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Dynamic Spectrum Management:
Complexity and Duality

Zhi-Quan (Tom) Luo, Fellow, IEEE, and Shuzhong Zhang

Abstract—Consider a communication system whereby multiple
users share a common frequency band and must choose their
transmit power spectral densities dynamically in response to
physical channel conditions. Due to co-channel interference, the
achievable data rate of each user depends on not only the power
spectral density of its own, but also those of others in the system.
Given any channel condition and assuming Gaussian signaling,
we consider the problem to jointly determine all users’ power
spectral densities so as to maximize a system-wide utility function
(e.g., weighted sum-rate of all users), subject to individual power
constraints. For the discretized version of this nonconvex problem,
we characterize its computational complexity by establishing
the NP-hardness under various practical settings, and identify
subclasses of the problem that are solvable in polynomial time.
Moreover, we consider the Lagrangian dual relaxation of this
nonconvex problem. Using the Lyapunov theorem in functional
analysis, we rigorously prove a result first discovered by Yu and
Lui (2006) that there is a zero duality gap for the continuous
(Lebesgue integral) formulation. Moreover, we show that the
duality gap for the discrete formulation vanishes asymptotically
as the size of discretization decreases to zero.

Index Terms—Complexity, duality, spectrum management, sum-
rate maximization.

1. INTRODUCTION

N A MULTIUSER communication system such as cogni-

tive radio or digital subscribe lines (DSL), interference mit-
igation is a major design and management objective. A stan-
dard approach to eliminate multiuser interference is to divide the
available spectrum into multiple tones (or bands) and pre-assign
them to the users on a nonoverlapping basis (FDMA). Although
such “orthogonal channelization” approach is well-suited for
high-speed structured communication in which quality of ser-
vice is a major concern, it can lead to high system overhead and
low bandwidth utilization. This is because for such a system a
frequency tone pre-assigned to a user cannot be released to other
users even if it is not needed when the user is idle, or is unusable
due to poor channel conditions.

With the proliferation of various radio devices and ser-
vices, multiple wireless systems sharing a common spectrum
must coexist [10]. In such scenarios, a pre-engineered FDMA
solution may no longer be feasible or desirable, and we are
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naturally led to a situation whereby users can dynamically
adjust their transmit power spectral densities over the entire
shared spectrum, potentially achieving significantly higher
overall throughput. For such a multiuser system, each user’s
performance depends on not only the power allocation (across
spectrum) of its own, but also those of other users in the system.
To mitigate multiuser interference, proper spectrum manage-
ment (i.e., power control) is needed for the maximization of the
overall system performance. Spectrum management problem of
this type also arises in a DSL system where multiple users com-
municate with a central office through separate telephone lines
over a common spectrum. Due to electromagnetic coupling,
signals transmitted over different telephone wires bundled in
close proximity may interfere with each other, resulting in
significant signal distortion. In fact, such crosstalk is known
to be the major source of signal distortion in a high-speed
DSL system [22]. Hence, for both wireless and wireline (DSL)
applications, judicious management of spectrum among com-
peting users can have a major impact on the overall system
performance.

The dynamic spectrum management problem has recently be-
come a topic of intensive research in the signal processing and
digital communication community. From the optimization per-
spective, the problem can be formulated either as a noncoop-
erative Nash game [6], [22] or as a cooperative utility maxi-
mization problem [5], [23]. Several algorithms were proposed
to compute a Nash equilibrium solution (iterative waterfilling
method (IWFA) [6], [22]) or globally optimal power allocations
(dual decomposition method [3], [4], [12], [21]) for the coop-
erative game. Due to the problem’s nonconvex nature, these
algorithms either lack global convergence or may converge to
a poor spectrum sharing strategy. Significant effort has been
made to establish conditions which can ensure the existence and
uniqueness of a Nash equilibrium solution as well as the con-
vergence of IWFA [13], [16], [19], [22]. In an attempt to ana-
lyze the performance of the dual decomposition algorithms, Yu
and Lui [21] studied the duality gap of the continuous weighted
sum-rate maximization problem and showed it to be zero in the
frequency flat case. For the general frequency selective case,
their work suggests that the strong duality should still hold.! De-

IThe duality proof of [21] for the frequency selective case is intuitive but
nonrigorous. First, their formulation did not clearly state the class of feasible
power spectral density functions under consideration. Without specifying this,
one cannot determine if their (limiting) time-sharing solution is feasible or not.
Second, their argument requires an infinitesimal division of the shared spectrum
over which one can assume constant noise spectral density and crosstalk coeffi-
cients and can apply a time-sharing solution result to the resulting infinitesimal
constant channels. It is not clear if the limiting solution remains feasible, or if
the sum-rate achieved still satisfies the time-sharing property. A detailed error
analysis using a well-defined set of admissible power spectral density functions
is needed to justify their claim.
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spite the aforementioned progress, a complete understanding of
the problem’s complexity status and a thorough duality anal-
ysis has not yet emerged. For example, the zero-duality gap re-
sult for the continuous formulation does not readily translate
to asymptotic zero duality for the discrete spectrum manage-
ment problem as the discretization becomes infinitely fine (see
Section IV). The latter is key to study the performance of dual
decomposition algorithms for practical OFDM based multiuser
systems.

In this paper, we present a systematic study of the dynamic
spectrum management problem, covering two key theoretical
aspects: complexity and duality. Specifically, we determine the
complexity status of the spectrum management problem under
various practical settings as well as different choices of system
utility functions, and identify subclasses which are polynomial
time solvable. In so doing, we clearly delineate the set of compu-
tationally tractable problems within the general class of NP-hard
spectrum management problems. Furthermore, we rigorously
establish the zero-duality gap result of Yu and Lui [21] for the
continuous formulation when the interference channels are fre-
quency selective. The key steps in our analysis are to cast the
continuous formulation under the Lebesgue integral framework
and to use the Lyapunov theorem [14] from functional analysis.
The latter theorem says that the integral of any set-valued func-
tion over a nonatomic measure space (in our case finite inter-
vals) is convex, even if the individual values of the function
are not convex. Finally, we show that the duality gap for the
discretized spectrum management problem vanishes when the
size of discretization approaches zero. This is the case even if
the system utility is nonlinear (but nonetheless concave). This
asymptotic strong duality property does not readily follow from
the zero-duality result for the continuous formulation, and its
proof requires a substantial effort. From a practical standpoint,
asymptotic strong duality is more valuable than the strong du-
ality for the continuous formulation. It suggests that the La-
grangian dual decomposition approach [3], [4], [12], [21] may
be a viable way to reach approximate optimality for finely dis-
cretized spectrum management problems.

II. PROBLEM FORMULATION

Consider a multi-user communication system consisting of
K transmitter-receiver pairs sharing a common frequency band
f € Q. For simplicity, we will call each of such transmitter-
receiver pair a “user.” Upon normalization, we can assume {2 to
be the unit interval in 2, namely, Q = [0, 1]. Each user k has a
fixed transmit power budget which it can allocate across €2 so as
to maximize its own utility. Let si(f) : © — [0, 00) denote the
power spectral density (or power allocation) function of user k.
The transmit power budget of user k£ can be represented as

/ se(f)df < Py
JQ

where P, > 0 is a given constant. Due to multi-user interfer-
ence, user k’s utility depends on not only its own allocation

function s (f), but also those of others {s¢(f) : £ # k}. Let
user k’s utility function be denoted by

where Ry, (- ) : © + [0, +00) is a Lebesgue integrable, possibly
nonconcave function.

Due to the complex coupling between users’ utility func-
tions, it is generally impossible to maximize the utility functions
uy, ug,...,ur simultaneously. Instead, we seek to maximize

)

a system-wide utility H (uq,...,ux ) which carefully balances

’

the interests of all users in the system. This leads to the following
spectrum management problem:

7uK)

s.t. ulz/QRl(Sl(f)y,SK(f))df

max H(uq,...

2

The subscript ¢ in the notation “(P.)” signifies the continuous
domain of the formulation. The maximum value of (P.) is called
the social optimum.
There are four commonly used choices for the system utility
function H(uq,...,uk).
i) Sum-rate utility: Hy(uq,...,ux) = (1/K) Ele Uk
ii) Proportional fairness utility: Hy(uy,...,urx) =
(Hf=1 u)'/ K (equivalent to maximizing 3", In uy,).
iii) Harmonic-rate  utility: ~ Hs(uq,...,uk) =
K (ZkKZ ug ')~ (equivalent  to  maximizing
Bloam e ),
In(} 25—y ug )
iv) Min-rate Utility: H4(U1, - ,’U,K) = Hlin1gk§K Uk -
In general, these utility functions can be ordered

H1 Z H2 Z H3 Z H4VU1,U2,...,UK Z 0.

In terms of user fairness, the order is reversed.

The spectrum management problem (FP.) is in general
nonconvex due to the nonconcavity of utility functions
U1, U2, ..., Ur. Moreover, it is defined in continuous do-
main (infinite dimensional), with spectral density functions

spectrum management problem (P.) is a difficult infinite
dimensional nonlinear optimization problem.

To facilitate numerical solution, we typically discretize the
frequency band so that Q = {0, (1/N),(2/N),...,1}. In this
way, the continuous formulation of the frequency management
problem ( P.) can be discretized by replacing Lebesque measure

Authorized licensed use limited to: University of Minnesota. Downloaded on May 22, 2009 at 15:00 from IEEE Xplore. Restrictions apply.



LUO AND ZHANG: DYNAMIC SPECTRUM MANAGEMENT

with a discrete uniform measure on [0, 1]. In particular, user k’s
spectral density becomes

N

1
20, £ si< B

n=1

and the corresponding utility is

1 N
=y 2P o).

The corresponding social optimum is achieved by maximizing

the total system utility H (u1, ..., ux)
max H(uq,...,ux)
L N
st. wp = N;Rl (st 8%)
(P)
| XN
ug = N;RK(S?-/---78§?)

]\T

1

stzgpk, >0, k=1,... K.
n=1

We use (P2) to denote this discretized problem. Intuitively,
(PN) — (P.) as N — oo, namely, as the discretization be-
comes infinitely fine, the discrete problem coincides with the
continuous spectrum management problem. However, as we see
in Section IV, this “limiting” argument can be problematic due
to a mismatch between Riemann and Lebesgue integrals.

Rate Maximization: Let x}; denote the transmitted complex
Gaussian signal from user k (consisting of a transmitter and
receiver pair) at tone n, and let s? := E|27|? denote its power.
For an AWGN channel, the received signal y;’ is given by

K
yz:ZhZ‘kw?+zZ, neN, kek
=1

where z}} ~ C'N(0, Ny) denotes the complex Gaussian channel
noise with zero mean and variance Ny, and the complex scalars
{hi's} represent channel gain coefficients. In practice, h';, can
be determined by the distance between transmitter [ and receiver
k. The capacity region of this interference channel is still un-
known. So it is reasonable (and natural) to treat the interference
as white noise, especially if users do not have direct knowledge
of the code/modulation schemes of other users in the system. In

59

this way, we can write transmitter k’s achievable data rate R}
at tone n [7] as

R sy )

Ry (st,...,8k)=In|1+ ———
' * No+ 32 jen 1541257

Upon normalizing the channel coefficients, we obtain

Ry (sT,. .0 %)

Sn
=In{1+— - — | D
< ”k+zj¢k“kj3j)

where o3 = No/|hj, .|? denotes the normalized background
noise power, and ay; = |h%.|*/|h} . |* is the normalized
crosstalk coefficient from transmitter j to receiver k at tone 7.
Due to normalization, we have o}, = 1 for all &.

Notice that unlike the frequency flat case considered in [8],
the channel coefficients h;L & vary according to tone index n due
to frequency selectivity, resulting in a nonconstant normalized
noise power o;; across tones. As it turns out, this crucial differ-
ence greatly complicates the spectrum management problem in
the frequency selective case, making an otherwise convex opti-
mization problem computationally intractable; see Section III.

For the continuous formulation, Ry, ( - ) can represent the data
rate achievable by user k at frequency f (in the sense of Shannon

(7D

Rils1(f)s- o 51c(f)
. sk (f)
=1 (1+ak<f>+z#kakj<f>sj<f>) @

where o (f) > 0 signifies the noise power at user k on fre-
quency f, and ay;(f) > 0 denotes the normalized path loss co-
efficient for the channel between user 7 and user k& on frequency
f. Clearly, the rate function Ry ( - ) and the utility function ug( - )
are both nonconcave. The spectrum management problem can
be stated as shown in the equation at the bottom of the next page.
In practice (e.g., IEEE 802.11x standards), the available spec-
trum §2 is divided into multiple tones (or bands) and shared by
the users. In this way and assuming H(-) = H;( ), the spec-
trum management problem (Py) is discretized and becomes

maximize

max H(uy,...,uk)

st wup = /an <1 + oo ()

NK
K N
n Sk
X kz::mz::ll (1 + op D itk ak35?>
(P1)
sk(f)
+ 2 “kj(f)sy'(f)> @, (Pr)

/ se(f)df < Pr,si(f) > 0and Lebesgue measurable,
Jo
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N
1
subject to N Z sSp< Py, sp >0
n=1

n=1,2,...,N, k=12,... K.

The main challenges of spectrum management are i) non-
convexity, ii) problem size (N > 4000, K > 50), and iii)
distributed optimization. A popular spectrum management ap-
proach is frequency division multiple access (FDMA) whereby
the available tones (or bands) are shared by all the users on
a nonoverlapping basis. Such ‘orthogonal channelization’ ap-
proach is well-suited for high speed structured communication
in which quality of service is a major concern. Mathematically,
FDMA solutions can be described as

S— {sZO|sZs?:O7Vk7éj,‘v’n}7 discrete
L {s(f) > 0]sk(f)sj(f) =0,Vk # 4, V f}, continuous.

FDMA solutions are not necessarily vertex solutions.

III. DISCRETE FREQUENCIES: COMPLEXITY ANALYSIS

In this section, we investigate the complexity status of the
spectrum management problem (Pj) under various practical
settings as well as different choices of system utility functions.
We provide a complete analysis on when the problem is NP-hard
and also identify subclasses of the problem that are solvable in
polynomial time. We will consider two separate cases: the case
of many users and few tones (large K and fixed V), and the case
of few users and many tones (fixed K and large V).

A. The Case of Many Users and Few Tones

In this section, we fix [NV and analyze the complexity of the
spectrum management problem ( Py ) for large K and for various
choices of system utility functions.

1) Maximization of Sum-Rate: Let us first consider the
problem of maximizing the total system throughput or
sum-rate. This corresponds to choosing a system utility
function H(u) = Hy(u) = (1/K) Zszl ug. We show below
that the resulting spectrum management problem is NP-hard
for any fixed N.

The discrete sum-rate maximization problem is given by
(Py). We specialize (P) to the case N = 1

Sk

o + Zﬁék Oékij)
(P1)'

K
maximize H(s) = Zln <1 +
k=1

subject to 0< s, < Pp,k=1,..., K.

Notice that, for simplicity, we have dropped the constant factor
1/K from the objective function and removed the superscript
n in our notations since N = 1. The resulting problem corre-
sponds to the practical situation whereby multiple users share a
single frequency band (say, a control channel), and wish to co-
operate in order to maximize the sum-rate of all users.

Theorem 1: For the sum-rate utility function
H(uy,...,uk) (1/K)(uy + -+ + ug), the spec-
trum management problem (Py) is strongly NP-hard for any
fixed N > 1.

The proof is based on a polynomial time reduction from the
maximum independent set problem. The details are relegated
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to Appendix A. Intuitively, if all cross talk coefficients are ei-
ther 0 or oo, then the optimal solution of (P;) will have ei-
ther s, = 0 or s = P, for all users k. In this way, maxi-
mizing the sum-rate is equivalent to finding the largest subset
of users which are mutually noninterfering, which is further
equivalent to the maximum independent set problem in com-
binatorial optimization. The complexity analysis for (P;) has
an interesting consequence. It is well known that the maximum
independent set problem is not only difficult to optimize, but
also hard to approximate (cf. Trevisan [18]). In particular, for
a K-node graph, there is a constant ¢ > 0 such that if there is
a polynomial-time K ~“-approximation algorithm? for the max-
imum independent set problem then P = NP. This inapprox-
imability result, coupled with the polynomial transformation
outlined in the preceding complexity analysis, implies that the
sum-rate maximization problem cannot be well approximated
even to within a factor of K ~° when the number of tones is 1.

2) Maximization of Min-Rate Utility: We now study the com-
plexity status of the spectrum management problem (P) when
the system utility function is the minimum of all users’ rates:
H(u) = ming ug. As we see next, unlike the sum-rate case
considered earlier, the spectrum management problem becomes
a convex optimization problem when N = 1.

Let N 1 and consider the min-rate utility function
H(u) ming ug. The corresponding spectrum management
problem (Pj) becomes (after dropping the superscript n)

Sk
O+ D jar, OhjSj

subject to 0< s, < P, k=1,..., K

maximize min In |1+
1<k<K

which, by the monotonicity of In( - ) function, is equivalent to

. Sk
min
1<k<K o} + Zj;ék Qk;Sj

subject to 0< s < P, k=1,...,K.

maximize

This is known as a generalized fractional linear programming
problem and can be solved by parametric linear programming.
In particular, introducing an auxiliary variable 7, we obtain the
following equivalent formulation

maximize T

subject to s > (o + Zakjs]-)
7k
TZO, OSSkSPk, ]CZI,...,K

which can be easily solved using a binary search on 7. This
shows that the case of N = 1 is polynomial time solvable.
However, if N > 2 then the problem remains NP-hard.
Theorem 2: For the min-rate system utility function H (u) =
ming, ug, the spectrum management problem (Py) is polyno-
mial time solvable (in fact equivalent to a parametric linear pro-
gram) when N = 1, and is strongly NP-hard when N > 3.
The Proof of Theorem 2 consists of a polynomial time reduc-
tion from the 3-colorability problem, i.e., the problem to deter-
mine if the nodes of a given graph can be assigned one of the

with

feq

2For a maximization problem
say isan -approximate solution if

feQ nonnegative, we

Authorized licensed use limited to: University of Minnesota. Downloaded on May 22, 2009 at 15:00 from IEEE Xplore. Restrictions apply.



LUO AND ZHANG: DYNAMIC SPECTRUM MANAGEMENT

three colors so that no two adjacent nodes are colored the same.
The 3-colorability problem is known to be NP-hard. Intuitively,
for any given graph, we can think of nodes in the graph as users,
and colors as frequency tones. If we set the normalized crosstalk
coefficients ay), to be either a (sufficiently large) constant or
zero, depending on if nodes £ and k are adjacent or not. In this
way, the min-rate optimal solution for the corresponding spec-
trum management problem will try to assign frequency tones to
users so that each tone is utilized by at least one user in a non-
interfering manner. This then leads to a solution to the coloring
problem. We provide details of the analysis in Appendix B.

There is still a missing case of N = 2 that is not covered
by Theorem 2. While we have not been able to characterize its
complexity, we can reduce it to a simple optimization problem
involving a single variable.

Theorem 3: For the min-rate utility function H(u) =
miny ug and N = 2, the spectrum management problem (Py)
is equivalent to a single-variable optimization problem.

Proof: When N = 2, the maximization of min-rate utility
becomes

1

.. . S
maximize min ln 1 + 1 k 1 1
1<k<K o)+ Z#k ;8

82
+In(1+ k
( o+ D itk ai;s?

311c+82 Spkvsllwsi >0,

subject to

By a bisection search on the objective function, this maximiza-
tion problem can always be broken down to a series of feasibility
problems (see first equation at the bottom of the page). We claim
that for a fixed o > 0, then it takes polynomial-time to check
if (F,) is feasible or not. In fact, (F,) is equivalent to the exis-
tence of # > 0 such that

Tk +EH£R i

3
1 $2
sk—f—3k<P;C7 [

which amounts to checking the feasibility of the system (see
second equation at the bottom of the page) and this leads

61

to solving the following parameterized convex optimization
problem:

1 1 1
Tp + 20 jk Yy i

(Qp) minimize  ax
<k<K ak + s+ Z#k ak] ]
Y
: . kT 5k K O%;
subject to  min 7 21 ) >4
1<k<K

0k+23¢kaka J
si—i—s% SPk,s}C,sZ >0,k=1,...,K.

Denote the optimal value of (()g) to be v(/3). Maximizing «
is equivalent to finding the maximum of 3/v(g) for 8 > 0, i.e.,
maxo<g 3/v(8). ]

3) Maximization of Harmonic-Rate Utility: When the system
utility function is given by H(u) = Hs(u) = K(u7' 4+ --- +
ul_(l)*l, the spectrum management problem is equivalent to

-1
Sn
minimize In|1+ —~ k —
;(Z ( "ﬁZ#kakﬁj))

N
subjectto ZSZ < Py,k=1,...,K,

n=1

sE>0,k=1,...,

(P3)

K;n=1,...,N.

Similar to the min-rate utility case, we have the following
complexity characterization result.

Theorem 4: For the harmonic-rate utility function H(u) =

KK 1 Uy 1), the spectrum management problem () is
a convex optimization problem (thus polynomially solvable)
when N = 1, and is strongly NP-hard when N > 3.

Proof: We only consider the case of N = 1. The NP-hard-
ness proof for N > 3 can be found in Appendix C. When
N =1, problem (P5) becomes (after dropping the superscript
n)

K -1
e Sk
minimize In{1+
kzzl( < Tkt D “kisi>)

subject to 0< s, < P, k=1,...,K.

1 1
In(l+ ——=*t——|J4+hn{l+ —=<t—— ) >lna
(Fa) ( allc +Zj¢k all@j S.} > ( ai +Zj¢k ai_]. S} ) -

sp+ 57 < Prysp,si >0k=1,...,K

ak+5k+z k] i

2+Z i#k kJ J

minlSkSK

sk+sk<Pk sk sk>0 k=1,.

> > maxi<k<k

1 11
a(0k+§:j p Ok555)
1.1 E: 1 .1
o’k+sk+ j;ékak‘jsj
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Introducing new variables ¢, we can rewrite the above problem
as

minimize tr

M=

k=1

>IN +
O + E Ak Olkij

0<sp < Pp,tp, >0,k=1,...,K.

subject to

By a nonlinear variable transformation, s :=
can be equivalently turned into

exp(yr), (P3)
K

minimize Ztk
k=1

subject to In | o exp(—yx)

+ > ajexp(y; — yx)
7k

1
+In <exp <—> — 1> <0,
ty

ykShlPk,thO, kZl,...,K.

()’

Itis well known thatIn(oy, exp(—yx )+ 2, kj exp(y;—Yr))
is a convex function in y. Moreover, it can checked easily that
In(exp(1/t) — 1) is convex over ¢ > 0. Consequently, (Ps)’ is
a convex program, hence solvable in polynomial-time in terms
of the dimension and the required solution precision. [ |

We remark that the complexity status of (P3) remains un-
known when N = 2.

4) Maximization of Proportional Fairness Utility: Consider
the system utility function H(u) = Ha(u) = (Hf:1 ug) /.
Notice that maximizing ([, ur)'/* (the geometric mean of
users’ data rates) is equivalent to maximizing x Inug. Thus,
the spectrum management problem (Py) becomes

maximize

subject to

Below is our complexity characterization result for the propor-
tional fairness utility maximization problem.

Theorem 5: For the proportional fairness utility function
H(u) = (H,{;l ug,)'/ ¥, the spectrum management problem
(Py) is convex when N = 1 and is NP-hard for N > 3.

Proof: For N = 1, the corresponding spectrum manage-
ment problem becomes

K
maximize Zln In (1 + 5k )

= O+ D jar, OhjSj

subject to 0<sp < Pr,k=1,..., K. (Py)

Similar to the Proof of Theorem 4, let us introduce some auxil-
iary variables t; and the constraints

(te) <In |1+ il
ex n
PUk) = o+ Zj;ék QjSj

which can be equivalently written as

o + Zj?ék QLS < 1
Sk ~ exp(exp(tg)) — 1
By the variable transformation s; = exp(y;) j = 1,..., K,

we rewrite the above inequality as

In | o exp(—yk) + Z Qpj eXP(Z/j - yk)
7k
+ In(exp(exp(tx)) — 1) <0. (3)

It can be checked that the function hs(t) := ln(exp(exp(t)) —
1) is convex. This shows that constraints of the type in (3) are
convex. Since (P,)’ can be equivalently written as

K

maximize E tr
k=1

subject to In | o exp(—yx) + Z arj exp(y; — yr)
Jj#k
+ In(exp(exp(tx)) — 1) <0,
Yk Shlpk,k': 1,...,K

it is therefore a convex optimization problem.

The NP-hardness proof is similar to the harmonic rate case
(consisting of a reduction from 3-colorability problem), and is
given in Appendix D. |

The complexity status remains unknown for the two-tone case
with proportional fairness criterion.

B. The Case of Many Tones and Few Users

So far we have analyzed the computational complexity of the
spectrum management problem for various choices of system
utility functions when the number of users K is large while the
number of tones NV is small and fixed. In what follows, we con-
sider the other case when the number of users K is small and
fixed while the number of frequency tones [NV grows to infinity.
For the sum-rate maximization problem (correiponding to the
system utility function H(u) = Hi(u) = >, _; uy), the re-
cent work of [9] shows that the resulting spectrum management
problem is NP-hard even when there are only two users in the
system. This NP-hardness result effectively shatters any hope to
efficiently compute the exact optimal spectrum sharing strategy.
The combinatorial growth of possible frequency assignments
simply renders the problem intractable. Below we generalize
this result to other system utility functions.

Theorem 6: The two-user spectrum management problem
(P)) is NP-hard when the system utility function H(u)

is given by the following choices: Hy(u) = Zi\;l Uy,
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TABLE 1
SUMMARY OF THE COMPLEXITY STATUS OF THE DISCRETE SPECTRUM MANAGEMENT PROBLEM ¢

Utility Function
Sum-Rate H, | Sum-Rate H, | Proportional Harmonic Min-Rate H,
Problem FDMA Soln | (erithmeticmean) | Faimess H, | mean H,
Class (geometric mean)
K=1, N arbitrary Convex Opt Convex Opt Convex Opt Convex Opt Convex Opt
(Waterfilling) | (Waterfilling) | (Waterfilling) (Waterfilling) (Waterfilling)
K=2 and fixed, N
arbitrary NP-hard NP-hard NP-hard NP-hard NP-hard
N>2 and fixed, K Strongly Strongly Strongly Strongly
arbitrary NP-hard NP-hard NP-hard NP-hard NP-hard
Strongly Strongly
N=1, K arbitrary NP-hard NP-hard Convex Opt Convex Opt LP
(sum-rate), Ho(u) = ij_l Inw, (proportional fair- time. One natural approach is to consider the dual formulation

ness), Hs(u) = (XA_,u7!)™' (harmonic-rate), or
H,(u) = min,, u,, (min-rate).

The proof of this complexity characterization relies on a re-
duction from the so called equipartition problem: given an even
number of integers, determine if they can be partitioned into
two subsets of same size such that the sum of integers in the
two subsets are equal. To see how the equipartition problem is
related to the spectrum management problem, let us imagine a
situation whereby two users with the same noise power spec-
trum are to share a common set of frequency tones. Assume
that the crosstalk coefficients are sufficiently strong on every
tone. It follows from [9] that the optimal sum-rate spectrum
sharing strategy must be FDMA. To maximize the system utility
(defined by any of the mentioned utility functions) among all
FDMA strategies, the two users should partition the tones in a
way that best balances the total noise power across the frequency
tones assigned to the two users. In this way, deciding on which
user should get exactly which subset of tones becomes essen-
tially the aforementioned equipartition problem. The details of
the proof are relegated to Appendix E.

For a single user system (K = 1), there is no multiuser inter-
ference, so the optimal spectrum management problem becomes
convex, as long as H (u) is concave. In fact, in this case, all four
system utility functions Hy, Hs, H3 and H, coincide, and the
optimal solution can be found via the well-known waterfilling
algorithm in polynomial time. Shown in Table I is a summary
of the complexity status of the discrete spectrum management
problem (Py).

In this table, the column “Sum-Rate H; (FDMA solution)”
represents the optimization model where the objective is to max-
imize the total rates, while the users’ power spectrums are con-
strained to have no overlap. The second column “Sum-Rate H;
(arithmetic mean)” represents the model with the same objec-
tive but the FDMA constraints are removed.

IV. DUALITY

The discrete rate-maximization problems considered in
Section III are mostly NP-hard. This motivates us to consider
efficient algorithms which can find high quality approximate
solutions for the rate-maximization problem in polynomial

and apply Lagrangian relaxation.
Consider the discrete rate-maximization problem (P3")
max H(u,...,uk)

n

]\T
1 s
s.t. ukg—g In{1+ — k —
N—= ok + 20 ek ;5

(P")

U Ak + Z P pug,

k=1 k=1

(1

gN()\/'l') ‘=Ssup LN(SUH)\N’)
st. ueRF P >0k=1,...,K.

)\k In

s —— | — sy
Tk i#k YkjS;

and the dual function is given by

Thus, the Lagrangian dual of (P2¥) can be written as

min - H*(A) + P+ gy (A, )
st A, peRE(DY)
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where H* is the convex conjugate dual function of H defined
by

H*(\) := tsét;g;{ (H(t) — ATt) 4)

N K
1
and gy (A, p) := max NZ:IZ [Ak In <1

e=1

s >
Il

+ %k — HkST
ok + 2k V%55

The conjugate function H* can be computed explicitly for
various choices of system utility functions. It is relatively easy
to verify the following.

1) For weighted sum-rate function H(u) = w'u, the conju-
gate function H*(A) = 0 for A = w and H*(\) = o0
when A # w.

2) For the proportional fairness system utility func-
tion H(u) = 2521 Inuyg, the conjugate function
H*(\) = K = Y5 In ).

3) For the min-rate utility function H(u) = mini<p<k Uk,
the conjugate function H*(\) = 0 if Z,I::l Ar > 1, and
H*(\) = 400 otherwise.

4) For the harmonic-rate utility function H(u) =
(Zle u, t)~!, the conjugate function H*(\) = 0 if
SR VAR > 1,and H*(A) = 400 otherwise.

Unlike the original problem (P2V), its dual (D}) is convex
which is potentially easy to solve. Let Py, and D7, denote their
respective optimal values. It follows from weak duality that
P} < D4. It is known from Section III that (P) is typi-
cally NP-hard, suggesting that the primal (P}¥) and the dual
(DY) are in general not equivalent. Indeed, the following ex-
ample suggests that the duality gap Dy — Py is typically pos-
itive.

Example: Consider a case with two users sharing one fre-
quency. The corresponding sum-rate maximization problem is
given by

maximize In |1+ 51 +In(1+ 52
1+ 59 1+ s

subject to 0< s <P, 0<s3< Py 5)

where P; > 0 is the power budget for user 4, (1 = 1,2). Let
the optimal value of the above problem be v( P, P»). We show
below that v(P;, P») is not concave function of Py, P, > 0,
which implies that the duality gap is positive. [This concavity
property of v( Py, Py) was called time-sharing property in [21].]

Note that the objective is actually equivalent to maximizing
(14 51 4 52)2)/((1 + s1)(1 + s32)), which is a quasi-convex
function on its domain (see [1]). Therefore, its maximum value
is attained at the vertices. In other words

v(Py, Po) = max{In(1 4+ P;),In(1 + P),
21n(1 + P1 + Pz) — ln(l + Pl) — ln(l + PQ)} (6)

So,if P; = P, = 2,then P}, = v(2,2) = In 3 which is attained
by (s7,s3) = (2,0) or (0,2) (FDMA solution). However, the
corresponding dual formulation of (5) can be written as

minimize Pypy + Popg + g1(p)
subject to  p = (p1,u2) >0 @)
where
_ S1
= In(1
o) = max (14 )
52
In(1 - — .
+ n< + 1+31> 181 — p2S2

Notice that g;(u) is a convex function that is symmetric
with respect to p1 and ps. Thus, if P4 = P, = 2, then the
dual objective function in (7) is symmetric with respect to
pu1 and po. It follows that the optimal dual solution must
have y17 = po. Direct computation of g;(u) (via KKT con-
dition) shows that, when u; = pe = 1/5, the associated
primal power levels must be either (s1, s2) = (4,0) or (0,4).
Moreover, the subdifferential of g; at (1/5,1/5) is equal to
0g1(1/5,15) = convex hull{(0,—4),(—4,0)}. Plugging
these values into (7), we see that the dual optimality condition
(07 0) S (P17P2) + 8;?1(/“7 /1,2) is satisfied at 1 = g = 1/5
Therefore, we obtain the optimal dual solutions pj = s = 1/5,
and the minimum dual objective value D3 = In5 which is
strictly larger than the primal objective value Py = In 3.

When H(u) = wTu (weighted sum-rate), a so called
time-sharing property was introduced in [21] which can
ensure zero duality gap D3 — Pz, = 0. This prop-
erty essentially requires the region of achievable rates
{(ug, - ug) | SN s < Prys? > 0,1 < k < K} to
be convex, where each uy, is defined in (Pjv ). Mathematically,
the time-sharing property is equivalent to the concavity of
the mapping v(P;, P2). Unfortunately, time-sharing property
does not hold in general. For instance, consider the preceding
example where v(Py, P») is given by (6). Simple calculation
shows that

21n(1+P1 +P2)—1H(1+P1)—1H(1+P2)
> ln(l —|—P1) and P, Py >0

if and only if P> + 1 — P2 > 0. Similarly,

21n(1+P1 +P2)—1H(1+P1)—1D(1+P2)
> 1n(1+P2) and P, Py >0

ifandonly if P +1—P7 > 0.LetQ := {(P1, P,) € R% | | P>+
1—P2>0,P+1—P§ >0}. Wehave v(Py, P) = 2In(1+
P1 —|—P2) —111(1 +P1) — hl(l —|—P2) for (Pl, Pg) € ). Now we
see that v(P;, P») cannot be concave in (2, since, for instance
its Hessian at an interior point of €2, (1,1), is given by

1 _2
V20(Pr, Po)|(p, py=(1,1) = (362 1 )
9 36

which is clearly not negative semidefinite.
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A. Asymptotic Strong Duality

When the duality gap Dy — Pj; is nonzero, the dual problem
(DY) is not equivalent to the primal problem (P.V). Nonethe-
less, (DJ) may still provide a close approximation of (P2).
This motivates us to find an upper bound on the duality gap be-
tween (PV) and (DJ"). Notice that, for the continuous spectrum
management problem (corresponding to N = o00), the duality
gap D% — PX = 0, as was established in [21] in the context
of sum-rate maximization. This suggests that the duality gap
D3, — P} for finite NV should vanish asymptotically as N — oo
for general system utility functions. In this section, we show that
this asymptotic strong duality result indeed holds true for gen-
eral system utility functions, thanks to a hidden convexity re-
sulting from the frequency set €2 being an interval (rather than a
finite discrete set). The key in our analysis is the so-called Lya-
punov theorem for vector measures [14].

Definition: A measure is nonatomic if every set of nonzero
measure has a subset with strictly less nonzero measure.

The standard Lebesgue measure is nonatomic, while the uni-
form measure on a finite set is atomic. The following is a con-
venient form of Lyapunov Theorem due to Blackwell [2].

Lemma 1: Let v be a nonatomic measure on a Borel field B
generated from subsets of a space 2. Let g;(x( - ), -) be compat-
ible with B-measurable function z(-) (i.e., if 2(-) is B-mea-
surable then g;(z( ), ) is B-measurable), i = 1,...,m. Then

Jogr(a(-),-)dv
2 is B—measurable

Jo gm(x(-),)dv

is a convex set.

It is important to notice that there is no assumption on the
convexity of g; functions or the set €2. The convexity of the
image of the integral mapping is due to the nonatomic property
of measure v. We now use Lemma 1 to argue the asymptotic
strong duality for the continuous formulation of the spectrum
management problem.

Suppose that the system utility function H is monotonically
nondecreasing componentwise and jointly concave. We can
equivalently rewrite (P.) as shown at the bottom of the next
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Theorem 7: Let v(P) be the optimal value of (P.) (also
known as the perturbation function of (P.)). Suppose that H is
monotonically increasing componentwise and jointly concave.
Then v(P) is a concave function in P.

Proof: Let P and P? be two parameter vectors. Let s ( f)
and s?( f) be optimal solutions for (P.) with parameters P* and
P2 respectively. Let

i n Si(f)
=/ (” AT ES SN <f>>df’
i=1,2k=1,... K.

Then, by Lemma 1, there exist nonnegative Lebesgue measur-
able functions {35 (f)} such that

sk(f)
fm (1 G %-(f)sj(f)) Y
= (t' +1)/2
and se(f)df

Jfea

- ( /f sk + /f . si<f>df> / 2

< (P + PP)/2.

Therefore, the optimal value of (P.) with parameter (P! +
P?)/2 satisfies

P*)/2)
((t1 +1) /2, (tk +t%() /2)
(H(t},....tK)+H(t2 t3%)) /2
= (u(P") +0(P?))/2
where the second inequality is due to concavity of H. ]
A consequence of Theorem 7 is that the Lagrangian dual

problem admits no duality gap with the original problem.
Specifically, define the following Lagrangian function

L(s,t; A\, p)

= H(t1 L tK)

page. A
The following theorem follows from Lemma 1. " Z * |:/feQ n(l
max H(uy,...,uk)
3 1 s1(f) d
Soms /f b (1 Tt e )Y
: (Pe)
In 1 sx(f) d
s /feg " ( NGRS YT ) A
yoo K

sp(f) >0, f € Q,51(-)is Lebesgue measurable; k =1,..., K
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sk(f) B
or(f) + 2k akj(f)sj(f)> df tk]

K
+ Zﬂk |:Pk —/
k=1 f

K K
=H(ty,...,tx) — Ztk/\k + ZPkltk
k=1 k=1

_|_

sk(f)df

€N

+ > eln(1

feQ
sk(f)
— WSk df.
EGES akj(f)sjm) sl )1 d
®)
Let
g\, ) :=sup  L(s, ;A\, p)
st. teRK
sk( ) is Lebesgue measurable;
k=1,....K.

Since ¢ is separated from s, we may simplify the expression for
g(A, i) by using the conjugate dual function of H [cf. (4)] which
is convex. We have

g pw) = H*N) +p n+ g\ )

where (see the equation at bottom of next page).
Clearly, g(\, ) is convex jointly in A and u. The Lagrangian
dual problem of (P,) is defined as

minimize g(A, p)

subject to A, u € §Rf (D.).

Due to Theorem 7, the perturbation function v(P) is concave.
By a well known result in convex analysis [15, Sec. 34], this im-
mediately implies that the duality gap is zero; see also Theorem
1 in Yu and Lui [21].

Corollary 1: Suppose that the system utility function
H(uy,...,uk) is jointly concave in (u1,us,...,ux) and is
nondecreasing in each ug. Then, the optimal values of (P.) and
(D.) are equal; i.e., the strong duality relation holds.

Since the concavity and monotonicity assumptions in Corol-
lary 1 are satisfied by the min-rate, harmonic-rate, proportional
fairness rate and sum-rate functions, it follows that the duality
gap between (P.) and (D,) is zero for all of these choices of
system utility functions. By a “continuity” argument, this should
imply that the duality gap between the discrete primal-dual pair

(P)) and (DY) should vanish when N — oco. This is what we
establish in the next theorem.

Theorem 8: Suppose the system utility function
H(uj,ug,...,ux) is jointly concave and continuous in
(u1,...,ux), and is monotonically nondecreasing in each

argument. Moreover, assume each user’s utility function
is given by u; = R;(s1(f),s2(f),...,sx(f)), with R;
nonnegative and Lebesgue measurable, where s;(f) is the
nonnegative and Lebesgue integrable power spectral density
function of user j. Let Py, and D} denote the optimal values of
(P)) and (DY) respectively. Then the duality gap Py — D%
vanishes asymptotically in the sense that

1}\IT11inf(PK, —Dy)=0.

In light of Corollary 1, we only need to show that the op-
timal values of (P2V) and (DY) converge respectively to those
of (P.) and (D..), respectively, as N — oo. The main diffi-
culty with the proof is that the continuous formulations (P.)
and (D.) involve Lebesgue integrals while the discrete formu-
lations (P) and (DY) involve Riemann sum of Lebesgue in-
tegrals. It is well known that we cannot in general approximate
the value of a Lebesgue integral by a Riemann integral. The mis-
match of integrals arise because Lyapunov theorem works only
for Lebesgue integrals while in spectral management applica-
tions we are confined to Riemann sum type of discrete formu-
lations. Fortunately, for the optimization problems considered
here, the mismatch can be resolved. We leave the details of the
proof to Appendix F.

V. DISCUSSIONS

For a communication system in which users must share a
common bandwidth, dynamic spectrum management (DSM) of-
fers a great potential to significantly improve total system per-
formance and spectral efficiency. This paper considers the com-
putational challenges associated with DSM. If the potential ben-
efits of DSM are to be realized, these challenges must be prop-
erly addressed. The complexity results of this paper suggest that
for a given channel condition, computing the optimal spectrum
sharing strategy is generally difficult, unless either the number
of users in the system or the number of shared frequency tones
is small (1 or 2). Even for a moderately sized problem (with
10-20 users and 1000-2000 frequency tones), finding the glob-
ally optimal spectrum sharing strategy can be computationally
prohibitive. Consequently, our goal for DSM should be more re-
alistic. The most that we can hope for is to be able to efficiently
determine an approximately optimal spectrum sharing strategy
with provably good quality.

One efficient approach to find high quality approximately
optimal spectrum sharing strategies is through Lagrangian

K

sk (f)

g(A, ) :=max Ak In — Ik d,
g(A, 1) a /feﬂg [ k <1+Uk(f)‘f‘zj'?gkakj(f)sj(f)) Mksk(f)] if
st. sp(f) >0, f € Q,sk(-)is Lebesgue measurable; k =1,..., K
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relaxation. This is because the dual formulation of the spectrum
management problem is always convex and is amenable to
distributed implementation. The duality analysis in this paper
shows that the duality gap vanishes as the size of discretization
decreases to zero, suggesting that the optimal spectrum man-
agement problem is asymptotically convex. The main reason
for the vanishing duality gap is a hidden convexity associated
with the continuous formulation due to the Lyapunov theorem
in functional analysis. The asymptotic strong duality suggests
that it may be possible to devise a polynomial time approx-
imation scheme for the continuous spectrum management
problem (P.). That is, it may be possible to find an e-optimal
spectrum sharing strategy for (P.) in time that is polynomial
in K and 1/€, where ¢ > 0. However, to achieve this goal, it
will be necessary to develop a strengthened duality analysis
which explicitly bounds the size of duality gap for any finite
discretization. We plan to address these and other related issues
in a forthcoming paper.

A number of extensions to the current work are possible. For
example, rather than maximizing a system-wide utility function
as in the formulation (P, ), a telecom system operator may wish
to minimize the total transmission power while ensuring a given
data rate for each user. This leads to the following QoS (quality
of service) constrained optimization:

K
minimize Z
k=17 FEQ
subject to / In|1
feQ
sk(f)

- df > 7y,

U'k(.f)‘i'z]';ék akj(f)sj(f)) ‘

se(f) > 0,Lebesgue integrable,
k=1,2,....K

sk(f)df

where 7, is the required data rate for user k. The corresponding
discretized version becomes

| KX
minimize — E E sy
N k

k=1n=1

N
1 sy
subject to — In |1+ k > g,
an:; ( Of + 2k O ST
sp>0,k=1,2,...,K.
For the one-tone case (N = 1), the discrete formulation is

simply a linear program (solvable in polynomial time). Also,
if only one user is present (K = 1), then the problem is solved
by the iterative water-filling procedure. For other general cases
(K > 2or N > 3), the proof techniques of Section III can be
easily adapted to show the NP-hardness of the above QoS con-
strained problem. Moreover, Lyapunov theorem can again be
applied to the above pair of continuous-discrete formulations
and the asymptotic strong duality still holds.

Our work can also be extended to other resource management
problems in multiuser communication such as transmission time
management. In the latter case, we only need to change “f, s(f),
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[ -df, ete.” to “t, s(t), [ - dt,...” respectively. Management
of hybrid resources such as time-frequency sharing can also be
treated similarly.

APPENDIX

A. Proof of Theorem 1

We now present a polynomial transformation of the max-
imum independent set problem on a graph to (P;)’. Since the
former is NP-hard, this will imply the NP-hardness of (P;)’ and
(Py). Suppose that G = (V, E) is an undirected graph. An in-
dependent set of GG is a subset S C V such that no two nodes
in S are connected: for any v;,v; € S, (v;,v;) ¢ E. To find an
independent set with a given size is NP-hard.

Consider a connected graph with K vertices, i.e., |[V| = K.
For each v; € V, let

_ J MK?, ifv;is adjacent to v;;
Y= 0 otherwise
, ,

where M is any positive number greater than K, and o, = M,
P, =1,k =1,...,K. In this way, the feasible set becomes
a Cartesian product of probability simplices. We claim that G
has a maximum independent set of size || if and only if the

corresponding (P;) has an optimal value v* satisfying
1 1
|I|1n <1+ M) S?)* < (|I| +1)ln <1+ M) .

If G has a maximum independent set I, then by letting

L,
S = 0

we have a solution for (P;)" with an objective value equal to
[I]In(1 + (1/M)).

On the other hand, suppose that one has an optimal solution
s* for (Py)’ with optimal value v*. By a direct computation, we
have

PH 1
(st M+ MK?3 ., epsi)’

if v, € 1,
otherwise,

- =
0sj.

1
_|_

i:(’lii-,;k)eE (K2 + Z('viv'vj)GE 5j)°
Since G is connected, so the second sum is not vacuous and the
definition of M ensures that (9>H)/(9s3) > 0 for all feasible
vector s. Thus, the objective function H(s) is convex with re-
spect to every component of s (though not jointly convex in s).
Since the maximum of a convex function over a polytope is al-
ways attainable at a vertex, it follows that we can assume that
s* is a 0-1 vector. Let

S:={v|s;=1,1<k< K}

Let I be a maximum independent set contained in .S. Then, it
follows from the property M > K that

= n
T e M+ ME2|{0; € 5] (7, 00) € B)]

Authorized licensed use limited to: University of Minnesota. Downloaded on May 22, 2009 at 15:00 from IEEE Xplore. Restrictions apply.



68 IEEE JOURNAL OF SELECTED TOPICS IN SIGNAL PROCESSING, VOL. 2, NO. 1, FEBRUARY 2008

1 1
<|I|1n(1+M>+ E 1n<1+M—|—MK2>
v ES

< 1+ 2 ) 4 Km(1+ L
. M . M+ MK?
1 1
< — —
|Z] In 1+M>+1n<l+M>

where the strict inequality is due to the connectedness of G
which implies that [{v; € S|(v;,vx) € E}| > 1. Thus, we
have

1 1
— < p* N
|I|ln<1+M>_v <(|I|+1)1n<1+M>

establishing our claim.

In case N > 2, we consider N copies of graph G, called it
GN = (VN,EN), defined as follows: (v}, v;) € EV for any
1 <i#j<N,and (vi,v]) € ENiff (vg,v) € E, where
1 <47 < N,1<k#1 < K. Then, an independent set
in G corresponds to an independent set in GV, and vice versa.
Hence, (Py) is in general strongly NP-hard for any fixed integer
N > 1.

B. Proof of Theorem 2

The N = 1 case has been treated earlier. We only need to
prove the problem is strongly NP-hard for N = 3. The general
case of N > 3 by setting a; = 0 and o3 = M, foralln > 3
and all k, 7, where

1 2 3 1 .2 3
M > ml;cax {0k70k,0k} + rrkla;_x{akﬁakj./akj} < E Pk>
’ k

is a constant. With this choice, it can be checked that all tones
numbered N > 3 are too noisy to be used by any user in the
system. In this case, the general N > 3 case is reduced to a
three tone case.

When N = 3, the spectrum management problem (Py) be-
comes

maximize

3 n

. S
min In{1+ - —
1<k<K A~ o+ Z#k ags]

subject to sy + 53 + 53 < Py, 51, 52,55 > 0,
k=1,...,K. (Ps).
To prove the strong NP-hardness, we construct a polynomial
transformation from the so called vertex 3-coloring problem to
(P2). Given a connected graph G = (V, E') with K vertices,
(i.e., |V| = K), the 3-coloring problem requires the determina-
tion of whether or not there is a partition V = V1UV2UV?3 (mu-
tually exclusive) such that V1, V2, V3 are all independent sets
of the graph. For each graph G, we define a corresponding spec-
trum management problem (P») as follows: forn = 1,2, 3,, let
o = 3, if v;is adjacent to v;;,

Y10, otherwise.

Also, set o) = 1and P, = 1, for all n, k.

We claim that graph G is 3-colorable if and only if (P> ) has an
optimal value greater or equal than ln 2. If a 3-coloring solution
V = VU V2 U V3 exists, then we may let

i={y
si:{(l)’
i={s

with £ = 1,..., K. This achieves an objective value In 2 for
(P2).

Now suppose that we have a solution for (P, ) with an objec-
tive value at least In 2. Let

Sn
Vii=Sup|ln | 1+ — k —
{ ( o5+ 2 OS] )

1n271§k§K}, n=123.
Clearly, we have V = V11U V2uU V3. We claim that each V"
must be an independent set. To see this, suppose the contrary
so that there are two nodes vy,v; € V" (for some n = 1,2, 3)
which are adjacent in G. Then the above definition of V" im-
plies that

if vy, € Vl,
otherwise,
and

if vy, € V2,
otherwise,
and

if vy, € Vg,
otherwise,

sp>(2Y2 —1)(1+3s7) and s> (213 —1)(1 + 3s})
where we have used the definitions of 07" and ;. Combining
these two inequalities yields

st > (23— D1 +32Y5 — 1)(1 4+ 357))

which implies that s} < 0. This is a contradiction, so the nodes
v; and vy, cannot be adjacent.

Notice that the sets V1, V2, V3 may be overlapping. In this
case, we can redefine the sets as V! := V1 V2 .= V2\V1
V3= V3\ (VU V?). In this way, V = V1 U V2 U V3 forms
a partition and gives a 3-color solution for G. Since the above
transformation involves only numbers that are at most polyno-
mial in K (in fact constant in K'), this establishes the strong
NP-hardness of the original spectrum management problem.

C. Proof of Theorem 4

The proof of strongly NP-hardness for the case N > 3 is
similar to the min-rate case considered in Theorem 2, and we
only provide an outline below. Consider a graph G = (V, E)
with |V| = K. We need to show that the graph is 3-colorable if
and only if the optimal value of the (Py) is at least K/ In 2. Let

_In2
"= 3K
and
~_ J1/p4?,  if vjis adjacent to v;;
Yij = {0, otherwise ©)

Authorized licensed use limited to: University of Minnesota. Downloaded on May 22, 2009 at 15:00 from IEEE Xplore. Restrictions apply.



LUO AND ZHANG: DYNAMIC SPECTRUM MANAGEMENT

ando} =1forn=1,2,3,andk =1,2,..., K. We claim that
G is 3-colorable if and only if the following problem:

—1, —1
K 3 n
. Sk
maximize E E In|14+ —r=———
n
k=1 | n=1 I+ E kS
7k
3
subject to g sp <1,sp >0,
n=1

k=1,...,K,n=1,2,3 (10)

has an optimal value at least (In2)/(K).

“=="": If the graph is indeed 3-colorable, then there is a par-
tition of the vertices, say V' = V1UuVv2U V3, such that V™ is
an independent set, n = 1,2, 3. Let

1_{17 if v, € V1,
Sk = 0

otherwise,
2 _ )1
Sk = {07

and

3_{L if v, € V3,

and
if vy, € V27
otherwise,

otherwise

with £ = 1,..., K. Clearly this is a feasible solution of the
above problem, whose objective value equals (In 2/K).

“«=": Let f* be the optimal value of (10) with
f* > (In2/K). Let us define

sn
Vri=lu, [In14+ ——"F -
{ < L+ akj8j>

Zu,1SkSK}, n=1,2,3.

Y

Since {s} |n = 1,2,3;k = 1,..., K} is an optimal solution
for (10) with optimal value f*, foreach given k, 1 < k < K, it
follows that

In2
In 1+— ff>—=3u.
Z ( 1+ Z];ﬁk QS ) K
By the above inequality and (11), we have U3_, V™ = V. What

remains to be seen is that each V™ forms an independent set. For
this purpose, take any two vertices v, v; € V'™, and we wish to
show that (vy,v,) € F. First, we note, due to v, € V", that
Sk
Sp > = > exp(u) — 1> p,
1+ Zg;ﬁk gy S J

and similarly, s;* > p, since v; € V™. Suppose by contradiction
that (vy,v;) € F and so ay,; = 1/p?. Then,

B 1 1 sy

Lbp T4 op ~ 14 sp ~

> W,
14+ Zﬁﬁk st

which is clearly a contradiction.

69

Finally, we notice that the sets V', V2, V3 may be overlap-
ping. In this case, we can redefine the sets as V! := V! V2 .=
VAVE V3= V3\(VIUV2). In this way, V = VIUuV2uVv?
forms a partition and gives a 3-color solution for G. Since the
polynomial transformation outlined above involves only num-
bers that are polynomial in K, we conclude the original spec-
trum management problem is strongly NP-hard.

D. Proof of Theorem 5

For the case N > 3, we use a polynomial time reduction
(similar to the one used in Theorem 2) to transform the 3-col-

orability problem to (P,). Consider a graph G = (V, E) with
V| = K. Let
INE
A= <§> In2 and oy;
_ J1/X% if vjis adjacent to v;; (12)
~ 10, otherwise

ando, = 1,k=1,...,K.
We claim that the graph is 3-colorable if and only if the fol-
lowing problem:

maX1m17e Z 1n <nz: h’l <1 + m))

3

13)

has an optimal value at least K Inln2. “=": If the graph is
indeed 3-colorable, then there is a partition of the vertices, say
V = VU V2U V3, such that V™ is an independent set, n =
1,2,3. Let

sl — 1, if v € V1,
710, otherwise,

1, if v e V2

d 2 _ ’ y
and sk {0./ otherwise,

1, if v, € V3,

d 3 _ ) ’
e S {0, otherwise

with £k = 1,..., K. Clearly this is a feasible solution of (13),
whose objective value equals K Inln 2. “<=": Let f* be the
optimal value of the above problem with f* > K In In2. Let

us define
S’I’L
< 1—|—Z#kakjsj>

Vvr= {vk

legkgK},n:Lz&

(14)

Notice that for any feasible solution of (13), it holds that
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forall k¥ = 1,...,K. Suppose that {s? |n = 1,2,3;k =
1,...,.K } is an optlmal solution for (P,¢) with optlmal value
f* Then foreach given k,1 < k£ < K, it follows that

3

In[1+ k >
S (1o gt

(In2)X
~ (3ln 2)K-1

By the above inequality and (14), we have U;?’L:ﬂ/" = V. What
remains to be seen is that each V™ forms an independent set. For
this purpose, take any two vertices vy, v; € V™, and we wish
to show that in this case it (vg,v;) ¢ E. First, we note that

exp(f*)
(3In 2)K-1

=3\

n
Sp >

>k S ep) 13 A
1+Z]‘7ﬁk Ok Sy

and similarly, s?* > A. Suppose by contradiction that (v, v;) &
E and so ay; = 1/A%. Then

A 1 1
= 1 2 1 .n
L+A 145352 7 14 335

sn

> °k
1+ Z otk Ckj 8?
which is clearly a contradiction. Thus, the vertices in V" (n =
1,2,3) are independent, establishing the NP-hardness as de-
sired. [Notice that we cannot claim strong NP-hardness since
the transformation outlined above involves exponentially large

numbers (in terms of K), although their binary lengths remain
polynomial.]

> A

E. Proof of Theorem 6

Let K = 2. The case of H(u) = Hi(u) = Zﬁ;l Up
(sum-rate) has been considered in [9]. Below, we treat the other
three cases using the same polynomial transformation from the
equipartition problem: given a set of N (even) positive inte-
gers ai,as,...,ay, determine if there exists a subset S C
{1,2,..., N} of N/2 numbers such that

Zan—Zan— Zan

nes n¢gS

Recall that it has been shown [9] that if

atpan; > 1/4, for all n

then the optimal solution of the two-user sum-rate maximiza-
tion problem must be FDMA, satisfying s7s; = 0, for all n.
Furthermore, given an even integer /N and a set of N posi-
tive integers a1, as, . .., ay, We can construct a two-user com-
munication system as follows: let there be a total of N fre-
quency tones, and let the channel noise powers for the two users
be o7 = 05 = an, forn = 1,2,...,N. We also set the
crosstalk coefficients oy = af; = 1.01 for all n, and let
Py = Py, =P := (N +1)3M, with cM := max,, a,. In
this case, problem (P2V) is reduced to the following:

Hma . — maximize

H;(u1,u2)

N n
. S
subject to u; = Z:lln <1 + i) ,
N on
Uy = Zln <1 + a_2>
n=1 n
N N
568723? SRZSS <P
n=1 n=1

wheret = 1,2, 3,4. Letu], u5 denote the optimal rates of user 1
and user 2 respectively. Next we consider a convex relaxation of
(15), with ¢ = 1, by dropping the nonconvex FDMA constraint
s € S, and by combining the two separate power constraints as
a single one

15)

Hi(uq, Uz)

Rielax :=maximize

n
subject to u; = up = ln <1 + >
N

Zs" < 2P,

n=1

s >0, Vn.

(16)

Notice that the relaxed problem (16) is a standard single
user rate maximization problem, so R,ax can be eval-
uated easily using convex optimization (or the classical
Karush-Kuhn-Tucker optimality condition). For the case
H(u) = H;(u) (sum-rate maximization), it was shown [9] that

2P n
H{dlna S Rrelax = Nln < + Z la ) Z ln an

and the equality holds if and only if u] = wu3. Moreover, the
latter holds if and only if the equipartition problem has a ‘yes”
answer. For other three cases of system utility functions (i =
2,3,4), we have

Hfdma(ul UQ) < H§ ma(u17u2) < Hfdma(U17U2)

= H{dma(ulv u2)

for all uq,uo > 0, where the equalities hold if and only if u; =
ug. Thus, for i = 2, 3,4, we can conclude that H{4™a < R, ..,
with equality holding exactly when u] = w3, or equivalently
when the equipartition problem has a “yes” answer. This im-
plies the NP-hardness of the spectrum management problem
(P)) in the two-user case for all three system utility functions
HQ(U,), Hg(u) and H4(u)

FE. Proof of Theorem 8

In what follows, we only prove that the optimal value of (P)Y)
converges to that of (P.), as the dual case is similar. Let v}’ (P)
and v(P) denote the optimal values of (P2) and (P.) respec-
tively. Suppose v(P) is attained at Lebesgue integrable func-
tions {s1(f), s2(f), ..., sk (f)}. Then, we have s;(f) > 0 and
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1
Uq :/0 Rl(sl(f)752(f)75K(f))df,
i=1,2,..., K,
1
Pi_ S; df, 1=1,2,..., K.
> [Csndr =1

By the definition of Lebesgue integral, for each ¢ > 0, there
exists some /N7 > 0 and a partition of the nonnegative real line
0=R)<R} <R}<---<RM <RV =

such that

<e

Ny
ui = RPu(A7)
n=1

where p( - ) denotes the Lebesgue measure and A" is the inverse
image of interval [R?, R7**) under mapping R;
A =R7(R} R
n = 1,2,...,N1.

Notice that the sets {A}, A?,..., AN} are Lebesgue mea-
surable and together they form a partition of the unit interval
[0,1] = Ufj;l A?. Similarly, there exists some No > 0 and a
partition of the nonnegative real line

?

Ni+1

O=s) <sf<sf<--<s <o) Th=00

such that

o1 N>
| sitnar =3 stumn)| <
n=1

where B[ is the inverse image of interval [R?, R?*") under
mapping s;(f)

B! = 571([8" s"'"l))7

2 K2

’I’LZI,Q,...,NQ.

Thus, each user ¢ = 1,2,..., K has two partitions
{A} A2, ... AN (B}, B?,...,BN?} of the unit interval
[0,1]. By a further refinement of these partitions for all 4 if
necessary, we assume that the partitions are identical for all
users. For simplicity, let { A, A%,..., A3} denote the parti-
tion common for all users. Then we have

N3
wi— S RIu(A™)] <
n=1
Vi=12,...,K, (17
and
1 N3
| sithar =3 stutan)| <
0 n=1
Vi=12,...,.K (18)

where R? € {R!,R?,...,RN} and 57 € {s},s2,...,5*}

() ) PR
forn = 1,2,..., N3. Since R is constant over A™ and is de-
fined by the values of s;(f) over A™ which are {57}X we
have

R = Ri(57,55,...,5%),

71

V1<i<K,1<n<N;. (19)
Let
M = max {Rf-vl , sfvz}
1<i<K

= R™. 3"

T <i<RAZn<N, (a5
Since each A" is Lebesgue measurable, it follows that there ex-
ists a finite union of disjoint intervals A™(1), ..., A™(j,) which

form an almost exact approximation of A™ in the sense that

Jn

plaralJarG)] | <
j=1

€

MN3;

where A denotes set difference operator. This implies that

Jn
€

A = DA ) < 75

(20)

Consider a uniform partition of the unit [0,1] =
{0,(1/N),(2/N),...,(N —1/N),1}. We need to approxi-
mate the end points of the intervals A™(j) simultaneously by
rational numbers of the form ¢/N. By Dirichlet theorem for
simultaneous Diophantine approximation, there exists a suffi-
ciently large integer N4 such that for all N = kN, (multiples
of N,) each interval A™(j) can be well-approximated by a
finite interval of the form IR (j) = [(¢;/N), (k;/N)], with
i, k; being integers in the interval [0, N], such that

ki —dil) o _< @1

p(An(§)) = H ) < g

In this way, we have
Jn

plara | o)
j=1

Jn

<plAallAamG)
j=1

Jn Jn
+ul UG ]2 UA"0)
j=1 j=1

Jn
€

< Wt ;uuz(j)m”(j))

Jn %

< v Y -
= MN; " 4 MNsj, ~ MN;

where the last step follows from (20)—(21). Therefore, we obtain

in
2e

ny _ iy < .
w(A™) — lelllN(J) S UM,

In other words, each set A" can be approximated by a finite
union of intervals of the form I}, taken from a uniform parti-
tion of unit interval [0, 1], provided N is sufficiently large (and
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multiple of V). Substituting these approximations into integral
estimates (17)—(18), we obtain

| N Nj
Ui Zan < u; — Z R u(A™)
n=1 n=1
N3 Jn
+max R > |u(A™) — p | | IR G)
n=1 7j=1
<e+ M x N3 x 2 _ 3
S € 3 MN3 = 9€,

wherefi? € {R},R?,...,Rﬁvl}foralln: 1,2,...,N. Sim-
ilarly, we have

1 1 N
(D -~ 38 <36
[ st -5 5| <3

where 57 € {s},s?,...,57*} foralln = 1,2,..., N, which
further implies

N 1
1 AN
~ > o< /0 si(f)df + 3¢ < P; + 3e. (22)
n=1
Moreover, it follows from (19) that

A~

R =R (57,85,...,8%),

V1<i<K,1<n<N

which implies

N
1
u; — NZR,L» (87,87,...,8%) < 3e.
n=1

Since the objective function H (uy,us,. ..
the above estimate and (22) show that

, uf) is continuous,

Jim P - PL| < 8(e

k— oo

where 6(¢) — 0 as ¢ — 0. In a similar fashion, there exists
N5 > 0 such that

Jim Dy = D2 | < 5(0)

k— oo

Since P = D}  (Corollary 1), it follows that

lim
N=kN4Ng

k— oo

D — Pi| < 25(c).

Letting ¢ — 0, we obtain lim infy_,oo|D%y — PX| = 0 as
desired.

REFERENCES

[1] M. Avriel, W. E. Diewert, S. Schaible, and 1. Zang, Generalized Con-
cavity. New York: Plenum, 1988.

[2] D. Blackwell, “On a theorem of Lyapunov,” Ann. Math. Statist., vol.
22, pp. 112-114, 1951.

[3] V. M. K. Chan and W. Yu, “Joint multi-user detection and optimal
spectrum balancing for digital subscriber lines,” in Eur. J. Applied
Signal Processing (EURASIP), Special Issue on Digital Subscriber
Lines, 2006.

[4] R. Cendrillon, J. Huang, M. Chiang, and M. Moonen, “Autonomous
spectrum balancing for digital subscriber lines,” IEEE Trans. Signal
Processing, vol. 55, no. 8, pp. 4241-4257, Aug. 2007.

[5] R. Cendrillon, W. Yu, M. Moonen, J. Verliden, and T. Bostoen, “Op-
timal multi-user spectrum management for digital subscriber lines,”
IEEE Trans. Commun., vol. 54, no. 5, pp. 922-933, May 2006.

[6] S. T. Chung, S. J. Kim, J. Lee, and J. M. Cioffi, “A game-theoretic
approach to power allocation in frequency-selective Gaussian interfer-
ence channels,” in Proc. 2003 IEEE Int. Symp. Information Theory,
Yokohama, Japan, 2003.

[7]1 T.M. Cover andJ. A. Thomas, Elements of Information Theory. New
York: Wiley, 1991.

[8] R. Etkin, A. Parekh, and D. Tse, “Spectrum sharing for unlicensed
bands,” in Proc. 1st IEEE Symp. New Frontiers in Dynamic Spectrum
Access Networks, 2005, pp. 251-258.

[9] S. Hayashi and Z. Q. Luo, Spectrum Management for Interference-
limited Multiuser Communication Systems. Minneapolis, MN: Univ.
Minnesota, unpublished.

[10] S. Haykin, “Cognitive radio: Brain-empowered wireless communica-
tions,” IEEE J. Select. Areas Commun., vol. 23, pp. 201-220, 2005.

[11] F. P. Kelly, A. Maulloo, and D. Tan, “Rate control in communication
networks: Shadow prices, proportional fairness and stability,” J. Oper.
Res. Soc., vol. 49, 1998.

[12] R. Lui and W. Yu, “Low complexity near optimal spectrum balancing
for digital subscriber lines,” in Proc. I[EEE Int. Conf. Communications
(ICC), Seoul, Korea, 2005.

[13] Z.-Q. Luo and J.-S. Pang, “Analysis of iterative water-filling algorithm
for multi-user power control in digital subscriber lines,” in EURASIP J.
Applied Signal Processing on Advanced Signal Processing Techniques
for Digital Subscriber Lines, 2006, Article ID 24012.

[14] A.M. Lyapunov, “Sur les fonctions-vecteur complétement ad’ditives,”
Bull. Acad. Sci. URSS. Sér. Math., vol. 4, pp. 465-478, 1940.

[15] R. T. Rockafellar, Convex Analysis. Princeton, NJ: Princeton Univ.
Press,, 1970.

[16] G. Scutari, D. P. Palomar, and S. Barbarossa, in Optimal Linear
Precoding/Multiplexing for Wideband Multipoint-to-Multipoint Sys-
tems based on Game Theory-Part 1: Nash Equilibria, submitted for
publication.

[17] M. Sion, “On general minimax theorems,” Pacific J. Math., vol. 8, no.
1, pp. 171-176, 1958.

[18] L. Trevisan, Inapproximability of Combinatorial Problems Comput.
Sci. Div., Univ. California at Berkeley, Berkeley, CA, Tech. Rep.
TRO04-065, 2004.

[19] N. Yamashita and Z.-Q. Luo, “A nonlinear complementarity approach
to multi-user power control for digital subscriber lines,” Optim. Meth.
Softw., vol. 19, pp. 633-652, 2004.

[20] Y. Ye, “Interior Point Algorithms, Theory and Analysis.,” in Discrete
Mathematics and Optimization. New York: Wiley, 1997.

[21] W. Yu and R. Lui, “Dual methods for nonconvex spectrum optimiza-
tion of multicarrier systems,” IEEE Trans. Commun., vol. 54, pp.
1310-1322, 2006.

[22] W.Yu, G. Ginis, and J. M. Cioffi, “Distributed multi-user power control
for digital subscriber lines,” IEEE J. Select. Areas Commun., vol. 20,
pp. 1105-1115, 2002.

[23] W. Yu, R. Lui, and R. Cendrillon, “Dual optimization methods for
multi-user orthogonal frequency division multiplex systems,” in Proc.
IEEE Global Communications Conf. (Globecom), Dallas, TX, 2004,
vol. 1, pp. 225-229.

Authorized licensed use limited to: University of Minnesota. Downloaded on May 22, 2009 at 15:00 from IEEE Xplore. Restrictions apply.



LUO AND ZHANG: DYNAMIC SPECTRUM MANAGEMENT

Zhi-Quan (Tom) Luo (F’07) received the B.Sc.
degree in applied mathematics in 1984 from Peking
University, China, and the Ph.D. degree in opera-
tions research from the Massachusetts Institute of
Technology, Cambridge, in 1989.

From 1989 to 2003, he was with the Department
of Electrical and Computer Engineering, McMaster
University, Canada, where he later served as the De-
partment Head and held a Canada Research Chair in
information processing. His research interests lie in
the union of optimization algorithms, data commu-
nication, and signal processing. He is a Professor in the Department of Elec-
trical and Computer Engineering, University of Minnesota, Twin Cities, where
he holds an endowed ADC Chair in digital technology. He currently serves on
the editorial boards for SIAM Journal on Optimization, Mathematical Program-
ming, and Mathematics of Operations Research.

Dr. Luo serves on the IEEE Signal Processing Society Technical Commit-
tees on Signal Processing Theory and Methods (SPTM), and on the Signal Pro-
cessing for Communications (SPCOM). He is a co-recipient of the 2004 IEEE
Signal Processing Society’s Best Paper Award.

73

Shuzhong Zhang received the B.Sc. degree in
applied mathematics from Fudan University in 1984
and the Ph.D. degree in operations research and
econometrics from the Tinbergen Institute, Erasmus
University, in 1991.

He had held faculty positions in Department of
Econometrics, University of Groningen (1991-1993)
and Econometric Institute, Erasmus University
(1993-1999). Since 1999, he has been with De-
partment of Systems Engineering and Engineering
Management, The Chinese University of Hong
Kong. He is a Professor at Department of Systems Engineering and Engi-
neering Management, The Chinese University of Hong Kong. His current
research interests include conic, robust, and stochastic optimization. He serves
on the editorial boards of six academic journals, including Operations Research
and SIAM Journal on Optimization.

Dr. Zhang received the Erasmus University Research Prize in 1999, the
CUHK Vice-Chancellor Exemplary Teaching Award in 2001, and the SIAM
Outstanding Paper Prize in 2003. He is an elected Council Member at Large of
the Mathematical Programming Society, 2006-2009.

Authorized licensed use limited to: University of Minnesota. Downloaded on May 22, 2009 at 15:00 from IEEE Xplore. Restrictions apply.



