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Abstract

Two efficient list-based ‘soft’ demodulators are developed for iterative receivers in multiple-input
multiple-output (MIMO) communication systems with QPSK signalling. The proposed demodulators are
based on the semidefinite relaxation (SDR) technique, and hence their computational costs are bounded
by a low-order polynomial of the number of bits transmitted per channel use. The first demodulator
applies the SDR technique once per demodulation-decoding iteration, and generates list members via
the randomization procedure that is inherent in the SDR technique. The second demodulator is based
on an approximation of that randomization procedure by a set of independent Bernoulli trials, and
this approximation reduces the number of semidefinite programs that need to be solved to just one
per channel use. List-free implementations of the proposed demodulators are also developed, and these
implementations reduce the memory requirements of the demodulators. Analysis and simulation results
show that the proposed demodulators offer an attractive trade-off between performance and computational
cost. In particular, in the scenarios that we consider, the second of the proposed demodulators provides
error rates that are lower than those of the minimum mean square error soft interference canceller (MMSE-
SIC) and close to those of the list sphere decoder, and does so at a significantly lower computational

cost.
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[. INTRODUCTION

The provision of multiple antennas at both the transmitter and receiver of a wireless communication
system offers the potential for reliable communication at data rates that are substantially higher than those
of single antenna systems [1]. One of the core challenges in the design of such multiple-input multiple-
output (MIMO) systems is to obtain good performance at high data rates without incurring unreasonable
computational cost. A popular transceiver architecture for moving toward that goal is that of MIMO bit-
interleaved coded modulation (BICM) with iterative “soft” demodulation and decoding (IDD), e.g., [2];
see also Fig. 1. In this paper we will focus on narrowband multiple antenna systems, and when configured
for such systems, the MIMO-BICM transmitter encodes the information bits using an outer binary code,
interleaves the encoder output and then maps blocks of the interleaved codeword to points on a (space-
time) matrix constellation for transmission over the channel. At the receiver, the demodulator and outer
decoder iteratively exchange the extrinsic components of their estimates of the posterior log likelihood-
ratio (LLR) of each encoded bit, until a hard decision is taken. Although this IDD scheme has many
desirable features, the computational cost of the (exact) soft demodulator increases exponentially with
the number of (encoded) bits transmitted per channel use, and hence there has been considerable interest
in the development of approximate soft demodulation schemes with lower complexity; e.g., [2]-[10].

One approach to lower-complexity soft demodulation is to apply the so-called “max-log” approxima-
tion [11], under which the LLR of each bit is approximated by the difference between the optimal values of
a pair of “hard” demodulation problems; e.g., [7]-[9]. However, each of these hard demodulation problems
is also hard in the NP sense. Tree search methods (e.g., [12]), such as sphere decoding (e.g., [13], [14]),
can be used to find optimal solutions to these problems (e.g., [7], [8]), but both the average and worst-
case computational costs remain exponential in the problem size [15], and the “tail” of the distribution
of the computational cost can be quite significant at low SNRs or for large problem sizes; e.g., [16].
As an alternative, semidefinite relaxation methods (e.g., [17], [18]) can be used to efficiently generate
approximate solutions to the hard demodulation problems [9], and these methods have the advantage that
the growth of the computational cost is bounded by a low-order polynomial in the problem size. However,
the number of semidefinite programs that must be solved in each demodulation-decoding iteration grows
linearly in the number of (encoded) bits transmitted per channel use.

Another approach to approximate soft demodulation is to apply the principles of list decoding, in which
one seeks to efficiently identify a list of bit-vectors that dominate the LLRs; e.g., [2]-[6]. The LLRs can

then be approximated by marginalizing over the list. Most of the existing techniques are based on the
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use of tree search algorithms to identify members of the list (e.g., [2]-[6]), and hence can be rather
computationally expensive, especially at SNRs close to the (ergodic capacity) threshold for the chosen
rate. In some list demodulation schemes (e.g., [2]) the list for each channel use is generated once, in the
first demodulation-decoding iteration, and is stored for use in the subsequent iterations. This may require
substantial memory resources. In other schemes (e.g., [3]-[6]), the list for each channel use is regenerated
in each demodulation-decoding iteration, but the memory requirements can still be significant.

In this paper we develop a semidefinite relaxation (SDR) approach to list-based soft demodulation,
and propose two new demodulators, both of which regenerate the list in each demodulation-decoding
iteration. The first demodulator applies the semidefinite relaxation technique once per demodulation-
decoding iteration, and generates list members via the randomization procedure that is inherent in SDR
techniques [17], [18]. The second demodulator is based on an approximation of this randomization
procedure by a set of independent Bernoulli trials. This approximation allows us to reduce the number
of semidefinite programs to be solved to just one per channel use. Furthermore, we develop a list-free
implementation of both demodulators that reduces the memory resources required for implementation.
Our simulation results will show that the resulting computational and memory efficiencies are obtained
without incurring a significant degradation in performance.

The paper is organized as follows. In Section II we provide an overview of the MIMO-BICM-IDD
system, and in Section III we review the SDR approach to hard demodulation of MIMO QPSK. In
Sections IV and V we develop the proposed demodulators, which we will call the List-SDR and Single-
SDR demodulators, respectively. In Section VI we describe the list-free implementation of the proposed
methods, and in Section VII the computational cost of implementing the demodulators is analyzed. The
results of simulation experiments that compare the performance and computational cost of the proposed

demodulators against those of several existing demodulators will be presented in Section VIIL.

II. SYSTEM MODEL AND ITERATIVE RECEIVER

We consider a narrowband multiple antenna system with [V; transmit antennas and N, receive antennas.
If we let s,, denote the signal vector transmitted at the nth channel use, the corresponding received signal

vector can be written as
Yn = Hnsn + Vp, (1)
where H,, is the N, X N; matrix of channel coefficients and is assumed to be known at the receiver, and v,

is a vector of additive white circular complex Gaussian noise samples with variance o2 per real dimension.
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Fig. 1. MIMO BICM-IDD transceiver.

We will consider a MIMO-BICM-IDD transceiver for this system, e.g., [2]; see Fig. 1. For simplicity,
we will focus on V-BLAST transmission [19], but by using the equivalent channel concept in [20], the
proposed demodulators extend directly to signalling schemes based on general linear dispersion codes.
We will let b,, denote the sub-block of the interleaved outer codeword that is to be transmitted in the nth
channel use, and we will let M(b) denote the mapping used by the MIMO modulator; i.e., s, = M(b,,).
We will consider systems in which this mapping is to QPSK symbols, and we will let N denote the
number of channel uses required to transmit one codeword of the outer code.

At the receiver, the soft MIMO demodulator and the soft-input soft-output outer decoder iteratively
exchange (extrinsic) information regarding the bit probabilities, using the log likelihood-ratio (LLR)
format; see Fig. 1. This iterative process is based on the turbo principle [21], and since the channel in
(1) is memoryless, the role of the soft demodulator is to compute (or approximate) the posterior LLR of
each element of the block of the interleaved outer codeword that is transmitted in a given channel use,
under the assumption that these blocks are independent from each other. That is, for the ith element of

the bit-vector transmitted in the nth channel use, b, ;, the soft demodulator computes (e.g., [2])

P{bn,z - +1’yn}
P{bn,i = _HYn},

where, for notational simplicity, we have not explicitly stated the conditioning on H,, that is inherent in

2

AD1,n: = log

coherent demodulation. Once these LLRs have been computed for each of the N channel uses required

to transmit a codeword of the outer code, they are passed through the de-interleaver to the outer decoder.
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Since the focus of this paper is on the soft demodulator, we will drop the subscript n in (1) and (2)

and will consider a generic channel use. Applying Bayes’ Rule enables us to rewrite (2) as

. >z, ., p(y[b)p(b)
&S plylb)p(b)’

where £ = {b € {—1,+1}?":} denotes the (complete) list of possible transmitted bit-vectors and

3)

Apii =1

Li+1 ={b e L|b; =+1}. Given the model in (1) and the fact that we are employing coherent

demodulation, the likelihood function p(y|b) in (3) satisfies

p(yb) < exp (—ly — HM(b)[?/(20%)).

Furthermore, an estimate of the prior probability p(b) can be obtained from the output of the previous

iteration of the decoder, by assuming that the elements of b are independent; i.e., p(b) = [[, p(b;). If we

p(bi=+1)
p(bi=-1)

form, then [], p(b;) oc exp(A’y;b/2). Using these expressions, the LLR in (3) can be written as (e.g.,
[21)

define A\g1,; = log( ), so that A4; denotes the vector that represents these probabilities in LLR

>z, exp(=D(b)/(207))

>z, exp(=D(b)/(202))’ 4)

)\Dl,i ~ log

where

D(b) £ |ly = HM(b)|3 — o*X};b. 5)

The number of elements in the lists £; +1 in (4) grows exponentially as the number of (encoded) bits
transmitted per channel use increases, and hence so does the computational cost of the demodulator.

Many of the existing approaches to reducing this computational cost employ one of the following

approximations:
>z, exp(=D(b)/(20%))
AL S e (—D(b)/(207)) ®
1
~ g2 (,min D(b) = min D)), ™

where £ C L. Each of these equations reveals a class of approximate soft MIMO demodulators.

The first class is based on selecting L =L and solving the two binary quadratic optimization problems
in (7) for each encoded bit. Solutions to these “hard” demodulation problems can be obtained using tree-
search algorithms, as they are in [7], [8], but, as mentioned in the Introduction, these algorithms can be
rather computationally expensive. Alternatively, approximate solutions can be found in polynomial time

using the semidefinite relaxation technique [9].
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The second class of soft demodulators is based on efficiently selecting a list L of bit-vectors that
generate small values for D(b) and then approximating the LLR either by marginalizing over ﬁi,il in
(6), e.g., [4], or by performing an exhaustive search over /32‘,11 to solve the minimization problems in (7);
e.g., [2]. The key challenge in this class of methods is the efficient selection of the members of L. Most
approaches are based on tree-search ideas, and hence are potentially rather computationally expensive;
e.g., [2]-[6]. In addition, as we will explain in Section VI, these methods may require significant memory
resources in order to store the generated list members.

One important approximate soft demodulator that does not fall into one of these two classes is that
based on the minimum mean square error soft interference canceller (MMSE-SIC) in [22]; see also
[23]-[25]. For each transmitted symbol, this demodulator first forms the unbiased conditional MMSE
estimate of the symbol, where the conditioning is on the probabilities of the other symbols transmitted in
the channel use of interest. The demodulator then approximates the residual interference by a Gaussian
random variable, and computes the LLR of each bit in the symbol as if the channel was a scalar additive
white Gaussian noise channel. The conditional MMSE estimate has a canonical decomposition into two
steps: subtraction of the mean of the interfering symbols, followed by (unbiased) linear MMSE estimation
of the relevant symbol, and hence the moniker MMSE-SIC.

The two demodulators proposed in this paper fall into the second class of approximate soft
demodulators, but they are based on semidefinite relaxation rather than a tree search, and hence their
computational cost is bounded by a low-order polynomial of the problem size. Furthermore, the second
of these demodulators requires the solution of only one semidefinite program per channel use, and
both demodulators can be implemented without explicitly storing the list of candidate bit-vectors. Both
the proposed demodulators exploit the properties of the randomization step that is inherent in the
approximation of the solution of a binary quadratic problem by semidefinite relaxation, and before we
introduce those demodulators we will provide a brief overview of the application of the semidefinite

relaxation technique [17], [18] to hard demodulation [26], [27].

III. HARD DEMODULATION USING SDR
Consider the real-valued equivalent representation for (1) with QPSK signalling,
§ — Fb 4, ®)
where y and v are the concatenations of the real and imaginary parts of y and v, respectively, and we

have considered an arbitrary channel use. Given prior information on the bit probabilities in the form of
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A1 in (5), the bit-vector b that maximizes the a posteriori probability is the solution to the following

binary optimization problem:

i D(b) = i v — Hb||2 — 627, b. 9
be i, (b) = L Iy 12— 0" A )
Using the definitions [9], [26]
T L 3 T
b: ) b20b7 Q - ’ a = _H y_050 AAla (10)
c al'" 0

in which ¢ € {+1, —1}, the problem in (9) can be stated as the following (NP-hard) binary quadratic
programming (BQP) problem:

~ min b"Qb. (11)
be{+1,—1}2Ne+1

Using the substitution X = bb”, the problem in (11) can be reformulated as

m}én Trace(XQ) (12a)
st. X =0, rank(X)=1, (12b)
X]y =1, i=1,...,2N, +1, (12¢)

in which the computational difficulties manifest themselves in the rank-1 constraint. The semidefinite
relaxation approach to approximating the solution to (11) is to relax the rank-1 constraint and solve the

following semidefinite program (SDP):

m)%n Trace(XQ) (13a)
st. X >0, (13b)
[X]“: 1, i=1,...,2N; + 1. (13¢)

This problem is convex and can be efficiently solved using the interior point method in [28]; see
Section VII. (See also [29] for some recent developments.) When Xy, the optimal solution to (13),
is rank 1, its factorization generates an optimum solution to (11). In the more common event that the
solution to (13) is not rank 1, a randomization procedure [17], [18] can be used to extract an approximation
of the solution to (11) from X,y. That procedure involves the construction of a (Cholesky) factor V
of Xopt, (i-€., Xopt = VI'V), and the generation of a sequence of random vectors u from the uniform
distribution on the unit hypersphere. For each vector u we compute X = sign(V7u), construct the vector
I

X = ToN,+1 X [Z1,...,%2n,]", and compute D(x) using (5). If this value of D(x) is smaller than the

smallest encountered in the previous steps, then x is retained as by, the current approximation of the
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solution to (11). A key feature of the SDR approach is that even for the worst-case channel, the expected
value of D(x) over the randomizations is guaranteed to be within a (reasonably small) constant factor
of the optimal value of (11), independent of the number of bits to be detected [18]. Furthermore, since
each choice of the random vector u is made independently, the probability that D(bgg) is higher than
the expected value of D(x) decreases exponentially with the number of randomization iterations [18].
In [9], Steingrimsson et al developed a soft MIMO demodulator from the first class in Section II
that was based on the semidefinite relaxation technique described above. For each channel use, that
demodulator solves 2Ny + 1 SDPs per demodulation-decoding iteration, and hence we will call that
scheme the “multi-SDR” method. In the next section, we will propose a list-based soft demodulation
scheme that requires the solution to just one SDP in each demodulation-decoding iteration for each
channel use, and in Section V we will propose a scheme that requires the solution of only one SDP per

channel use.

IV. L1ST-SDR METHOD FOR SOFT DEMODULATION

One of the properties of the SDR approach to hard demodulation is that, on average, the bit-vectors
generated by the randomization procedure yield small values for the objective in (9). This suggests that, on
average, those bit-vectors are good candidates for membership of the list in a list-based approach to soft
MIMO demodulation, and this is the essence of the proposed approach. We will construct a preliminary
list £’ by simply storing each (unique) bit-vector generated by the randomization procedure. Since it
is possible that there may be bit positions for which ﬁ; 4q or LA;_l is empty, once the randomizations
have been completed we will construct an enriched list L consisting of L' plus all those bit-vectors with
Hamming distance of 1 of the bit-vectors in L. (This enrichment is based on ideas in [10] and can
be implemented by “flipping” individual bits of each element of L£'.) Once this enriched list has been
constructed, we adopt the standard list-based approach to approximate the soft information using (6) or
(7) over the constructed list £. Since the computational cost of this enumeration grows linearly with the
cardinality of L, one may wish to bound the cardinality of £, and to use this bound to enable early
termination of the randomization procedure should L' be sufficiently rich. The resulting list generation
algorithm is presented in Table I. Since the a priori information A 41 is updated in each demodulation-
decoding iteration the cost function D(b) in (5) changes, and hence so does X, Therefore, for each

iteration we regenerate the list using the procedure in Table L.
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TABLE I

LIST GENERATION COMPONENT OF THE LIST-SDR ALGORITHM.

o Data: X, the solution to (13), or an approximation thereof.

o Parameters: M, the number of randomization iterations; K, the maximum size of the preliminary list.
o Output: ﬁ the enriched list.

1. Initialize £’ and £ empty, m = 0, and k£ = 0.

Compute a (Cholesky) factor V' of Xy such that Xqp = VTv.

Choose a random vector u from the uniform distribution on the unit sphere.

Compute X = sign(V7u) and increment m.

Construct X = Fan, 11 X [Z1,...,22n,]7. If x is not in £/, add it to £’ and increment k.

If K < K and m < M, return to 3.

o

Construct £ as the union of £’ and all the single bit-flippings of the bit-vectors in L.

V. SOFT DEMODULATION USING SINGLE SDR

An interesting property of the SDR approach to approximating the solution to a binary quadratic
problem is that an analytic expression can be obtained for the mean value of each element of the
candidate bit-vectors x that are generated by the randomization procedure described in Section III. The
mean value of the ith element can be computed by using the fact that if the inner products of the random
vector u with columns v; and vopn,41 of the Cholesky factor V have the same sign then z; = +1,
otherwise x; = —1; cf. [17], [18]. Since the random vector u is uniformly distributed on the unit sphere,
the mean value for z; over the randomization iterations depends on the angle, 0; on,+1, between v; and

van,+1 and can be written as
T — 20; 9N, +1

i = (14)
T
Using the fact that v} von,+1 = ||vill[[van,+1]| cos(0ian,+1), and that the constraint [X]; = 1 in (13)
ensures that all ||v;|| = 1, the mean value can be expressed directly in terms of the columns of V,
2 . T
W = — arcsm(vi VgNH_l). (15)
™

The first observation in the development of the proposed demodulator is that the expression in (15)
suggests that for the purposes of soft demodulation, one could consider generating a sequence of bit

vectors with properties similar to those generated by the formal randomization process by making the
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Fig. 2. List generation scheme using the Single-SDR algorithm.

approximation that the elements of x are independent, and generating each element of x via a scalar
(antipodal) Bernoulli trial. Such an approach would avoid the cost of computing V7 u in each instance
of the formal randomization procedure.

The second observation is that this Bernoulli trial approach provides an opportunity to separate the
processing of the information provided by the channel output from the processing of the extrinsic
information fed back from the previous iteration of the decoder. At each iteration, the decoder updates the
extrinsic information that it provides to the demodulator (which we have denoted by A 41). The expression
for D(b) in (5) suggests that the demodulation procedure needs to be repeated at each iteration (as it is in
[3], [4], [6] and in the List-SDR algorithm proposed in Section IV). However, as we will show below, the
Bernoulli trial approach to randomization allows us to extract the SDP from the iterative demodulation
and decoding loop so that we need only solve one SDP per channel use.

The architecture of the proposed list generation technique is illustrated in Fig. 2. It consists of an SDR

demodulator (which is invoked only in the first iteration), and a randomized list generator. The randomized

list generator takes two inputs: (i) the vector A = [A1,..., A2 Nt]T containing the mean values in (15) in
LLR form, i.e.,
1 .
\i = log<ﬂ>; (16)
I—

and (ii) the vector A 4; containing the extrinsic information (in LLR form) from the previous iteration of
the decoder. The randomized demodulator then computes Bernoulli distributions that reflect these inputs
(see (18) below), and generates a sequence of random binary vectors according to those distributions.
By construction, the extrinsic information provided by the decoder is independent of the soft
information from the channel [21]. Therefore, if the randomized demodulator is to generate candidate bit-

vectors via Bernoulli trials that reflect both the information from the channel and the extrinsic information
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TABLE II

LIST GENERATION COMPONENT OF THE SINGLE-SDR ALGORITHM

o Data: X in (16); A 41, the vector of extrinsic LLRs from the previous iteration of the decoder.

o Parameters: M, the number of randomization iterations; K, the maximum size of the preliminary list.

o Output: ﬁ the enriched list.

1. Initialize £’ and £ empty, m = 0, and k£ = 0.

2. Compute Ap in (17) and subsequently fi 5.

3. Generate each element of x, z;, independently according to the (antipodal) Bernoulli distribution with mean
(B,; and increment m.

4. If x is not in £’, add it to £’ and increment k.

5. If k < K and m < M, return to 3.

6. Construct £ as the union of £’ and all the single bit-flippings of the bit-vectors in L.

from the decoder, the LLR representation of the mean of that Bernoulli distribution should be
A = A+ Aas. (17)
The ¢-th entry of the corresponding mean vector pp is
i =1—2/(1+exp(Ap,))- (18)

Having computed g 5, the demodulator randomly generates the bit-vectors that will form the preliminary
list, £'. The ith bit of each of these vectors is generated by running an independent (antipodal) Bernoulli
trial with mean 1 ;. An enriched list L is then constructed by adding to L' all the single bit-flippings of
the bit vectors in £. A formal statement of list generation using this algorithm is presented in Table II.

After construction of the list £ the soft information from demodulator can be approximated using (6) or

).

VI. LIST-FREE IMPLEMENTATION

One of the bottlenecks in the implementation of list-based soft demodulators is the requirement of
a significant amount of memory. This is an especially important issue in list demodulation schemes in
which the list is generated in the first demodulation-decoding iteration and stored for use in the subsequent

iterations. In those schemes (e.g., [2]), the system must provide enough memory to save the list associated
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Fig. 3. The proposed list-free soft demodulator.

with each of the N channel uses required to send a complete codeword. (Since these lists are based on
information from the channel only, they need to be quite long.) In schemes that regenerate the list at
each iteration, the receiver has only one list to store, but the resulting memory requirement can still be
quite significant.

Another issue that arises in list-based demodulation schemes in which the list members are generated
via a randomization procedure, such as those proposed in Sections IV and V, is that candidate list
members may be duplicated. In order to avoid redundant computation of the metric D(-), and in order
to avoid storage of repeated list members, this duplication ought to be avoided; see Step 5 in Table I
and Step 4 in Table II. However, it is important that the computational cost of any scheme that is used
to avoid this duplication is small.

In this section we will show that for list demodulators that regenerate the list at each iteration and
use the max-log approximation on the list to approximate the LLR (cf. (7)), only two real vectors of
size [Ny need to be stored. We will also show that repeated generation of candidate list members can be
efficiently detected via a hashing strategy. A block diagram of the proposed list-free implementation is
provided in Fig. 3, and a formal statement of the algorithm is provided in Table III. We point out that
unlike the algorithms in the previous sections in which the output was the enriched list L, from which
the soft information can be extracted using (6) or (7), in the list-free implementation the soft information
is generated directly.

One of the features of many list demodulators, including the List-SDR and Single-SDR demodulators
presented in the previous sections, is that the candidate list members are generated one at a time. In such
schemes we can update the optimal values of the 2/V; optimization problems in (7) as each list member is
generated, rather than waiting for the whole list to be constructed. We can then discard that list member

and simply store the 2/N; real values that are the current optimal values for the problems in (7). Doing
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so leads to a list-free implementation. In our demodulators, the list L is generated in two phases, the
randomization phase and the enrichment phase (which is based on bit-flipping). The enrichment phase
can be incorporated into the list-free implementation by simply evaluating the neighbouring vectors at
Hamming distance 1 of each randomized candidate just after it is generated.

This list-free implementation highlights the potential for redundant computation of D(-). One efficient
way in which that can be avoided is via a hashing scheme [30]. The hashing scheme computes an
integer ‘signature’ for each generated bit vector via a deterministic injective function, and then stores
this signature in an ordered array. Before processing the next candidate bit-vector, x, the demodulator
computes its signature and checks if that value is in the signature array. The candidate is discarded
if its signature is present, and if that value is not found, its signature is added to the array, and the
candidate bit-vector is processed. In the simulations in Section VIII we chose the signature to be the
decimal equivalent of the binary number (x” + 1)/2, where 1 is a conformally-sized vector of ones.
As we will quantify in the next two sections, the computational costs of computing the signatures and
searching the (ordered) signature array are small with respect to the overall computational cost of the
demodulator. Implementing the hashing scheme does require additional memory. Although the maximum
required memory, min{M, K}, is, quite naturally, the same as that required to store the list, in practice the
average length of the signature array will be significantly shorter, and the memory requirement will often
be outweighed by the computational cost reduction that is obtained by (efficiently) avoiding redundant
computation.

An additional advantage of the list-free implementation described above is that the parameters of the
algorithm can be adapted dynamically. This offers the potential for the demodulator to dynamically adjust
its operating point on its performance-complexity trade-off in response to changes in the characteristics

of the channel or in the requirements of the application.
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TABLE III

LIST-FREE IMPLEMENTATION OF SINGLE-SDR ALGORITHM FOR RANDOMIZED SOFT DEMODULATOR

o Data: X in (16); A 41, the vector of extrinsic LLRs from the previous iteration of the decoder.
o Parameters: M, the number of randomization iterations; K, the maximum size of the signature list.
o Output: Ap;, the vector of log likelihood-ratios

1. Compute Ap in (17) and subsequently i .

2. Initialize f1 = {+00}?M, f 1 = {+0}2M, m =0,k =0

3. Generate each z; independently according to the (antipodal) Bernoulli distribution with mean up ;.

4. Compute the signature of x. If that value is not in the signature array, insert the value into the array and
increment k&, compute D(x), and for each ¢ = 1,2,...,2Ny, if ; = 41 then set [f11]; = min{[f1];, D(x)},
else set [f_1]; = min{[f_4];, D(x)}.

5. Foreachi=1,2,...,2N,, set X = x and then #'") = —z,. Repeat Step 4 for x(9).

%

6. Increment m. If m < M and k < K return to 3. Otherwise, return Apy = (f1.1 — f_1)/(202).

VII. COMPUTATIONAL COST

As mentioned in the Introduction, an advantage of SDR methods over tree search methods, such as
sphere decoding, is their polynomial (worst-case) computational cost. An advantage of the particular
(list-free) SDR-based soft demodulators that we have proposed herein is that their computational costs
are lower than those of some existing soft demodulators. In this section we quantify that claim by
evaluating the computational costs of these SDR-based algorithms. For convenience, we have summarized
the outcomes of this analysis in Table IV. We will begin our analysis by stating the computational cost
of each of the components of the algorithms, in terms of floating point operations.

If we let € denote the accuracy to which the SDP is solved, the worst-case computational cost of solving
the SDP in (13) using the interior point method in [28] is O((2Nt +1)35log e_l). The computational
cost of generating each bit-vector in the conventional randomization procedure used in the Multi-SDR [9]
and List-SDR (cf. Section IV) methods is O((2Nt + 1)2). The computational cost of the simplified
randomization step in the Single-SDR method (cf. Section V) is O(2N;). Finally, since b is binary,
computing the metric D(b) requires 2N, (2N; + 1) (signed) real additions.

The Multi-SDR method of [9] solves one SDP of size 2N; + 1 and 2N; SDPs of size 2N; per

demodulation-decoding iteration, and after solving each SDP it performs M randomization iterations and
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computes D(b) for all the generated bit-vectors. If we perform 7' demodulation-decoding iterations, then

the computational cost per channel use of the multi-SDR scheme is:

T x [O((2N; +1)35loge ™) + M x O((2N; 4+ 1)2) + M x O((2N;)?)]
+ 2N;T x [O((2N;)*?loge 1) + M x O((2Ny)?) + M x O((2N;)?)]
~ O(TN}loge™) + O(TMN}) + O(TMN}), (19)

where the first term corresponds to the cost of solving the SDPs, the second term corresponds to the
cost of the randomization steps that follow each of these SDPs, and the last term denotes the cost of the
metric computations.

The List-SDR approach proposed in Section IV requires the solution of only one SDP of size 2/N; 41
per demodulation-decoding iteration. If we perform M randomization steps (i.e., if K = M in Table I),
then the cardinality of the enriched list L is at most (2N; + 1)M, and hence the enumeration approach
to optimizing the terms on the right hand side of (7) requires at most (2N, + 1) M evaluations of D(b)
in each demodulation-decoding iteration. Therefore, the worst-case complexity of the proposed approach

is
T x [O((2N; +1)3%loge ™) + M x O((2N; 4+ 1)?) + M(2N; + 1) x O((2N;)?)]
~ O(TNPloge™ ) + O(TMN?) + O(TMN}), (20)

where these terms correspond to the cost of solving the SDP, the cost of constructing the list L (via
randomization), and the cost of the enumerations in (7) over ﬁi,il, respectively. This expression shows
that the computational cost of the SDP component of the proposed list-based SDR scheme is one order
lower than that of the multi-SDR scheme.

The computational cost per channel use of the Single-SDR approach can be obtained in a similar way
to those above, and is

O(N?®loge™) + O(TMN;) + O(TMN}), 1)

where the first term represents the complexity of solving the SDP, the second term represent the cost of
the Bernoulli-based randomizations, and the third term represents the cost of computing D(b) for each
bit-vector generated in the randomization step. (As in (20), we have assumed that K = M in Tables II
and III.) These expressions reveal the computational advantage of only having to solve one SDP per
channel use, and the advantage of the Bernoulli-based randomizations. The list-free implementation of

this algorithm requires a small amount of additional computation; at most O(T'M N;) integer additions
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TABLE IV
DOMINANT COMPUTATIONAL COST PER CHANNEL USE OF VARIOUS MIMO SOFT DEMODULATORS FOR A SYSTEM WITH N

TRANSMIT ANTENNAS AND 7" DEMODULATION-DECODING ITERATIONS.

Demodulator Dominant Computational Cost

Multi-SDR O(TN{%)
List-SDR O(TN3%)
Single-SDR O(NZ®)
MMSE-SIC O(TN})

per channel use to compute the signatures, and at most O(M log M) operations to search for existing
signatures in the (sorted) signature array.

As we will illustrate in Section VIII, in most practical implementations, the cost of solving the SDPs
will be the dominant component of the computational cost of the SDR-based demodulators. We have
summarized those costs in Table IV, and to help place those costs in context, we have included the
computational cost per channel use of the MMSE-SIC demodulator in [22], which is TO((2Nt)4) ~
O(TN}).

VIII. SIMULATIONS

In this section we will compare the performance and computational cost of the proposed demodulators
with those of the Multi-SDR demodulator [9], the list sphere decoder in [2], and the MMSE-SIC
demodulator in [22]. We consider MIMO BICM systems that employ V-BLAST transmission of QPSK
symbols over an i.i.d. Rayleigh fading channel. The transceiver parameters, including those of the outer
codes and the iterative demodulation and decoding algorithm, are chosen from those used in [2], [22]. For
the proposed demodulators we will evaluate the performance of the list-free implementation described
in Section VI, using the hashing strategy to avoid redundant computation. For all demodulation schemes
based on list-decoding ideas, an insufficiently rich list can result in under or over estimation of the soft
information. In our simulations of the proposed demodulators and the list sphere decoder in [2], we will
take a common approach to mitigating this effect [5], and will clip the estimated log likelihood-ratios to
the interval [—5, +5].

We will consider two types of outer code: a turbo code with a reasonably long block length, and a
convolutional code with a rather short block length. For the (scalar) binary-input additive white Gaussian

noise channel, the turbo code provides good performance at SNRs close to the capacity threshold for the
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given rate. The convolutional code is a weaker code, but it can be implemented with significantly lower
latency. Following [2], the turbo code was chosen to be a rate 1/2 punctured parallel concatenated turbo
code with the (5, 7) recursive systematic convolutional code as the component codes and an (input) block
length of 8192. The (different) interleavers in the turbo code and in the BICM transmitter were selected
from randomly generated candidates in each Monte-Carlo iteration. We used the conventional BCJR
algorithm [31] to decode the constituent convolutional codes of the turbo code, and 8 turbo decoding
iterations were performed before we passed extrinsic information back to the demodulator. Following
[22], the convolutional code was chosen to be the rate 1/2 (23,35) recursive systematic convolutional
code with block length 256, and BCJR decoding was used. We have performed simulation experiments
for 8 x 8 and 4 x 4 MIMO systems, and we will report some results from those experiments in the

following sections, respectively.

A. 8 x 8 system

In our first set of simulation experiments, we will consider a MIMO system with N; = 8 antennas at
the transmitter and /N, = 8 antennas at the receiver. In Figs. 4 and 5 we consider systems with the turbo
outer code and the convolutional outer code, respectively, and we compare the BER performance of i) the
Single-SDR demodulator, ii) the List-SDR demodulator of Section IV, iii) the Multi-SDR demodulator
in [9], iv) the list sphere decoder in [2] (with a list size of L = 512), and v) the MMSE-SIC demodulator
in [22]. In this comparison we specify the Single-SDR demodulator with the SDP accuracy of ¢ = 1072
and M = 50 randomizations. Later in this section, we will examine the impact of these parameters
on the complexity and performance of the Single-SDR demodulator and will justify this choice. For
fair comparison, the value of € in the List-SDR and Multi-SDR demodulators was also chosen to be
10~2. For reference, we have indicated the SNR at which the mutual information for QPSK signals is
equal to 8 bits per channel use (the data rate of the chosen scheme). That SNR is about 1.6 dB. From
Fig. 4 it is apparent that the BER of the Single-SDR demodulator is better than that of the MMSE-SIC
demodulator and is close to that of the other demodulators. The performance advantage of the Single-
SDR demodulator over the MMSE-SIC demodulator is somewhat larger in the early iterations in the
case of the convolutional outer code (see Fig. 5), but the relative weakness of this short code means that
after four demodulation-decoding iterations the performance of all the considered demodulators is quite
similar.

In order to show that the Single-SDR demodulator achieves the performance described above at low

computational cost, we explicitly counted the number of floating point operations (FLOPs) required by
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Fig. 4. Comparison of the BER performance of various demodulators for the 8 x 8 MIMO system with the turbo outer code.
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each demodulator to perform each component of its algorithm at each demodulation iteration in each
channel use. For the SDR-based demodulators we include the FLOPs required to solve the SDPs, to
perform the randomization steps, and to compute the metrics and the hash functions. For the list sphere
decoder we have included the FLOPs required to construct the list (which is only performed once per
channel use), and those required to compute the metrics in each demodulation iteration. (For the list
sphere decoder, we have excluded the computational cost of the trial and error scheme used to compute
an appropriate radius for the sphere (cf. [2]), and hence the depicted results may be a little optimistic.)
For the MMSE-SIC demodulator, for each bit we count the FLOPs required to compute and subtract
the mean of the interfering symbols, and those required to compute and implement the unbiased linear
MMSE estimator of the resulting zero-mean signal. Our explicit counting of the number of required
operations revealed that, as stated in Section VII, the dominant component of the computational cost of
the SDR-based demodulators is the cost of solving the SDP or SDPs. This observation is quantified in
Fig. 6, where we have plotted the average computational cost per channel use of each algorithm against
the SNR, for the case of the turbo outer code, and we have included results for several values of M, the
number of randomizations.

Fig. 6 also quantifies the computational advantages of the Single-SDR demodulator over the List-SDR
and Multi-SDR demodulators, and its computational advantages over the MMSE-SIC demodulator and
the list sphere decoder. In particular, in the ‘waterfall’ region of the BER curves in Fig. 4, the average
computational cost per channel use of the Single-SDR demodulator is about half that of the MMSE-SIC
demodulator and about a third of that of the list sphere decoder. Furthermore, unlike the list sphere
decoder, the distribution of the computational cost of the SDR demodulation methods is concentrated
around the mean. To illustrate that fact, we have plotted in Fig. 7 the empirical probability density of
the computational cost per channel use of several demodulators at an SNR of 2.75 dB. In this scenario,
the whole empirical distribution of the computational cost of the Single-SDR demodulator lies below
the computational cost of the MMSE-SIC demodulator. Fig. 7 also illustrates the rather ‘fat’ tail of the
distribution of the computational cost of the list sphere decoder. This fat tail can make it rather awkward
to provision an appropriate amount of computational resources for a list sphere decoder. The concentrated

complexity distributions of the SDR-based methods make that provisioning much more straightforward.

May 15, 2008 DRAFT



FLOPs per channel use

10

=
o

=
o

10

T T
— % — Multi-SDR, M=10, 25, 50, 100
— B - List-SDR, M=10, 25, 50, 100
—=©&— Single-SDR, M=10, 25, 50, 100
—— Sphere decoder, L=512
— — —MMSE-SIC
* N
F Sk ST Pl s sl sl
s 4
8x8
MIMO QPSK
Ji;
Ji;
i
6
M=10
S i I i 1 I
1 2 3 4 5 6 7
SNR

20

Fig. 6. Comparison of the average computational cost per channel use of the proposed demodulators and that of the Multi-SDR,

list sphere decoding, and MMSE-SIC demodulators for the 8 x 8 system with the turbo outer code. For the SDR based methods

results for several values for M, the number of randomizations, are provided.
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Fig. 8. BER performance of the 8 x 8 MIMO system with the turbo outer code and the Single-SDR demodulator with M = 50

randomizations and different accuracies to which the SDP is solved.

In order to justify the choices of an SDP accuracy of € = 1072 and M = 50 randomizations for the
Single-SDR demodulator in Figs. 4 and 5, we now evaluate the impact of these parameters on the BER
performance of the receiver. In Fig. 8 we plot the average BER of the Single-SDR demodulator with
M =50 (and K = M) and different values for €. Fig. 8 suggests that in order to extract the benefits of the
Single-SDR demodulator, it is sufficient to solve the SDP to two digits of accuracy. This is an important
observation because solving the SDP is the dominant computational task in the Single-SDR demodulator,
and the cost of solving this SDR grows as O(N?®loge!). Fig. 8 also suggests that solving the SDP
more accurately does not necessarily lead to improved performance. This is a consequence of the fact that
accurate list demodulation requires a rather rich set of list members. In the case that the SDP is solved
accurately, the resulting randomization procedure may generate a rather narrowly-focused list, and hence
the slightly degraded performance in the case of ¢ = 10~ in Fig. 8. In order to promote the generation
of rich lists, and in order to reduce the computational cost, it is natural to consider demodulators in which
the SDP is only coarsely solved.

In Fig. 9 we examine the BER performance of the Single-SDR demodulator for an SDP accuracy of

May 15, 2008 DRAFT



23

10

10 | gx8

MIMO channel
QPSK

— ¥ — Single-SDR, M=10
— % — Single-SDR, M=25
5 3 —v— Single-SDR, M=50
—— Single-SDR, M=100

-4

10 |

Limit 1.6dB

1 1 1 1 1 .
15 175 2 2.25 25 2.75 3 3.25 3.5 3.75 4
SNR

Fig. 9. BER performance of the 8 x 8 MIMO system with the turbo outer code and the Single-SDR demodulator with an SDP

solution accuracy of € = 1072, and different numbers of randomizations, M.

€ = 1072 and various numbers of randomizations. Even though each randomization in the Single-SDR
demodulator is rather cheap to implement (see Fig. 6), Fig. 9 suggests that the choice of M = 50 is

sufficient to demonstrate the potential performance of the Single-SDR demodulator.
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B. 4 x 4 system

In the second set of simulation experiments, we repeated the above analysis for a MIMO system
with Ny = N, = 4. In this case, the full demodulation list has only 256 elements, and hence full-list
demodulation is chosen as the performance benchmark. (A list sphere decoder with a list size of 128 is
also considered.)

Following experiments analogous to those discussed in the previous section, we chose to solve the SDPs
to an accuracy of ¢ = 1072 and to employ M = 25 randomizations. The average BERs of the various
demodulators in the system with the turbo outer code are plotted in Fig. 10. (The SNR threshold of this
system is 1.6 dB.) As in the 8 x 8 case, the performance of the proposed demodulators is close to that of
the benchmark demodulator. However, in this 4 x 4 case, the performance of the proposed demodulators
is also substantially better than that of the MMSE-SIC demodulator. The relative degradation in the
performance of the MMSE-SIC is due to the fact that there are fewer interfering symbols in the 4 x 4
case, and hence the inherent approximation that the residual interference is Gaussian is less accurate in
this case.

The average BERs of these demodulators in the case of the convolutional outer code are provided
in Fig. 11. In the early iterations, the Single-SDR demodulator has a significant performance advantage
over the MMSE-SIC demodulator, but as was the case for the 8 x 8 system, after four iterations the
performance of all demodulators is quite similar.

In Fig. 12 we plot the average computational cost per channel use of each demodulator in the system
with the turbo outer code, and in Fig. 13 we plot the empirical density of the computational costs at an
SNR of 2.75 dB. These figures quantify the computational advantages of the Single-SDR demodulator. In
particular, its average computational cost is just over two-thirds of that of the MMSE-SIC demodulator,
and just over half of that of the full list demodulator. In this 4 x 4 scenario, the computational advantages
of the single-SDR demodulator over the MMSE-SIC demodulator are smaller than those in the 8 x 8

case, but its performance advantage is significantly larger.
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Fig. 10. Comparison of the BER performance of various demodulators for the 4 x 4 MIMO system with the turbo outer code.
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full-list, sphere decoding and MMSE-SIC demodulators for the 4 x 4 system with the turbo outer code.
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at an SNR of 2.75 dB.
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IX. CONCLUSION

In this paper, we have proposed two computationally-efficient soft MIMO demodulators based on
an adaptation of the semidefinite relaxation (SDR) method for hard demodulation to list-based soft
demodulation. We have also presented a list-free implementation of the proposed methods that can
be implemented with a substantially smaller memory ‘footprint’ than conventional list demodulation
algorithms. In contrast to list demodulators based on the principles of sphere decoding, the (worst-
case) computational cost of the proposed demodulators is bounded by a (low-order) polynomial of
the number of bits to be demodulated, and in contrast to the SDR-based demodulator in [9], one of
the proposed demodulators requires the solution of one semidefinite program (SDP) per demodulation-
decoding iteration for each channel use and the other requires the solution of only one SDP per channel
use. Our simulation results suggest that these computational advantages are obtained without incurring
a significant degradation in performance. In particular, the proposed Single-SDR demodulator provides
better performance than the MMSE-SIC demodulator and performance that is close to that of the list
sphere decoder, and it does so at a substantially lower computational cost. In this paper we have focussed
on soft demodulators for MIMO-BICM systems that employ QPSK signalling. Extensions to systems that
employ higher order QAM constellations are currently being developed, using the corresponding SDR

approaches to hard demodulation in [32], [33].
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