to that of

practically viable strategy is based on the PSK detector. BER other quasi-ML detectors on BPSK and QPSK constel-

and SER for a communication system with= m = 40, and lations. The sphere decoder matches the running time of

8-PSK constellation are shown in Figure 14. The average and the semidefinite relaxation detectors on small systems at
worst-case running times of the PSK detector for the system high SNR.
are shown in Figure 15. We can see that the average running The SDR and PSK detectors can be applied to detec-
time of the PSK detector for this system does not exceed tion of 16-QAM signals. The PSK detector with BPSK
30 msec, while the detection with the ML detector (exhaustive  transformation of the channel delivers near-ML BER and
search) can not be performed for such system within any impressive running time in low SNR region (less than
reasonable time. 10 dB). For the systems with6-QAM modulation oper-

4) Fat channel matrices:Quasi-ML detection strategies ating at higher SNR, the sphere decoder and alternative
based on the PSK detector, SDR detector and SDP detector semidefinite strategies [5], [17], [18], [22], [27], [28] offer
(SeDuMi) can be applied to communication channels with fat  better BER performance or running time.



IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. VV, NO. NN, MONTH YEAR 11

10 . . : ; 10° . . . ;

T
—6— PSK Detector

SDP Detector (SeDuMi)
—A— SDR Detector (no warm start)

=
o
i

Average running time, seconds
.
o
T
i

5 102} N
o
107k 107k Q//‘—’Q\Oi
: —6— PSK Detector
SDP Detector (SeDuMi)
—A— SDR Detector (no warm start)
10_4 i 1 i 1 L L L 10_4 i i i 1 1 L L
7 8 9 10 11 12 13 14 15 7 8 9 10 11 12 13 14 15
SNR, dB SNR, dB
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