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= O.M_ + Cxa + (D*+D)Yw

Tv wadrix form:
W, ﬂ?ﬁ

3= S KT B W Qy...dbc,

To Stmwarze ,
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x| A ° A +ﬁmﬂfs
y o >Nl$xh B.
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- 3 S :=

w_ S _u_olsw S| ’ Ae = Ce xe +D;ue
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- ._UP0~ < + (e T .—UNU— U

T matrix .ﬂols..

-Ine ol z + (D) w
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ol U, = J\ u - KNV ; X, — /\NP Xz
| ) _
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M. = \ﬂ. X_ + .W_CI = >_ X~ -+ «W_ A*S ....J\Uh.ﬁ~x. i%m'xb
u@..wkdp& X - BNC % 4 B, Yu
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\Q&Qv = m\L\va \Ow\mv
- G (ut - G,) 4te)

& mH + &6) m«&@un G, (5) uts)
—
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-~/
\\N.ﬁwmm*:. ’ \MN& = N.NJJN mv ) muﬂ\m% \M\@ uls)

mm&

Nofe +hat : \ \
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2. K.‘F.ﬁ Hie azonmphun +hat det(T+ Go6)) Fo wos

hmn.wfr,bm \N memh\bh@F \%\ §h§?&~\.\h\ik\§
to mate Serns€. To wvce Lo .
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Here det(T+6,66u0) - 1+Go = T2+ 2= o 4o

-
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\\FQ\N& S+ = .Imw.:u
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e .T,hsu.?_w h.:SnTvs %_3:5 ?u\\?.r_. m the _o% ‘o
?:Q o Hun Hoink 14 ﬁgm@v Azmh\\&mkkahuv

J
G 7 MUz
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T . -l N
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T4 an) (T+ Gl G
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Given ﬂlﬁl..m @mmvﬁn@v = M(s) wlhich is inverhble .

I—

~
How do we cleck woluther AH.f Gs) m.ﬂ?vv = My
¥ proper ?

The .rs?a?\ mssﬁf.sx. molve M) Caw e written
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<0 WW
——— g "
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- 8 ..J .lf |
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S — o) —_—
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ﬁ —
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7_0._.0 Q‘r.ﬁﬁr_ ¢~S@—?~$J ﬁ A mgm.g gr.i vs Casier
+Haak §w$&§u e inverse ab a. .Qrfq:.?e waatr; .

I\l}ﬁ;uﬁ“ MHVJ \_ﬂ..s.;.al
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-1
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Solution of Linear Mim.‘mmﬁcﬁ

C) x + DB

-—
—

s XK

o

Te Solukion of X = AB) X + B ud) X ~ xe
Qom be Lﬁ%ﬂ&.ﬁ% s Fwo «uplm“

mﬂu The .N%rw»d(.—.lh‘ w.vf?uﬁr.g > z.e. L\r/b Woﬂ? Q.ﬂ

m‘ u>5x+®§§¢ x@no
25 25 z5

m_cv The W\é\\.x\vr\* WD\?.\.\\«.«\Y.» 2.e . k\m& ﬂO\S\aﬁ\.\Y Dsm.

= ! T.m.a = A,
m.& AE) X, X, (%)= X
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Tn o ftee words X&) whieh \\\?..hw X = At x + Boou
Y lte) =X,

14 %\.?n\s W.Q Xtt) = Xt t W.mm._rv .
<

..MM_ §§uq

X+)y= X _(O)+ mem.a

27

= AWM XMW + AB XD +BHU
Zr Zs

= A (X +Xn) + Be)u
27 | 2s

= AR xt)+Bu) n

Moo X() = X_(B)+ X [t)

27

= X, + 0 = Xo
This proves Mo wolukin X(F) Con At Aetorposed o 2 s,
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We begin wi M He 220- wprt o lntersy

W woant o pole He difforeatiad eguatin

X = A@) KUhe) = Xo

Wit .&.?\B.s% He eomdibeonn X(h)=Xs , e &mvﬁk&
epaker %= AG) K a0 aor iufih amben o7 rlobini
Lndlecd,
Theorem: The gt of woluhms of X=AB)X s an
N dimensiondl weclor cpace , gopne 21 s He number”
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Lo X +Xa = X, 4%, | ,A\x_vxwmvm

2. (GtX) 4% = X+ 0aaxs) W oxy%,xe X

3. There exists anelement Qe X m»rwh(._m_& X+0=2x, Ve X
4. VY xeX | Hoe & ZeX sucd Mot v+ %= o

5 e (Bx) = (=p) X Vot eF ad VYoae Y

b X (%K) = XX+ =Xy X F and Vx x e X
7 (xtp)x = xxd,\x YV tpeFand ¥V xe X

§. There is an element 1€ £ guch ot 7x =% VxeX

Examples i (RY, R n-teples of val nuwmbers

Qw: ) a.. v V- ._A%TR Qw Q.x)ﬂﬁsﬁ nwn laen s
( _msmmu 5 @J nH order ?Gé_\s_. als wiHe resd toef.
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K4



Deft: Aset of veckors w Xy =2 Xia w v a vecor SPace
9.:.\1 T, m R\ mﬁlv 15 Sacd fo e \\:.R\Q R.m.h&xm\kk

1 Hae eitist scaltrs o, ...y 00, € %ut\\%\:lh all 2o

such +hat G K AWK, At X X, = O

Oawice, % 5.y Xnd 7s lintarly jndepondest .

\/\O,m“.. H* MR\ PRI | \KSW % \s\a\nﬁ.\n\b &N\&iw ...Nkn_
at Aleact oree m\ fhe vectors Casy te &&%\\R&Sm o A
linear combiuation of He otlrs.

So /F QQ.&Q\ JVRN\S X\ = L — X, - IOASXSU

Y
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Example : 2 !
gl :T@ M s Tinenly tndep. i (RS R)

Pfi  Suppose x_: : :

.“\N 0\~ ..‘r &ﬂ. .Hl.u. .-I..!.
Xy + ” DA -
) Ay = O
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= ) O+ 4s =0
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Selutems of X = Aryx

.._Plrmbwm\s\,.. Al Auo_c,.fo_\fm 0% mvbrbﬂ %O«JS an Slnf.fnSm..sL
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o

b
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L= — .u....u n
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(=l
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P.“—N o-c_—s



73
To show L, uppse o F qoo vVl =0

L

§ Dﬂ s&;ﬁ&vw.ﬁl....\.v«: \tﬁ\\\v"ﬁv q\\dﬁ nue.!\&.\mwwgy

o £ ho A Vldt o retn V) =0
% \\\ .m\ |\\+0ﬁJQ5 =0
= ef=-zen, =0 Nmru \n\ﬁ&/\u mcep. w% &, s u

To thow %) let V¥ e ?«N\\\S?L lo X = AW X
Vit e R amd Wit)= o €+ totnn for some %
Now o) Wpwroty Vg is a moldion 4o x=AlIX
Fun Hanae muo .&\.T.i%\xd\ﬂvm*& =) & - A€, n\{\\m&

o Viy= oV« —aotr) 94 (Extisfonce 2 Uniguencs)
HED.
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) | go
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Scun Hat [[] ank \ ] iy iy s
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@b._”.,cﬁu %m».y*ud = .mmnm.»&\wt\.!«*ou . MTT.%&J VS
Sod Yo Ja Jhe chte dromsiken madiie of x= AU x

m,o—us_ﬁ g e shde - travsikng waliu :
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(0 ) ® Gavt)= BE,,8) B (44t = Vi)W oh)

!
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b &(tet,) =T v fe
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Prodf;
0 5 ¥W® ¥ m 128y Mﬁ@ = AOYW Vi) = Ao By
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P s inverk Ve . (Prove Min | )

- -\
B, (k0= WP (WeP) = VLo =2ht)

Summary : The coluhew of x = A X 5 X(t) =X,

—

is Qiven by X() = P 1)%X, > wha

Mmfﬁv s .;ﬁ m._..an| I rowss, feean aakrix.

The shte - frams) fepm malvwy ns\.\.\hh%&v\«\.ﬁn\h .\b?@asm.,
4 ) s YOV for oy Loidaidd sl ¥

2. The wnigne oplodima ¥
%(hr) = ADIED  yo

&G0 = L T

T



| o RY
Solnhew m\@ X= A%+ RO® , Xte)=Xo

Def. LA Plts 4 X u) dewoke Hia orluiini If

X2 AKX + B wha X(42)= Xo -

Theores. T he solules \% .uM - \*\mv X + B v L XCh)=Xo
(5 %\%.?) \N.% L
ﬁ\»@.hﬁk&&v = MQJML X, + % & (+,D Bune 4T
. t.

Whre B is He shiti fromsibina wmabrix & & = Ax.



Soluken 7§ X = A x+ Bayu
X (t2) = X

Thiorse: T2 cibin of £ AV B, e

/8 %Q&S \&\M\
&\N\ \me?&f\v = Mﬁ?.ﬁovxﬂv.f %W.hﬁ..@ B nay 4

oheas @T.&\u s .._L\rn ¢ dute - ._gm..f.c.,) S.,?ur.f....dp amooh?*h%

w e JM..U >Q.JX .

Proof:
mmm ﬂ?.}_?ﬁ =4 w B,k % t+ .ﬂ & (£ B .>3%(M

to
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- Mmm ¢@$.¢bxﬁu + W@S.@ %W?Sﬁuwgqgﬂd dT

to
»I

= Aw B+ )X, Al >5®?.@ % & (4.0 BT U AT
o

t B (t,4) P (4,1) BOUW

t
= AW @ (4 40) %o + w & ()0 Byuade(+ B )
{0

— >m‘+¢ &m&\.&e\xo\gu -+ Wm.lo»

%

aoc ﬁm\mm\.ixssv /s \.3Kh\\§ \\m\%ﬂ kx\mo &N&um oxxosxv.hv«o.



Note : The %o lwtim Q\s y xnosvwon& ‘b 2 \.o%cT
.¢

ﬂm.%\.*o\ﬁ.:?vn MTT*QJXc £ «ﬁﬂmﬁ.vﬁvmﬁdpgucg’

to
— l\l\lj\ll,\\\\
N-N\ﬁu ._)ﬁfm' Nu\Q—\G\ mu.\ﬁmucl
< olubim Saluliw

The ovtpat wa\ CH v + bmix

-C W:??qxu %m:&ﬁ? D B@um AT

+ \@Q.J w
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E.. ﬂ%?kﬁki%?g\w? vk ir rudaed ot ot 42
ya

% ) = ,\ G (t,2) U dv

t,
—igb

What i« GltrT) 1 ¥ = Awrx+Bce) e 7
Q = ChHx -+ &\m.u 7

Gt ¢ 15 Hee fes ponse it Jue T o a M\“ﬁi&&h\* =T
1
GT) = \Q& ¢ (t,5) Bts) us) Ao tobere wls)= 4(5-T)

te + Dce) §(6-%)

ﬂm_c:@ _ O F(#DB@ + DO § (¢ ..\ﬁ
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The Time- Invarant Caae

“>x+wF .
AN igawm»ﬂ&w

LS X

Look ot lgrp m.nQQaS. Cact :

X = O
X y O .ﬁC\.\_LPSrpcr.Tb madrix 15 )= NP*..
@ﬁ.ﬁ.w‘ﬂd — mp.m. -1 Orm#lu\w.ld
- € = @ . hb%&eéﬁ on Wlﬁv ~

For Hau Caet , Ne Coum at
see Mot e s o fundamental

waakrix from tle A}?&?ﬂ Series €Xxpansion

at 2%
_ | +at + oty b
2 21

e
N%J -a+at + wﬁv o
at

= a(l+at 2.2 ...
+.mm.¢ 4-e ) = Qe

'



.3& Same ?,ohmn_c%m Would Pﬂu—& in He S:PTD.K case
l.' fti Series Can be m_&Es 1o noscmﬁm®

Tf we take . o
W = T + At +\m.>|_..w +|.W\W_.arw|f:
2 3 2 :
m_hﬂluElm.m.J”” A +>+\, 1_..\..M\.)W~..ﬁ -+ .-
= >AH+>m+NB\IN.mN¢:.. v
= >~.~&J&$V

oo ITHf Fhe Serres thﬁmmm\.qS Jm.ow .NNJDQ Cau e ¢lhpoomn
to Corvert , Lhen W(t) wil) Ae a Sundam ented

matrix.

1



Fact:
| ot M < Ma. \&?\m a raduwo of SQQ%&XQ .ﬁ

(=0

.H,% ).m. 15 Nx»n matrs X EM; &&ZW &X.M\\RSH\EH

\NQ\QZ\.% bvmo\c&p yalyes less Jhaet £ Shon ALhn

Serres MQ« Con :m\%«h .

Lots apply o Fo gur robien
00 . .
> L X conversss boall X, Tn fact NILIM -

¢!
. (=0

,\\?%m&\mh_v* wi th A=At we bave Yt



26

s ~
2 2

T o Jhe gerses M\..%N.Q:\v - T+ At + A 4 +‘m\.._wkw+
.. Z

(0 27

18 »\E&NQ well Kh\..x ed (for ald A and \5 A \,_.

We will Jokne 4 Fo b amatrix &%\x&&\&r\ "
)2°C.,

————

yY:
K e [P .H;u\‘ Lm. *.ml\ﬂ\. \R..WN&WIT:. ’N
. 2/ 3/ |

¢
Note Hat mwh 's & matrix . Lt Aao S Home
size ot A

| W_?fg.»su" T{ we +ake \mmlm.s ....wa>¢ ; Han

W) wi )l Ae o Lunmdanen "y \Qm\:u&& g \ v=Ax.




Pro perties of matrix eXprmentials :

L A4 X e nxn matrix.

4 7f X0, e =T

2. If Y is nxn matr/x | I
NX..T{ _ mx. mJ\ .he.\S%Si/..w..% K%H/ﬂx
3
mw xm
§, xw
4. Ae
)
5. (€& =- &

1%
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Proof

Hn x HL' Y( +K. - - . MWJO =0 HW m.x.l .

2. ng.p**np
Xt . 2
5 4 o o A (T4 e+ XA
Jt i (T+ Xet o)

d——

= X& +Xn?
21

- XAHL\XT + M.Awml.r ...f:ru
z)

L\. WPS?P 2o I3 .
5 Lot YeoX. Clsdy XY = *TX . Apply 2.



At
T_ecc cdoes one Qfﬁﬁrﬂ e ¢

We .\?EN seenn oOne S)NEL : ﬂU/oﬂ m.m.w_..mm
This methad does not Give closed- Lorm  Solulam |

We E:_ ﬂooW ot oHver §m..£6Lm. E_ihr allow ue
+o 85%7*& Dsu ﬁFSD.T..QS of o mu_c:r_wh vaatrix .

To do Hw we must introduna \_.‘.mc...@cc Some n%;nh_u.,w
Lroem |inear lm\rﬂ?. These are:

&) Eigemvalues omd Qw?qmmde

b) Jordam Form of amwatrix

DV Miniwal vnﬁu_po:\:bm , characdenishe _uoause_\sﬁ_?—m
4) Cayley-Ham; o Theoren.

,mu Fumctime ot o mJ_Bsm matri X
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£ /gen valnes 2 &A\N&\«Qv\m
R ¢

ot A Ae nun matrix whose elewuats ave in O

@N*.__ h uﬂg\g N. E % \.M .W._N\ﬁh\ -_NO \&.N O .&M&\.e‘%\ﬁ Q..wN

A ;N\ Slioe s X# O in Nv\a Such Lot

\# 2z = AX . \N‘ \Q Nom 260 arector \Q\&k‘m\:.x%‘ Fs N\&h hom
5 S wd o an .\L%&s‘ \hb&s,l cer’ \h\%ﬂ\\ﬁﬁ Jo Je .\k%hx valwe A .

Remark: M\\.NW.\&D@@ are nst- wigne- T1 X s 2 ecgpnvechr

& \m g2 po\\&m\umxm\}ﬁ to JHe Lwrw\hxh\&\z A, Haw ¥ /¢ 2l
an \X.@@s_:ﬁhqoﬂ oe?aqux&su Yo M.

fo0



How dp we find fe ‘Q.Nksw%h > lo/

rn.v?.n .%\PN\ A \Q\\NV.@‘\.XQ k\x = AX X #£o0.
Nw:\_chtU ) myHl bu X = 0O

This &@:P?s bow o en drivial dolulan rf amd only o
BIA) is singulan  (Z.e. det (AT-A)=0).
%th\?b.\u.. The Q.%b\:\P\Em .&v L are Y/ A1eC Sates \Q\Mﬁ

det (NL-A) = ©- AQ) =
e e

AL-A 75 nxn matrix. def (XT-AY is a—polymomial ia1-

A - \W hbx\\Nh& .\\RN Qh%\ﬁh\&\xW*W .\\\I\M\SR\JW\ @

A(A) At L&m_@n n., Thuefore | Jhere are 7 eppnvalus 57 A.




mxmxs\\mu fo>

A= MlNu . ﬁ\&»\.v\u ~2 s \x@ %S&e& dince

det (AT-A) = u..&m\f.nu = XNt2 . Now Htz=0 = Hh=-7 ' an ey
@mm_ps,\n&o_,. Aéociated wiHLe A= -2,

>.SB HWon 2o Number is AR

Exomple !
. A-U -3

>H \w\ .ww . bm»uh NﬁN.TﬁyHT).J = L.N._r
~! o0 i b

z
A-A43

N



loo

Eigen yalnes 3 -Lugemvecions

Lot A e nxn matrix _E\S? clenval; are in .

Detfr Aecatsr A el is Sad Lo At am \LM?.\»\.&. P
A« Hwe tite X# 0O in L7 suck Lot

Ax = AX . Any nmzes wsclrn fndic fyrng Ahs's equatiom
is Saud Jo an §.%§ veclor— corresponcivg o M igonvalee A

RemarkK: M\N\uiowa are nst s gL - IFf x s s:&%?.k&w

&h 2 S\Em\o@x\.,\% fo fhe h».\mx&»\i A, Huw (X 7S also
an §@§=R+01 oa?&?x&su Yo A




How dp we fond e e gtovaloes ? lo/

Clve horall 2 gntiotyey Ax=2Ax  x#fo.
MﬂEcLbﬁt&V AVH..‘ b& X=o0

This .@@s&fg Joo o wem Lriviad dolulinn \..\ oy Qx@ \p\
(AI-A) is singeler (z.e. det (AT-A)=0)

Covelusion: Tha ,Q.%%:\P\Em s A are ol A€ S RQ\@

“&N\* \>|N\l1..\A.v - 0. .Dhubnuu

e e,

AI-A /s nxn mafrix. det (XT-AY s P.\o@.\agg ya d-
Tt s ealled e rﬂ&&\&h\&\\w.\& \\%\M\Qx\:?\ Q&J

DGO \»?» %&@Zﬁ n. .N\Nh\&\&,h ; Jhere are N .\\%&\Ea\im Q \*



an?s\\mu fo>

A - [-2] p Q&éiu —2 s §® %s&a dince

det (AIT-AY = Em»._.nu = X4t2 . Now Htrz=0 = H=2-2 is ar exy

Ary o 20 Numben is an Sgpavecter Associaded with Xa-2Z.

det ﬁi ..w.@
1 >

A
A-2A+3

mx?#_oF ‘
A = \.\\ MN A= det (AI-A)

1)

)

. .
X %wh\s@wg NPW&QL. = A,z
Z
: 9 —J
o:num*g% = %\n\%.
J .

M_Nn\..m 1,\&.%1 po- sﬂu\\\.\ .7@

\

= _2j



The Tordoan \Nmﬁxh..
Let A de nxn (Possibly Goueplex ) wankriv .

Thon a1e 2 Cacaes:

Code L A fuo dirferdt ,S%ms values .

Lot Ay 5005 Ay be He m»@mscP_Em of . Lot W yorry Qe Lae
He n@ﬁﬂmmwQSL..SU ,@f.ums vecter S.
I;ﬁuqm_‘s" The W\G« mvﬁ_u:, QESW S _.FQS.E MS%P-YVLPQJ

muﬁu rm,.h.& %321 VQQW.
Ngow \Paf. = A Q. C=lyeryn,

Tl Com e wri flen v Madrix JP.JS..
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A
>_Hrf Uy eea Un] = ﬁ..h. W, ~=» 55-.— ﬂw _... g
An

Define @ = HG_ :..qu + @ Vs wxw nensingulan.

dh.ﬁ:?n w 4 y— \Vfﬂ
T

n

A
We %,E\m. A @ = mﬂv A . Sinee @ s Twverhble

Ae QAQ .| T s called Ho digomlyeZen Ny

A -1
Nole dhat A= QAT

\M_” hoo dnodhen \.x\%\\«g..
Tt s Jthe yiafrix \h\\&k&x\\\&u& QN &h %.egx. Q\h\n,&@ A

w, He bmm\m&r e baors m& \.,;wa .

/oy



Crpe 2 The .§.M§§?a Q A are pat Jshact. /05

Tn s taee Ffhur a2 h\\mm\&\.\\.\p.ﬁ
(@) TF 7, is o eigovalne repeated Wi duss ) dare exists

M, liwearly ._S%mw@_i@i ﬁw_mscnnrq Associated Wik 4,

L

(b) For Some Qu@:i% A E?s#op m Juts y Hore dpes
net exist wm r.scezu ,,S%Qw@sz b_&?_\nl.o?.v assoetodedl
wiHh A . T olher words

_HMH..}H \WSS & nll JU»S ﬁm dawens,mm less .ﬁc.h.l.\ﬁ .

— For ..13«..&“__.@ (@) we can -pro ceed gntu 0y i th cos-<e
of dulmet .@.&hs.\»_chm A = %b m.u whe h 'S }»uashb.
nbomw S&. @x.w.f @ ms&»tﬁ.* > @B@

—  For Aoo&..v.;..._‘u (v) r:r!b
A
w Hh b at?.%xnbm 1 .e. A Canrnot be D_.sm.u_ér__m.@%/M
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s
Let > be nxXn mq?w_@x watriX. PL. P. 1) P.s be

Q&m:%_s& of A with §£r1_§r3 My ooy N, ﬂmummnriu.

\;.mo_wms)“ m Jodan Cavonieal Hlloﬂ.sv

There exists a sasisas—pﬂ nmatrix ) such Mot
A-QAQR"

where
. rA

w! ) R Ay . B

MW/ = ...\/ ) Or_an >m.l.. ..\\W, where .
>§ ! ..,m \_

A _.. ..4 _ A A A
>.~_ . At _ >Ko 3....ﬁ.. dim >m_ > L.! >S.N cr 2 Aim >.._.p

A

N
>m._ 3 sy wwﬂm Are DP/—& .b\f.., .u.muﬂL?S _O_DD_AW »*aﬁh..ﬁnh— with »m ‘
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M..u\mhm... We Lm.fs.n\ .._\rb ’Qﬁﬁ&%—\ L:\zmsmmg Oﬁ t&. ulbn.n*$5 m?ﬁww

/09

sociaed with A; do be He index of Al . Ttis denoled by 77,

4 2
mx>§1m.. m?wﬂomn e charac)erishe wo_u. of A (A-2)(A-3)

All the ~possi ble Tordan forme A are given byt ho__a__:su 10 matrices:

n =4 " = h = —_
o | =3 .S. -* n =4
* r -
2 A 2 50
. 1 v.v.lllﬂ — L .
N A ' N- .N ” ..u...-'Mu
nz=2 Y O ¥ Vo2 e NP
e Fy 1] 2 ST
L p 300 P> | i3
‘ r~ - - p r . .WL
g 1 N [ | ' 5> ) 5, -
_. 2 1 _ Z.. ..
2 ! L 2! X ..vu.n
_ P N I S by 12 L
- - 3 I o Y
n=1 !.l......!-._:w.. HE-W P....N.*-.Wl ....PT. -
) 20 . Ll N %
| .ww J t .“.W J U Y “.‘wm... -
" y r mw\
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Functions Om o MJ%:R Malr x /10

Lt £(2) be polynomial in A . Let A be nxn matrix
Then (A is well defined.
For ,@x9§1_n f \:3" »s+°“_.. AT

thon FCAY= A"+ AThi 4T

Lt A= @N@:. w ke wﬂ s e T2 rdan form

TISE m@»@,v_,i,-_ (@AGT) = v <1
QA M 4 At e 2) Q7
Q(HA) ™

%mw& 15 ensier Jo Q;ﬂL.m Hhom %mb& Since .ﬂ.Q\qu %9& v A )
N/

1!
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Example: |4 A = \low \M\N. Copale FA) . f Fa)= V2

-2 - ! -2 /
A- o 3| "o s & 'wsNN !
¢ A

/2

L

o
f)- G A G
1 ) [f(-2) © NJ LN
HNB \\NN O .ﬁmtwwN o I
b ( =I') (6 s
n% \\Qﬁo \wH—P ~w ..Ns :&

| @u dicect calewlntirn : %\B& S T mg +MN J uﬁ > ;
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H..u.w%l” The §\.§.§\\ \@@xui\.&m rf & mrtyix A is A

monie. polypomisl YUR) of fhe smallest dopree such Hud

Lemark: v Monic" means +he gnﬁh_.o.b.\.)* mﬁ Hi Y.@&m* power
o L. Exempes of monic polpomiels: B 5 L-32+/,

. The above Rh\?\”%v‘ \\S\Q&hh § kh\\\:.\ﬂ\.\\s\ \N\ \Q\S\V\
18 n?.w.:m\. This s i \h&m 7rne .\ d We will see i@v

— ;h m.\hh.sm*nws &Q ALecuts Lo \\.)\Q% § %~.~\NS .&k%n \S\E&\\\ﬂ L
Hure tiuts a _ch%\asswk dnch Hat PA)=o0. Tho
is zndledd He cose . (e ghal Frtove_ L \S%&\\b,
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jf
We vmb._s g find i He minimal \_uo_u:os\:.k of & Jordan block

Lemmun _\b\._n T= A .V_ .

! A

D Y(A)= ;‘w&: \Qx‘&b@.& Y=o
& The is no \?ESQS\_NL*\Q; Q_@ﬂhm less Humn 1 such Hhat £(3)-0

O If £ is a polynomial such Ut F(TV=0, $hreen
%AV¢ H._._\mvd ' \?mvu w here .\mpm»g 1S a \WoGSo.‘Smab‘
(0 obhaawords, f(TV=0 =T |f )

be nxn. Than

Comments! This lemma m?mv Hat ¥02) is a minimed ‘\\m\&b‘&\w& |
of J. Futl) Implies i £ s S&.\&N. Why 7 74 £Ix) is abso |
& minimal polywomied . Hhen {12) = Yi3) (). zmsmxtf.@ implies A =1.
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jf
We vmb._s g find i He minimal \_uo_u:os\:.k of & Jordan block

Lemmun _\b\._n T= A .V_ .

! A

D Y(A)= ;‘w&: \Qx‘&b@.& Y=o
& The is no \?ESQS\_NL*\Q; Q_@ﬂhm less Humn 1 such Hhat £(3)-0

O If £ is a polynomial such Ut F(TV=0, $hreen
%AV¢ H._._\mvd ' \?mvu w here .\mpm»g 1S a \WoGSo.‘Smab‘
(0 obhaawords, f(TV=0 =T |f )

be nxn. Than

Comments! This lemma m?mv Hat ¥02) is a minimed ‘\\m\&b‘&\w& |
of J. Futl) Implies i £ s S&.\&N. Why 7 74 £Ix) is abso |
& minimal polywomied . Hhen {12) = Yi3) (). zmsmxtf.@ implies A =1.
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Proof: (@) ¥(T)= (T=3I) = | 0

\
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Nole Haat ...... e

it
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®
&
[ ]
n-i
(0 | 7 o +-~- of
.rlcl - t o
Oll‘ l? a-
L Tol 0
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icO‘
L 0




EE 577 o

b [* * B (k% ) (% % # * A
ﬁ.v **. . - * % * 3 | »* %=
J-= e , J = *M....* ) J = A
\ * : . -
¥
J ! *) | .
A=l [* % %o K
J = x * .
/non*
- %
n-| n-z
QQHE o J 4o d 43¢ T =0 Canrot
h-l h-2 ©

be toatirtsed k?k&%‘ Ny yec-yeA . \\mkhn ), e oves

-/
\E\; ex st h\mﬁw. h\»v wi Hh u\&%\wh\ﬁmw\\kh\\ 72
such Hut F(T)= 0. This proves part (b).

(@) Let ) be apoly such Yt £(T)=0. There oits
poly. A amd GO0 suck Mat () =Y A0+ 4
phare do 4() 2. 4eg ¥R Now 4(7) = F(3) -V IT)=0

This implies 4hat G3) = o-
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Theorem: | ot A be nxn matrix wibth @&?:LEm Ay 3y A

aving indices P, 5ee 37, respectively, The minimal -polynomiol
of Ais VIA)= (A-2)"(A-4)" -~ (A-Rw)”

E&hﬁ A= @»el_ wrhere Nﬂ 1> Hee Tordown form of A .
VIAY= QVTA) O™ Hene VW1a)is aminimd poty of A
\\.\ I s e §\.x\.§b\\\u\n\%. \N \A
We now show +Had Wa) s Ha winimal poly. of A .
ay- (YA . [WA )
YiA) = . ,amd W(A) = _u.

K A .
A_\m>_3v.._ A., .f—\ll—ﬁ >m1U L

-

mre_ F.ﬁﬁﬁ&ca lemma )ﬁ\.\lﬂh\u =0, m..:s.\s\&% , \N\\\\M,okvﬂ 0.
0 Y \m, V=00 How do we tnows WA js 44 minimed \sm\. 2



Let %CO _.QN,IB minimal _o&u o\m . DT«S@ %ﬁ\ww_uﬂo e

But SLE is +he minimed ol o Ay by lemma) .
hence (A7) must be o Fachoe of £y,

This means Haad  Wea) = (A- AD - ( A-2)™

is & foctor of e minimdd $24. gA.

Coree W iR )0 daw WD 15 SHa minimal ey g 4

QE.D.

E x?&.,n\& ;

ﬁWNl_N uo. M.. «WP@ ..KG. _\S.S.s:-.b %Lu NM..TNUﬁM..*LU
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HN&W&& ! N Qs%\m% - x\kiu\\uﬂ Q\\wna\mt%

m.\..\wu nxn madrix A pstisties i+s 08..» ﬁ.r».aPn.TADw,r.ﬁ
NJ.FP._QS“ z.e. if A= &NMH\\O , S BNB&HQ

P L WA= m»..y_w..m>n»~ws.:h»-w.ﬂu be +he minimal
%afﬁosa.;b clm > D_mtru y YA 15 a h»&qﬂ o~ Al

, | | n
Sinee  AlN)- ¢ ﬁ>|P&_m»lﬁanﬂ.:myn.hHu ,owd 7 20, .
o ALY VD) AR for some .

Tt follows Hat ACAY= YA WA = o
RED

2 ,..4 |
1 A = det(XE-AY = M3 _22%*4 3

WEF.. A = mw _

o o]

i _ 2 k~. -~} | o o
AAY= MB_2ArpaT =5 .M_L. 2 -_TN.T muﬁwg &

24 -\ Pzt

120

o0 O



12)
|;@Q—DNS>.. VL.. > s~.6. nYn §+:.X (@gas.b .&L.ws\:\??,hw ».g ) Jv/v_\r

wiHe indices N yaany, ﬁhmm«ﬁ.rihu. Leb AN =det (Z\I-A) = ._m‘sﬂ. O,.,y.we.
_ (= i

o Mt 1y yuom are Y algebraic mulhiphckies of X, 2l
Then i 5D omd QLN ot dwo Polynomiols ) Lt following holds

) L
Lo £W=3"y &S iy = um?.u £=0,. 57 -1
_.\H—u...'we_\/
(@) zm |
2. FM=g® < f00=900)  £.0seynio)
(= Uyeymm

Preofil)) 1= #9(4) &5 (£ -9) (M) =0 & ([-a) S“m_?y...w hoy

@ i} S
& ez Lpmns 7o
C=1)wn yYwr. I

(@) The proof of @) fo lows £rom Hee fack Lot 0, > 7,
ond Jrom pant (1)

@-E-D.



(22

\N.,&\:S.s\m%%\ i Two f unchioms um, &E\% a gud o “vc
o Hhe spectram o A
(

f) )
%Nthu%\w\\\ru \%HQ;:JS...l_

ﬁ.. - ’—N 'aod§

Lwpheatms of Fheorem!

Given o ?E&?E Foa b oa khwﬁh &ﬁ.@wh&s\: n-1.
Thonr we enn alwase Lind a polymmiid 9Q) of ordee n-I
onch Lt %%J&b.

How doawe find %8 7

ek B\QM\ n-1 erdn .“e\n\wéi\.s& winck agpecs wi ..N\“CSA
e \Q\uhhx\&\x u\ \ﬂ T s \@xg\rx\\ /s e desired %\\\C.



£ F 577 w5 123

_m.{.x».s.ﬁ?m“
Lt A= ﬁ. ;Mg + Find Alis A*_2A 43T,

L $(1- 294303 -2A+3 > we want o Gl LAy,
nN="27 4 trbﬁnﬂoﬂm wle au,,ﬂ..W @m»@h 0«_ p+0ﬁ0
Mﬂmnre@s Q\M } : V~ =2, A== —3

- We E?LI.TMU_PT X, y o So Hod .ﬂm»uiwgu S?EP@RP
o Hu m.wm%ﬁ? mT uF

@AN&U pom_l—.omo“ .ﬁ.mm.u !b{ﬂ; tlllin./ O\_Hrr_%
q(3) = B+ = =17

mv |
0 FW-8A) = (9 A+ 63 T W \L

I TS ENT I



- \.ﬁ_
welve seen Pt ATz A2 2 A 3T - R AabsT

(l\lnll’\}lllllll\
-1\

| We gan expatss A %@a&%&. dff nxs atax 2o am y-] s u&%. £
| Hat watri .

O

There's Guno fhar Wy Yo% ey fact g u@ Hoanns Hon Hisoreum disectly;
The charactevsie \\% 7y A s AMA)= Q-2 21¢3) = A4 A—b
M@ mﬁ?\‘\\s\\g\ﬁ@x ) kmxkl&.ﬁho ) EHS,PP ?rwr..nm \PN” J>.+ T

Nao At A A= m\_é@ = A (A A) = Al (AveT)4 6 A)
CACIA-LT) = FA A = 7 (A46T)-0 A = ~BAT2T

A= A+ 6T

S ATsAT 2 Ar3T = (13 A+422) 23(-A +61)-2A +32

= ~/9A 4+ 63T



/25

. W.t:h\.n.%% Q py ,ng AMatfrvX

Let A be nxn smndsy Lot Lo X —> O wbere
XC O contarms He spectrim sf A Let 903) de focy.
%@%&& wiied. A £12) xﬁ%«&é& o A
Thon e defime F(4) = 9UA).

V@@S\Sm C A oy orAun Q\\n@. Q&\m@ Wihncd, AQoees v A4 \\.“C
m e ,mwmn\\h?& awl A cas K\\»\g Lt \\\\me\. .leSr
\‘\3 Q@M Fundion 039 wolick, s

%r%.Zb A mwmi:\%f Qﬁ A
e .\wﬁ\.\b \ﬁﬁ\_&h %.«.L >S||_+,.i|+ Xy T %5 Sowee ooy



, /20
m&?gw_.ﬁ e

=1 (6] }
_‘%\Puf %.Ts%‘m.

o 2

()= e”  omd we wank do find FA).

The mﬂmﬂ.*ﬁ_\ffs hvb \> ._M yﬂn ~ J\yu.w 2L

WwWe Can FS% oo Aot ocder ﬂvo_u o 22 wolicla agrees
Wi +h O m m..wumi:\rs\?

Lt @37 oty + % A

To find Ao amd

- - - - 2 . mw
@ mm:u = .v«oA. Q«\\l\u = ﬁ\“\\:u = € m. ....I.U..V 8 —~ Ilm.wlvl.ll
) z Ny
@A‘VPJ - Q«o + | ANJ. - %Nuruu = ¢ J ﬁx\_ - N\\.P - €
3

o ~I z 2 _l\ _ ..L |
o %m\u&.u \@mb&ﬂ m.& +e T4 e -¢ %~ Dw — e ©

3 3 o g

This is HeSame answer we. %x\. Ao whem we dge Jhg Serfec A Jom .



/25

fN.\.-..Qs.\\xN.sXH Q\ e KNP..\R Matrvx

Let A be nxn smadiy Lot FoX—> @ avbene
XC O contasms Ha spectrom of A. Leb 902) Le fuy
Pebyromisl wheek apues 0, Ho F(2) o1 the pechrasa of A
Then e deflise f(4) := GLA).

Kemark © fn 1oy pric u@%. 4 Wik agaees ter f4 \8

m k& %\m%&h\\.k\& & k Ozt \\\&\\\\m e N\\Q?h\. ..\N...SJ\S\P
\\S \Q%M Funchion +(2) whnels 15

ufm_.fb ow m?o«wcé\r AT A
e hane xﬂmh&n ~ )sm?..-Jf oo T fr some S ERUIINYY

=)




_ . 120
mﬂmri(wrm\ &

-1 6 A
r%>ug IM.ﬂms%&_

o 2

Fia) = e®  amd we wand Yo find  FA).
Emﬂmﬁ.“ﬁcﬁ)} D\ﬁ.r } ._J p—n ~ J\yu\w 2
We Conm Fod oo Ask ocder —oo_u_»os»,.?@ w liele agrees
W +h .ﬁ?& m s Mmmn+wF§.
w%.®®:n9@¢;3»
7o \.._-3% = 4 %\5%0«\

, i~ nv.\..HMN 4+ €
mS;w§+i?;uw§un® M&V , w

Z

@mv/‘.& = oA, +o«»ﬁNq = %Gﬁu - €

2 z =1 |
Mg = b& = 2 I_+m H c -€ =1 © — e ©
\%m\b& \@ ﬁ Nluv N 3 M > 2

0

Tl is HeSame answer we Qﬁ\* no whn we uee Jhe sgriec Aefinlom.



At

| =
Exomgler ket Az e @ Fod &
e O

o oM

£
Lok %mu@;\ ﬂﬁy‘ We need Yo Siad m.;ﬁ\?u

\meu Q We S;Nﬁb ‘o ..ﬂ;:)% a :N|1__>L D_@?u_)

To@ﬁos\a?d ESP_\( P&ﬁmmm wi Ha %N&q o M Mwmﬁﬁw?«cf
th > V&» n@mv&.\u Dmo + &, m/+b«ﬁufw

@m:u Ko+ 0¥y + Ay = \@m&nmﬁ ~ o A
Alo) = o - Sww=1 o \w
A
Lal: ot + 2o = Sh(o- £M] =%
N=o

%mb&n X, 1T+ >+0\N \/Nl




123

Fxampl: |+ £(a)- _
a0 Computi LT A

N Q\Qﬁ&%\_\. \m?wnr .

A 0]
»T“; . T N\QS\?P\SMKR ¢\~m®. 'S Ny!\yv:

Lot A

Lot ; 1
4N be n-l e o polynomisd - Teskend S onprecsivg

T

(A) oo oy 44l A . !
9 o n-\ & is more comveniend Yo express | as
®m$uﬂ Oxo;..D«.N»fufuL.O\N =
{ Z P\ V/ LILRY o
b ~+ ~+ OMmeuvﬁu

_,Lo,,.n .T_\%*.. @ mv,_di\. X o
mﬂﬂ?& - « 5

£33 -t 00



129

oo - 0.
Ww?anm&vés u.w_m,\»a _ m\,,,__m

m%?a E)(21)= M\ﬂm\;_g __

m?. ()= % ; Mb»mm (A) = ml.uf..ms-i

'
oo o = .w,»l. y X, - w_w ) ey X unruwi
fs&ﬂ@i& u,m.@-o,_”& ¥ .w_m (A-ATY .T:J,T; Q »HJ
I3 nw.@ - Thois sy A

-/
)2 %\\DH\E when £

1.
A



| T poctont  Obseruodum:

From Mu_?mc:.Ocm. @&C&xﬂm we Sce i,ﬁ \N ,,_w _
Tordan block ot e Lorm A u,f .4 b Alen %mNu S
;A
wew wu T ..
Al A o
X,

sa——

. i (h=)
fxy Fay o, L. £ C,&\/
i (D

A n~2")
INE o fay ... JMNQ%_




A %%

. Ak
we will vee +Hase observadion o 03?@&? e Lo han
A — : AL
> & e u)DﬁLbC.) WuﬁOPrr Pq(zt\c\. Coas. .ﬂmv/un €
| mSJ,u ]
o) \\/.nu \/.ﬁ. n V/_,ﬁ
L0 - e _ , .ﬂmPLu »m\v.,.w: (A=A e
. A B | n-! Ak ]
A \~¢ ,Nvfﬁ \m\&.w)lﬂ - \&| e
Theafne fea) - e = -1 |
At n-2. m\?w
S
N At
€ J

A
T his T_JE\\.Q (\\Rx\ \\\N %La% E\Qﬁ*\\,x lN H%\Q %u entr/es 0*

A s are. lwae (ol natems @ \ Jerms QM He form .

EQW Azt Ant At Au € n—' n-t At
€ )y € 5~ € ) \&vm \,.l.u\\.m y Yt ) \& N»ﬂﬁ'.w zaru\&. € "



mbrm\r. \_IO m = >X+«WS
Xmﬁav”xo

[ ot's look ok Ha zero r\%cr* res ponse. ;
t
5 = Fbo )= € Ko

We wonld &kwh.&w X&) o e alinear combinaton Y

Jouns o] o Aorm
ME At
e e Ny-l me“/ﬁmn u\*my..ﬁ.\-... \awaNMr\T NSQ\NV
) ‘ <

What s Ho relobue weiglt of ench of tdese Semms T

Tlus vz,smv ns o He fopic o modal %Qio@b.g B



[ 33

Modal “Decompos; b :

XK = m>¢xo | We explore Yhe case whow A s m,.ﬁoi&@r.
ﬁ —

Lot @ be He nxn vnadrin covsisheg of He eiguwechrs
| comesponding we-th - Ay An . Zie

@ =[1 W) wlew  Aq = A9,

@ is jwverhbe. Aoo A = QA Q7 it

\\m Ny“f . w
. y.) ME R

A e

At -
m\LxNu @Re & x, Ak | @ %o

1
N

I we dedyne Dv%\o = Xu\ Lo



eMb 7 1 5Y

At . . ] *
€ Xo = M.hf -f;JStw ., YS.T Xd ) NAC..(??S.T.U

<

~J

+ X.#uu @P.w»wﬁlv 4+ e X“: ® myr._ﬂv

This s e modal Aicompos; ey of Jhe shle regppnse .

At [ AE
€ X = XS Ahw e {
!

/ !
fvﬂ‘s\p?ﬁk_u\m\ Xo = % Xo mXa = % Xo\u . This means dhat

f

Xpo 15 He represen oo of X, with _R_n?o* o Ha lms/'s
19, 99,5 -

o, £ A Apo \_N\Q,\s\ ‘?% envafules | e poolec ot Spera.
| ‘ 4 At
Jenms | kmh t e .



-

DQ&S

m&?\s&&%

YO Xo

C',(O
—

p)

Mxm_&& e soluhon X(4) w derms ofFile & viodes.

y- = N..Mm.%: 9 P.NN Q.ﬁ.@.ﬂ& 2 9.w“ Q.
0.03 0.1005 0
9= |o.souz| 0 9[0T (1 9,3 (0307
~0.570! —0.tll3 0.307
! ! —~0.579
Xo "m.nw_ &N. &wlw % ) Xp =] 13. ¢259
tef. 12l
ﬁo.ewuLJ a.332t ﬁo._oowJ
xﬁ».wu — 0,579 0.53t ) e + 13.62591_6.975
-0.5 7ol lo.e:w._
L. )

o.Mt
e

4 1y




136

For LTI sysloms of H Jorm ¥~ AX+ Ba i) o
\%ﬂﬁx +£ Du

we. could dave faken an allewnbwe aproach. ... .Tﬂma?msa& .Uq_s»“.):

lth dake M Laphi tronsirm of dhe shTe puitan
pnd by Jo solve bor~ X oamd Y.

,AX@ — X)) = L X\mv + B Uts)

> (cT-A)XB = xw + B U
- |
Vi) - (sT=A) v + (ST-A)B Ut

—— T T
NUSQ..\F\?&._ N.g\“\h\@
Solntrov Solunletrn

I /{
QM w m\ﬁ@w QMM «.\ M\rm.w ) A1



T his §h\wm\m \x\%\\ﬂw Lhat

%N\ m&\xxm ﬁw.ﬁ \w /an ounother ey 1o S_)wsbu
At/

N&v&»\hu m:u.m'l\Cme &\:\% u*.\\wk\u NQI«.
The pgutpat «Nx\c\v}m

M 1t = Cxe)+ Duct)

/\Nmu = memv + DUG)
. C m mmHi&Lxg + mmHl@.W Cw& + D Ul)

—

Yt = C (sI ..3._xo + ﬂm?ﬁ,b.,_m " dw Uts) -

1 |1
Zero ingud Soluchon Jere - shte Solutean

k
Nele:  (C(sT- >uL® + D is e wum._es Aravsfer fvnction

e —————— et
e ——r—— re—— -
i T .
— 1I||l’ll.l|'|v

R




138

mw.s.sa\@.\ v%i\ss.&m wwb\?&

. , Mn Lx.‘rwbﬁ o) e
Given' % _Cx L Du K v\Xa AMJ

Define ¥ i= Q..“A where @ is amy nn vmatrrix Gaverb'bb)

Thern @5 - ADX + B

- ﬁ,r%m*e.\m&

= X
Q = m% X+.UQP

MWN\$~.:~.®.~ \H = %ir.% /
C = C& )

ne have % =@ X = %) AM. u

°
X
@H



139

%mmg MMQ omd wmrﬁ:\s KMV are mws.:&?k..

& e Q.E §N\S§\§\hm Froms formatom .

W.JSS .Mx\ uf - odput view p S,xmﬁ.n Two h\?\._\\&?\g R%\\S&\\NPQ
m?&rv& give He Saume 210~ stale pesponse. c-e.

§® \..‘S\uswm Rh\uu.smm b L JR:\FNQN Jhe #Q_\a.mnﬁ .ﬁ_\s\f{s
remain csnfﬁunhkﬁ 9§§3§Fs9 Frow sfo rmactn -

To prove s The \.s,\os\w\r J1esp s s 4rven \mtm\ :

Gt)= Qm\\tum +Dace) ¥
G- e apéw =ae o (@F
- CHO Qo Bt DEA)
_ CeMMp DI

= G




I¥o
We can also arnve at dhe Same conclusimm from e trauslon fometin.
- - SR _ -] W, - _/
Gy = O(sT-A)VE+ D = COIs®RR—Q@ A®R) @ B + D
-~

- 0 @ (s1-MQ] ¢B +D

_CRY (sr-AT e B +D

. O(sI-A) B +D

= Gls)
From an inteoppd view point;
For any inidial Ccondition #7 A mmi&sva , Hure
xists At jui hal comoli Fevn o et .NW%\.S&&.\ mm&.&es NMu
%s&. Hat  the é«&m due Ao Mt fnitiad s beens  aré

jlow fical -
For @?P:}wfn 3 hMV x = Ax 1 Bu x(2) = Xo
u uﬁx +OS




X

-\- -~
)

\
U

L (Z):

L

1l
N >)

X
d

-1 )
1F we +ake ¥ Jo e @ ¥, 1 4w EE\?%

—

;qus% .ﬁoﬁ 2 s @?L o He zaap. ?1 Nesponse Bm\M

HS%&Q? % D.u b%w
For 5 ¢ 3«3\» Oe ¥ =0@ e @ xo

[}

= (¢ %me @ & xo
-— m&\Avﬂ.Xﬁ ~ N!%\V.S\&\.\r \Nﬁh\sﬁ%n \N

- —

Yy



CESTT chre iz 192
/Zru Ao we care abput €gui valent \%x&a&.@.& 29 ferus 7

1. mw:,.sp\&.\ mmﬂs»imn?& @\gb@i arise wihen +H Same

Sy s tea
15 desermped xh..s% Aiflerent Siate wancables .

Ex b\!.r.%\& N
7

p L
i

)(o
L

1 X2 A uﬁu __g Bz Wu‘w
L= X =%+ = C T
Ghu vA_ ﬁ .I\Q b@ 40U0

WFES.F Lor Mae came mmu#\.% awe mbe t \o\\sg.\% H§.§§\r«fn
_ Capacitor .

X, i _S:A%n + resistor voltage

X, = Y% ¢pr §_.rmn

I _Hm — ,ﬁg
0 — — - B -
%= %o+ (u-%) A ﬁL o)’ _
N

= _
g =0 -1 °°

\

-—l
%,

»>4Q
\i



Y3

™Y )

R+ By
% 4+ Dw

\l

. uMUbvﬂnT\_Wf “. w W.ﬂ.
M. wuﬂh.x +Du ond PR

are +wo khmsw‘r\sm of Hhe same Systes .
A.FQ s &&E._\L.@Ev %mo&ww?ﬁ» Tndeed 1 F we duke

X = ﬁ_ I_\w.m, omd vSPm\T.TL& M.e.w X i mﬂsgg\Mv

we fod He .ﬂ:»?a for §iven &:@%WY
R i 5 R )

O O E

Xlo
i

- K _
ML ogx t x_QS Thase m.ﬂcﬁ_.shsw AN ,,m.pe..#.g.m to mMu :



2. An .m\S.Sm\?\\ mwuk@s Aescrptom may %\wm\ tore \.\&\%\Qn
abrut Hase Propestres which ae \a\%&?\%\@\» Lhe 25 uivolenis

Lt O be chosen 5o Hud A=CAC & Aid A Aisgomad.

o N —
Yy =fAQX + &Bu = X=AX+Bu«
(Vi

=

'S 1s easier to m.o?nu

Ouer we olve tor X, Xt)= G Xt -

T.\i



| | , | e
/\/\N‘ Je Seén m_.‘—\..bm _‘ﬂ Jwo L.US%.S).ﬁQrP :&‘ng(*fo)\.m YR m|J~&1_;—\ﬂ\_b..a..%n
Hoquill be mpd-oudped equivebent (Te 2ero - equivalont)

Does Hais ?Tvo (Colﬂ M o dun ccew @rq,bc.)on .N ZD *

Comoidin T 1= x= Ax +Bu S == ARA B
,Du Cx | ,DHN\V.N
- [A o© _ mA/ |
v Wane \/uho o 5 B = B ”
o -[c o'l g

-

| | sI-A o @w |
mu_ﬁs._uy CLsT-A) B HﬁD Du > mﬁw m_w |

wo 2 Pm.; ane. N@_\Q\mé N@S:\p?ﬁk m..?scm M some Tﬂ\sh@\r ﬁ\s\.n?sw

U&\* 7 omd W ?Flsh&lhgs_,ig PR @?sgm : Zr/u\w



(He
We have seen Hat:

1. Equivaledt state- spaw muwts\—w “uve Hu sane trom sfer Commcdion

2. W;.T. mmwb.. m.&w#:\_w E_\:.L\, ans. wet A.AS_.CLA_L. AD\.\G‘. Sﬁu 36+ Lvet
Dwpre We carme l_,s\_@sm_.?d conld Davre M Same +§§mh> ﬁrrnrr,.

Queshimt: Glyen .Tt.o.mf*.mrmw»% m@ur\,\sm. Z and T wi Ha

readi 2o tums x = Ax + By ond = Ax

+Bu ,
4 =Cx +D u GHNV.N...I.OS ﬁ.ﬂhﬂ.ﬂh.—f}o\u.

When will dhe two mﬂwfx?m e Mo Same Aronsfen Sooncdun 7

%S& 2t Given a +rans fer .?\SP._.&H) decju._&s_ \wéé Coum we.
@«\* ot leadt o m‘rimﬁmw»cn x.an.FﬂTS) which B_.Snm Yhat Frovasl
ﬂccs ?r.&.s N




We otant vu Ssm_tm.,_.sm Mo Liret A_zmm._ﬂm\:..

Theorem: Cﬁsu Hee %25&5 nototum Sippose > oo dimension

A omd w Aoy dimension W Then 2 owd

W Dave Hhe Same mswr»\b;#fw Yroms fer Lumckion 1§ and
?rJ e
@>p = -D
(b) CAB =CA'B

™~
i
O

v

T\.oo.ﬂ.. -
Tromeler hsso?\sn\m y = C(sT-AYB +D
;OA,H.,};\,#Q@T.W

LR+ CAB s+ LCATB o 4D
Trams fen. fumckim of w — O(sI-AY'B D




os Ve o igmha\«. hg\SQm‘.SSm ML h&i \qs\Sb« S\:& ;.., "8

GD-D ad CAB=TAB (o2,

To omswer +he 21d quisten , we recall Hud we &Iﬁf y TS
_\SE Jo h\_:L 6 Shte- Mﬂ»% QWﬁnngtS of o 5150 Tgmﬁmﬁ.

%S\S\PTRS Hﬁ.ﬁ»&t ,ﬁ mm@ — L + To+_u_ﬁ+.$+~van.m:..

Ao+ QS + -+ D:LWS._ 4+ S “A

Haon ?m.r.Hrnmw»C ...N»PNP._‘_..\S \S @_,tmc, GU |

.vNJ o |l 0 - - 10IA v o

St _lo o ! -- b _

.“ s ' -+ \ u
Xn 1 ! O




.mvr*v_uowﬁ wWe \@G.cﬁ o. MIMO ..leeSwh:QH ﬁ(:)nnT@.e/ 5 -2

G s o tromsfer wadrix . Howo do we mﬁﬁ o sbhte- spas
.\ﬁiww?r..\f Er_.n\r @:\hm Gl ao 11 +§mh§. n\s\Sn.TQS K

T more precise terms |, we want to Rnswer Hea Qﬁiwf&s..

.@2@5 & 1eild rafumat Hrovs fer verefrix Q@\. £ind
matrice A, B, 0, D suck et Gts)= ((sT-A) B +D.

For m?,l..or,@\ At Gesy = ﬁa_xmv &.N\&/w wlhians

ﬁ 2 _ﬁ«vu &.N‘N‘ﬁ %)

Ciy / Ay

A9 a0 Hu realizatins ﬁ» / 96 .

We Cam Combine e reod izadams bﬁ mwﬁ S de m0+ e,
1&»&.«@?._‘&.5 T.. ak) .

49



>: o _.ep
Lonsider Mo repd; 2 pdiom / Pin O ,

-1 4+
n_ \ %dﬂ
o o© .@n?@ by ° | *
¢y Cn .. o @H..)_N/ bz 4 du B.N
=0 ’ : - uﬁlbﬁu .vv_ O a—p_ Luv
-
© (s HL)@ b2
+dz
i Y - <) (
_{Cy mmH\?L W:*&‘ Q_Nm mH..}_.& b2 _ Al mw#..nu
- e .\
ﬁ@_ (sT-%,)) v:.&a 0y, (T- Asa bi2 Aals) Al




Gle) =

Lo o
00—

Fond ashbe spre reddizabinn  fon

[ 352

S3445%4\

S+4
S+1

45

S*25
{

-0

5+
S -

(s +2)

S 335

ANote ..I?u(.—.

=1

S PR S —

+N. o L3 M2

S

>

¥

s
S+l

[+ 22

5 -t

) + =2

S+

157/



/152

Contro ok, [; fy 2 Observols iy
0% WJ.TU—.&\W ?nn h@w.rnvsm

Given: % - A x+ B (Z)

Definhon  (Controllobiliby)
The <lade- Space n_mmc.rm{s (Z) s 3ad Yo _fﬁ Qs‘_,‘d:b_olﬁw.
at .TS?P +\r0 3 ph HHare N\K..v*.m a hmes.,.fﬂ\ n_.\..\S)P .W_V.Wc such

Tt .ﬁoﬁ D\Su Xommus ond X,mﬁf ‘IL\,.PA%_.&M?_..S%F». such

.uﬁ&)hH. ﬁﬁﬁsmhb VXOVA\hvuxhs

Auording o Ha defimibom « Jor oo comho llalde sl Ha ?fw.Ll
mwst he able Jo sleer He clale of Hhe Syshon from X, at Foe Ao

o % of buw £, 7he ovact *ui\R.&nq\; \a\&»\«& i3 wr - inmportant .



/53

If 2 iy time_ jnvaniant Qx?a\\»v\.\\w@ at frewr Ao

. . . - !
\S?W\.mh §S+TO-P_°.?.\_U ak PSB .Té....h ..Wo . dﬂ)ﬂ\\tﬁ 3 th .\i&ﬁm
Cate we shafl Sy Hat T is comtoflable .

E xample

1 F _
’ e Frichon less sontac

m A A
4

X

ZF dhe posibim X ond 4 Velouty § 18 ane M shti _wanimtles

s splem 15 cotillhe. Dy prihon ad vty [ an

&3:&%&. How do awe choote F ?
First  choge clyose 4 direction of F so Mgt (L Poit, Howands x, .
(v)

Then P\r\% mﬁRE kwo.. F s Hhat s\hh\.\m% tn\ur.xmu .-w reached y et
sef” F 4o 2o, mcns?»@ ) Hhe ﬁa..g Xy will

be reached.



154
X\ - @ mMass s W

most

Eventuovah any x; and &= X, Con be attoined | e To@.rasﬁ: He
Y2 dnedim commpt be readud. T w..um:,m\c,) s Eoﬁh Uscon ho|(able .

AN

E Xz -t’“

m.,_n.__.& 10.“...,.&5 3 omd cn—co,.._.u.\m”nm_ Canbe P?ﬁb. Also

N -
! ’, x 2 g Ch\gbn\l._d Sﬂ..." XU. 4 +, ‘s

ws\\f - wot ol sdales Com be ?_..._.9?% .



155
GQSTOZP_S.__.w QS r&. nmn.._.nﬂ.-?:.s.nnm. hg.).. >u ‘_mv S\Gr._.«...huw.

To n_ncLom

s, .r_Fo_m_u me need o tnders fenad .I}ﬁ ~..>§S\ ..:%Amasohwsﬁ

of Lonchiins & Hwe .
P .
ﬁ&\dr .ﬂ . Tn_ ,.qu —— 6 ~ 1= :,..JS

Ten, th s \\.\ESM.‘ n e oudest p0ver Hep h.o\o\&m eneplix

Nambers 11

— — X = ~a-mod, = O
= B+ e d, = Tt 7 )
ad; e

Note Hhat bttty f, =0 Tt muans oot

=1 mmb -+ et Rs\sat =2 an forall tel4,¢,]



\W
.ﬂ..." (tit.) — C Comn bhe w&w..mmesrt.b wu | Xp oo vecka ?@n? +

lm‘ () = M.m._ - - ;ﬂ.»wz.qw ) J
| 0
With Mo notedum | |t Foy = | §L6)

|

, fo

ﬂ.l" ﬁﬁ.:puu a— Q..w

Slo waedd 1 X

Theorem! |t .m. ,bﬁmu_?.;xv be IXxp Q?wrk-&?_fn% cem i nons

%Q&,PT..\E (1% ﬁae:»uu. r.@w _H. Th O s>P+«._.x .Pr:h._..“s\, o.Sh.w:.TL ..wSS..U

.ﬂ ao 1t ~;§§w§€59§<m 1 e ,ﬂ:-.u.ﬂ D\S_.EE&

;J@sg o [#,4] f and qs@ i (ﬂ_u@ﬂms dt s%_s@LS

15¢



‘ t2 .
« . .
@‘IIEO%M hﬁdv m _wlm-WOV\h .ﬁ. ﬂﬁ+dﬂ -4 L.ﬁu O VAL MLS . WwWe ccssf\p io

Shao  Hhat h,. v--.d....*.‘s Ons _m?mn_\rg _.Shwrw.@.}bi a [t £=21].
z.e. .N\E‘.. (4 ﬁ.ﬁ.:_ = O @ ed = O m@ruhk\rn a = ~m\\\.nl Ouswb

{2

o Swfpose o« T =o. The mo:u:v F') 4t =o
t2 " e &
Wr\* ‘%znk FOF &) dt = o< % = F*adt .
.m_ +. *N

Thorefore kwq.‘w e Nmsin \snKQew \v\ \w Frt) Fiep At e dove of=o0.
“ty

_m@v miﬁ;o %_,-..:ms ?»:EEPG wdependond  on [ 4, t2],

Thew & Fzo o Ltht] = < =0

A
- .ﬁP x ’ 2
7_98. MF%%?W ) =% ~n.:m+u Am m._.uk.__r =0 , T besr ,\h\ \ﬂ.\*_.p \Hv.mv nx.r \\\..FIO

+~ +y , \T
| » X |
....I..V/Y :hmy\m\?wmnx _ﬂ.\*% m&ml =0 |..||...W1\ %% ﬁwmxlv =0 Q.S_H&:»‘Nu . So A =0,

1)



We slull pw ?ari. endi hms for cenhallal,,| & R e e —juvaread
59 shewm ¢ - Ax+Bu

Let's staalt by assuming X,z 0 ok t=o. We wad o
be ﬁ.f: Jo %PSWN\ om _,S.?\(‘. L .ﬂg.\.. s&u.ﬂo +o \*l.u .m.W Se &
\.Rm.&.uﬁv = »w\ .

m,xg«n\m U wil/ depand e Ky

£
.n\*mm-ﬂu
>\Bc N\x\vu \N %:Qékmt

I awe BR\M.M \r\bn \wv% =, F¢7) e bove
2ty [ Py s e

7
T+ F(r) “hae \\s.ms% \x\b\ux\k&\%\x N?\Wu TN

|
-/ |
|

&|
£
We omy choode wlr) = F wi \ FCDFrr) RNHN X,
(]



T
e et M) | Ferrwers e

z\\ﬂﬂﬂu \l\ﬁu\\ \-\ﬁv“ﬂﬂu\%ﬁ\ﬁr

o

= \N\wv\»\wukw\w\n\aﬁua\%\m = x\ |

. ﬁ&\ﬁh\.& » kﬁ \s§ \S\Nh\sshn \N tﬂé\ﬂ‘ &a

L ﬁ s Suthoint \s\ §?§\% ( From %,=0).
Ay,
.m.

=~

At -T)
8 on

_ /3
‘HS ,_\?8 CroL +0\:>9.W® Xn.ﬁnv X~_§ Q.Lac&\» .Crm@

_ Lm.
Cul(lt) - m\.mﬂtﬂmak Nx - e *

#__n..




Act, -z)
Tt Huwng ot +ee fuea rndepessdence of He rows I F7)= e mww

m [4,F:] s _m\\h‘ & k@&&&\%\ N\S&‘\r\x \\wk&t&&@.
7o .h«r u&e&h we il Shato JR.A\ \.u\, Lte \&ux&& I3 emlflable

Q_\SK Oﬂ\ﬁwNN,v.HmU« N N.&v»&.wvu FHren X = O,

Co _CT X Fe@r) =20 . wu Qﬁ?:p«:..& toow exits A cn) cuch

Mot
tye :
*
X7 H% Fmwit)dr gﬁ_.\._,_iu,,su {row Hee N&f. by o 4< gd
| &
oo’ = %Qﬂ%ti&r = 0
) |

This imples ool of =0



Example : _...Qﬁ ns  comoider Yhe sys tewn

() [v o Al )
VR R Lt B N
1 | 2 =2 j%) [°]
"} | | Zz
.Mfﬁ_omn X, = \o o) we wont ‘o reackh ¥ = M._ i
| |
1 ;L??P unit ﬁ.ﬂ.m = »ld .
Use watlab : |
Aw.m_. | * _ — >ﬁ—\ﬁ¢ - hh_\\md
xﬁ Foy Fodt = hm B B € AT |
° o ) - AT
2 |

¢ 2Rt o AT y _
.

J

«A AG-TY A (1-1) 1-e s
D

o *
wit) = £

L

Uiy &



Alt,- )

| I
Fact 4: e B oo ﬂ:&%gu ﬂs?,?kn_?& rows own Lo N.Jlu Tﬂ.ﬂ
m.m..},\?&. _..sg_u_wsn_mwbsmb?m rows M ﬂ.o}D.
>Q\m|\3 Aty —AT
This 1s becange &

\m = €€ . € B
16 inVerdible no..ub; .ﬂ.w!bs)%.b,

~A
_HWV* 2. e

m \?\orgw ..SL.&T@EH?% rows o L9 tg]
_ﬂ.ﬁ %\B\W Hos __.EEE ..Sub.msii wws e Do, W%u

flo oxmi»m =0 o Coty]
— &?...»%imﬂxmm%‘?: B =0 o Cot]
&> <[B -AB AB A28 ] =2©
& B AB AB AB 1 T °
& KMH*\;*\AMWW,}AW%.T.QW =0 omlots]

N < &bm = 0 \Sﬁo\ﬂm@.



[
A 4

CFak3: e ﬁmw \x&b \\.\R\X% ?\@B&.&E FrWSE M ﬁo\. 7
:nqm. Zn \kg‘\c:ts% \.\\\\h\.%s% rouws on g \,&\RN\»\Q

[t >t2]-

E.. P4 ﬁH+ xwx.xmwmuﬂ..r..w\w = O on h?ﬁ&
2

& ~<[B A8 AR ...] = o0
Se— < [T+ b&.\{.\“u\wﬂ.{:.um - & o Lt ta]
N.

H:»\o\..mi.&é.. IT¥f muhx.\. Bu s comtslisdle s Jben it s
tntwlloble £rom any inbiald shle Xo fo awy frad shie x,
in ony Zime w >0. mﬂ‘ can AL m\&\.xas“.@ w\sa\\p .




L
Tu proviny Fack 2 aed Fact 3 we vsel Ho Llowing recat

At
4e B=oow [t £f «[r AR AR QA= 0o

Thas  Shtewed is &m\s.@l\_..wr?rr Lo Hu .ﬁozuvc..;% S fnfernent: mﬁ)f 5.3 iy Tiv

§
4.\_10.”\ .m £=heyn be gﬂTPQS ﬁ.*:»u‘u. ) A F = m..n

: . T
Thon {505 an Uiy ndependont o Cho ) € ok nly i

e [ Fu Fibo Fliy [z w  Sor sowe b, eChytd.

l;h%.éo.m bo flrwss \,%;;«&..C\ﬂ% u\.\.S\.\r St k?\\ RK\\. \M A
he Dupresed in 4 N@\s\ \,S,.\k tm&s\.\\ws A A=t



We ave seen Hat Y= Ax+Bu s con Nollable €4
AL

145

He rows of € B aw liwuly indepedsd o g
whual it t, Yt We ww look ot ot

Q_;_,E._S_. Candi Havs -

Tweorem (Controllabilidy) =
¥ = Ax + Bu 15 centrolable £ and SLB NS D.Sf_\u of Y ho:QE_,J holds:

A

L The rowe of €8 ane linianly indepoudnd o1 auy iudownd Cota].
~\ .
. The sT-A h (y s .
2 WS \o. *h D) B owe (ntiuly &é#

Yo o AT o
3. ‘hw g R Y e Ar = FmW ‘5 SQS.er,_mmanwnvuoxa\s@ﬁvw.
4. The tontro \\“&\N%ﬁ omdtrs X
[8 48 26 . a"g]=U
dae Pull ramk .



| E)Z 577 b
mmm.o...m». We'lve seen Hak n?fu:prmr.@ of x=Ax+ RBu

TS m\qig_f& o 1.
At

(1) « oo fa teltnt] & e
& omw&«?rvao & XmmHzEL_w =

B =0 .ﬁd.—- .Wmﬁo\oou

ﬁﬁAuqu.._\_.anE_w of PR A ,.SSFG ..S%nﬂ% n ﬁ.w.;.&
,:F rows of B e r:@:._u _é_&_oas&?% oo, t]l:
AHU ‘w.mm\ﬁmvmn)wmu At s g.vorrs.

t
TAV&Y o e muG m Ctit] & o«&} B =0 p (-2,1)
& o«ﬁH+>~+.|MM_,...+:.um = 0 0w (—oa,m)
& <[B AB A8 A8 -] =0

An.b.u\,w‘t»!\‘rs e
& L[B AB A8 AB| =0



gg m . . . : . |
| m\.:e@s .ﬂi ._\:Sn\ ?ﬁg?&. m.dwg

mt% %»s gso m:ﬁsm:.s "
i mﬁm.ﬂd f@. _\a?anrF .m ._.\cEF

- Ax +Bu ke W

__\Uam > ,..olow xme :
.@K.w.fw 9 hws.r .fs.h W.m. Vo z am.. .Faf.n Nerh.& on&m m..mwm

o i o R s e S g

I
i

.m:nr tﬁ% B %?%wownfﬁv

z,r ,zt.» x i ﬂ&hrpsr m ?. Sowe f ve
u_x_w | .ﬁ )ﬁ...m eR.B £ | Pn Sowe U

]

U
EINe |
T
u
PESNIG
v

5 )
 ad




| | | | | lég
.TIPQ*. Tha MQ¢ o.ﬁ P: m.—.?*hv in 6 .LPSQ) Are 1&90?9?5 o .T\,A o

-m .
ho_\s)m a m?.&m»hn T

muﬁuom _.(4\# X zx (%Y Au A 2 -lh?h—zrffv m.rr.*ﬂh m.: .—-_tﬁ.ﬂv

.ﬂés Here Ax.m._. | _swe&v U, ?\s_ .2». ) m.)ﬁr .:k.b
i % A -
y =] e B ﬁq&kﬂ,  and
e l
| 4 >n¢¢k~.) | |
Yo s m e ® u Q& &1

Hw.. ._H.oﬁ 9)7& of ) n&ﬂ & a we ?P
x A u ﬁﬂ, Zﬂ.r ST |
B Ax @) £ U@ o

2L

 Hewe awzir,, _e.&% bis Yy -




e

| _—.w..?&...._ .._..fr mumt._s _ >X +WS s n.9»+_.o_¢¢b ,h gsm Ba..d L.
.. .:.s Erbrv WTT mTS _ﬂghrv_of |

,x 7: Cbviows SRR
) i %ot %, € By kbt ton

L}\.m.mw & ..heo(rn *$ ﬁ\!\?s sKN).* U .“0 ..Rk\ﬂn 4§ M

o NX — W Xy V /s \Wx&.\n\\a k@.& %\u . ﬂ& hkﬁ xki\\\ __
PN ».#_ e
X- __.i_n.w\ &o =} me m Ah\ﬁ ~&\\Wx

lﬂe.w :.rwr&m .TFP_, w )
| Aty (H >5 ) ~
X _....m e xw * wa B eai%

h?_k.h .Ka b,um‘ \5& XQ 3? u$




 Clundaisekin F?&s S
Unh_.ﬁ W = h ﬁb mm*ﬂ L\_W

 q = [B A8 ATE]

| RO - ! bmﬁ?&
TR

W u%,v.\m@h.ﬂz%ﬁ | ?;E: Fm= < m

Q"

R 7\@? Hat

| S .m * \ | \—Q- L S

0 | Q.u.m.* |

= Wy o
-,KS

..:Zil&s m_:z.s P§P+:x_ > ,Zt. §&> s k.rh?»h ru |

BT O L O R e R AL SR S N T sl o A el e S




. _7:.*?._5 The :S: wﬂbﬁ Q‘V > 'S i_.s.n% _a.u 7

%27 ? . _,f.i

| wqpx gJ i%ﬁbw bbm\ M?rmﬂ»rnv Qm m@ P.)b & .'nm_vnn?:n@

| r». MJ be ?msvaﬁd»& bcocruﬁ X e ﬁ.s_.w ﬁ«hﬁ?&%
.F S £ xm =0 P«?z wmw .;..w is @xm?mwﬁ%f |

| _,_s,_\r._s..*l_SS .X.rw

L

in. mbsor .mxmﬁ .x.er v.@ w

Q,@:w m s o m&&?ﬁ u\m ﬁ.:

ok e S A A R AR R s T e T R R R T e I U o i e e are R




72

 Given X = Ax+Ba

——

_ __m_?_.. wEai R O

mhoﬁr»r& anm?,nm = @ ﬁﬁv -
S mNh/)\.ﬂ.u T?qugn vo




Lemma : v Mo« :oo) _.\ln@ o QSmoR.Lw
Proof:  x %heﬁb >& X m\\,m u
o &A&xﬂoif@hﬁkiﬁ*ﬂg
__ ._ ﬂ%m ml X =0 w henever Q,A/)\I.no u

Claim: Zruo _.:Q. xﬂjuo o Lojty]

Xi =0

-T b -T)
V M }QA‘ ) (ty |
.ﬂ\

,Wmm | dr =0

IV u«.v ﬂw@ﬂﬁ@ F\WK =e

0
*u
> [ura)lF et dr - o
| | .V oh.ﬂn\.(u =0 ?ﬂal\mu
bWO o ﬂm&f/ -0 ?HO.«*...— Iv xa% ﬂ.ﬁ.ﬂu ﬂxnuu%\n. -6

VOA/)\&...TIO,



| ﬁosn m__msau H* hdzoﬁw g Xe mwm(;\r.u i

Txx\o eofsg Rﬂﬁz e qsmoﬁau

\~I~).-.W P§L.n—ﬂg \ ’S .ﬂ%b&:\&\ﬁ*\\‘ Kﬁv x ¢ Nb« : ol ﬁNN.V
| Q.:h?.f.uu

| __ P ED.
i ':E mﬁiﬁ @p%&r .mia?e. m; *D
Ph

lll'll

xﬁ&\ .M Fo um) dr. I x e @m:ff %= Wy 2

& Ro: Fayz. | ﬁ,:,@ _swL

4 DR

ifv_ _ ﬂ%&d 24T = iwwnx__.

Yometsde i R A bk E v LT B St e R i

]

3

R RN D e e
e T e e e S R e

il S W L e L



_ - _!&» H E .wcrrommu»pn ﬁghfﬁg .S+A|

_ 1
Theoo X = _*ﬂne.ucfnz &n.\

a.nﬁ. Shvwa avrav—r». A\—.

m . 2 M Qhum . QA ﬂh\ﬁu ﬂ.n.U \..) HQVGWQ.M
wppost < :
Pun A X = .w &ﬂ%éo\:&w = o

- R(W,,)

$.E.D,

S % e .Mx . o FE@ ?naatw

e




.9.._? _FS..J Camorical ame_%a_ﬂr% __

Given  x= Ax+Bu
_Mr.dwowﬁ %Mﬁd = 5. < N hnjh‘__.o are g...mpanEP mgﬂ..ﬁnmu._

Qmm_sw A _:PQS. rgm.ﬂoqugﬁxn,@m.u we Cauw Shed wore
_,.wr._. 9: L\rp_vﬁrcr?rr msrw?.F of .tFmt.HGm?ﬁP |

Starking withe _ﬁt =[8 AB A'B---A" B ]

| _.,__.n_n Tr u:,is_w rw.&:u wectors which _m_u?_;_,rrw 3\.&#0%“;
For St e, ..ka can be any s m.xsﬁ% ?kn\?&?\
olimns of U. | |

_r&rwﬁi gﬁ dm wo E énofuﬂm ms&, .Lc.» Mmr?u» 3 ? si

nh

is r.&gg .:E?»E»




B ,:amﬁ m& ___...13 forms o baciz for e _ Ao pee.
_K@ E&R to &&s&a Har. &bﬁ‘&%“ :\ Jersms &x,&& basass |
jeo Aot x=lgo-tl2 . 2 ?Fi&%k&g
,.Axiklé.mn&h&%vi& _ _
w&?ﬁ @ := Q 9,7 _am o sori e Hhe At wsha
in Jewms 6F 2
N@@ L%Q.T B o

_%M wlew.‘r\w\: B

\ - Glae m+m\wm§

z .
A

p—

B



-

- kR e el by
QA= A® 5 o L9 - a,\K = AL, - w1 |
ek parkion A= [& 4, 5\ _

_ .?_»r%ﬁ.‘_?r? between A 2 K oays that o _

:-n—.w = \P& |
00 m..‘ 1s Hha _rbwzw@s.rﬁ? of >Ar with ﬁﬁwl& ‘o :_,: _mw \

a. hﬁm n,  Zn Hoz case G, e £(U)

wo % @mh« ghhc h%:.n.o_m
= % *%ﬁ\ + . .w\%u_.\a

E 3 Al lws\._,. ¢x=m&:_ € ﬁ@ﬁ mmu 9%? p



since 14,3019, § spa QLU

J

Since Ag;e R(U) ot
| (.

o -1 14| | - A%

..f. | i

| | | [ % |
| B - - 16
o

: | ..MS:SV

H_s;..&a.m n.\h.n\\ _u &_a. | Fe \._h\_v\&w&{.&*& BN LN e
respect to {0 oo specinl shrtere .

b, _i>m

AR i e s i e S e TR e

B NG, e e e




|
T
*
© %
X
.
A
T
=

m.as&:ué.s | - _m -

g—

>h s iﬂ_x.s..

i

—
P
BN
>
I~

s R is W, X (w-n
. . o A ws.xn_ )

/)\.N Conn Wﬁﬁu@.& H Pvecn ?Lqm.m Jo see +he 91
m.TshTSh OHﬁ | |

.W ﬁv . L N
cC?.rP ch.r ﬂhrhm&.s rﬁ*sé.\/ B P

: _/lm_._ coan’

O nr. f e iﬁ

_ﬁm is ﬁs:su x?._s,v_

e hupfofv._ .




m:ﬁ\a _P_Q € @m@h& | >f tan boe .@Km:.nwmnb . .V.Q._.)m _ @\r
q@ Ma e bsw Fur>o? mmmcs @m ﬁ.q

. L TP- . .. |
oo h»— III.A’- nﬂsp.ﬂ_ LR J’IW -W... = > VP
| o

Lo |

COTH fg.s et Bl He shrachac:

LY | | _
S Al | TR Be B, o wep
‘l” *. ”'* | - .
| e-~- O - | O |

v -, _ _ __
6 -+~ © |
L )|




*

m. _ ...}.n. ..bu:ﬂ w_ @n B
(3 R Y | v “u
W.N 0 }N. | Z2\ o
A e
ZQF_.tt» Hu Lusws,._nw _1. _.Nv camnet be akfBecked _u& “ .

If 2,L)= 0 Ham  2,60) =6 ?,».f*wo_.

D&g_u U a%\.%\w

W.DP‘T?&V

..13 En:

__ wnm%sﬂ.&n\m g AL

(s

= mw\mm m..mb = p

s ool watrix of CEE)



4.3

Giiyen He condro Nab, f.u connonice® Lﬁo?r_uomi&s_ ;

hﬂm_l >_h N.F \N._/ +M1W.PAwéﬁ | _ X" b ,

Tf we fhave on _oi?u &qsp»ss m_,.s Yo % c?:,.?r.»nu_..

In e Nm\cn\.\.ﬁﬁnmu Haos ,NAFP.*,..S\, e coes
B = OBN -+ Du

c w W-u,

B
J
r-‘

()

ERHRTR e RN AN TP .

e A I B ol U SPU LI



The shute- spaw urmn_..rmr? Vn_n?%m..
_. -] tyn WP;._..M_ | No
_w«_.‘ﬁo Nm | 22 | 0.__

- ‘ . _ | _ A.Wn _
_ u o L n._ Awﬁﬂu |

\?r_résmhmw_ ﬁ:\snr? belween 1 ound q s ckPth»nhP

._um| m.r&.\ +§mh@ﬁ§9._§

E N e
._m_@“ D@ﬁam +D = C(st-A)B+D

— - i R .
& ot e

. . : . o e _ - MJ o
. . = =T ﬁWHI)nv | @H!)nu >5w ﬁthsPMv C. o

%5

i LA e




| | .\Nn)n @ *rb mguh\hnn \Nm.\ mbhu\xu %h)n

Tz\ —

U:s & m?ﬁ\m\ge  Dim. \Nm_ﬁn space

RO -

@?R \.&%\\Nr\rm mf& .\&n .w%\xh. }i&&m\p .he&&P?

| Tk restinzei [A|l]) s anholible a?s
e m\ﬁ\ EE

Sl \lvw SRR




031%& of _o?f .da.s.% _ lwfx

o o e §vn._@ w%g&?g ﬁ, .\:
. (> 2
el 0-0-9.4, :

.. ECC\C.M.U...JAIQN m—n«.\).—fsi& @A
. un?w \s&r#ﬁ @ _sg.r_nr.

I:

.@ th o Qwi ?, the a,,@a: Vadue fiis, & g
AUV ke T f.f,ow& _

Q?..u tc ?i s Sﬁﬁssm Ln M”:, _‘:xs. |
- wm“- C w?.es _.93% m&hv Q&j\i&i&? Q?n\xw? Q@m %\




 Exewple; Giwew G&Y= | T |

wmw.ﬁu |

, - :
A skt cpuie reolizodion ' gvew by
A= ei] ., B-
- e -7 o

—
N
——

ek (W)= 3 <4 S We canget a sl celab




ittt el

__m ol ;u % 1»5 . 8 _.,s__ for imlimre

3& m»nl.d mésw He m.%ti is §+ 5??_%
__.3@5 .IEF @x;w & ?asm????s X = @w | msor tz& #.

U
)-i‘
A
i
~

H@ >m.u ! _

W)
\l
S \




- ?H e _ i $1[22) e

M\ V.Ht .w,._.n. - Az .Mo.

e

< n N IS am &.m@$§~§.
0§ M)._.n..

_Tx S gPI-A Bl<n s 2
| |_res ,K,E.S«.m‘.w .O~mr_0 mF&\rtﬁ.»,
o ot [NI-A ,_wu =0

- L \_.rs ?3.@ _, Rm\o V .L>,w ymkmg IG_ uow>m ».mh@..au

| S e o \/s.._ _s:_mmmu -o



o._ lﬁm Pm \.Wp hswg ..\nv_

oo

e,v_!%, _?1,3 Y g%f of FPDQS,\S?{.\.G S%i
T.* Hew W, onnd- ?Er | x..>x+\m$ is 5&. Qi.d:?.?._

- The obove Qi«e?:wiu #h. is ¢§6+\.i» wThb " %Lﬂ?ﬁ?@ __
mwz w&szar 181& Qumxu conk. test:
The systeme X - Ax £Bw s §+ S.r.o?

_ .,XGK &k&T a —é? .Qw?cwo?_- Qh > > .\Skznx\ ’s

srgoud o Ll e colomn %8

2%&\# u»nx and B =0



Ormn_&?r |y mfsp m.cps. arrs

_ m:/wtsaw |

mchS_ #.u _PN.FJX.T w_n.Tucrg_ o hMav
| .uwﬁm&x + O W o _.

.nl—vﬁ.ﬂ.._)-
e m,mmt.s 2 s wf.r.,o bra Q..%rw@ wrmn@?rﬁ ot t,

,_ I Hew .gn.v._.m_ o .ﬁ.§F§ ‘.P V&o m_rc_r Heok ._..o..b;.(w
kel shde % of Fae to , kwedgooh  Aw, B, CLDH
wd Je, LEEERY 3355 oA €AY gives swlhomt
,ﬁhoaznr? .T delevmine. X,. _ - _

m.@g?ﬂ_ﬁ For ..-éc.?«l_c&g m_&vg ) ihg .rn(r«.ﬂ &..U = hv




W\.KEF

( | point ?sz.mu

 ww
=

MW %

Hh_,ih rs.oco__.

U e (PE?C actleradum %

W) — s—pplied ore
hWee) — wom..ref

R
ai = I &ﬁ%

z

X, H) = ,%xwas\#fmov

Kwoledge X (&) allows

| = u\\rrh%y __ XM\_QV,_U. Vﬂ«.S - 4“

o8

wt fo dedouine Xo) odd

% ov

%)

vy

sy dos Lfud S i e i el S L e VB e e e R

ek ol gt



TE ntbe awph ) Hee vebiky, %, Weo aken 4,

He outprt, Yha shle Qrsisc btame .
v | ,o ﬁgﬁw | ﬁo%
1= | T | n
- J#Ng /o ! xw_ | d |
- 8 - .ﬁo Q/g./ -

K«GE %& u\w\ ;\?\S\??@ Qx Fm&&ka\ﬁ P.c& Hee \RR\QR.\“\S

...NNW@SQ&&&*% \Q.N.CV n&bﬂh §+ @:\ﬂ giﬁ—( _cr.ﬁou:% o
_ LP—.S.S:E XNQ.V e :Z.f?@ (—oow .Tb.S |

 For wouph , for wnzo , 4@ = 0

%(0)z X Combe amy numben



Exvucple
| - e 4
xflﬂ |
net) %‘M%%P 4 ()
= |
For s ozt ?.arupww»t&xw anx
%= -wyu  A=L-11 B[]

| Ze ma tfer E»L ..&‘.::*;\ bﬁ.. 2oy 55, ,Kc. Qk\s\

___‘_”;&mi ) .saml §>$m &n \W\\mv %3\ .&&Q \&Q A‘@x. |

B \«»k xo ._&h m\m}sk&abmx J\X\uv

e




i cmk-

e m_..wmr\ir x = Ax+Bu

o ‘ : _ s& = QX. + D~ _
. >*‘ Al
@ H+) = 00 X, + O% B n@ %.w.

If we W_sb_cc_” &Qu oand erR,J Mo we k
_ Kuau_,

-ﬁ
[ A-O

5 l_o % _ )w

U \W\&.h\ﬂwn&.&( Il DN. Xu

o
e

00

> Or.vnqgr. Lu &imr? reduces ._o e hu:at ing

._aomw .._\PSP ..E.n;w._. o ﬁ:cr»N \T\..ern »m. mcrﬁ\—? :._.E

_ b.FuFM mm 0 A A
< % A.. |
_h N\ XO 0 .n. & m .@.c,&r gs.@r

,srbu_‘_‘ss,_‘ss ‘o ?.rés;s X, 7 DFts_ be Q_ .P 82




&

ek oo At - | |

X, mcs.4§~u¢ 4

m.?mwgr_ e no___c.is.m of Dn._) one :EE_& ._smp_gsmo.k over
CLost,d. Then 4 rows o) A :g_.&u ndspendad ouen

[ovt. Twis s Aas_:»_ to Hhe wverklilily of

'ty
x,
e AT
/mm} e dr = Wy
o | .
Iw b..\—m_),n?o nPhhl.. y @mCNS L&E& = QN.).WXO oLt ¢ .mhr
=1 Hﬁ\* : ' .:.*
/&M .T C 4 & = W, .m 7 £ xo
2 f > —




__a.m mm. o.ﬁw how.f& \s m.rb”.oﬁk .ﬂ.:. anmﬂcprﬁﬁu

_ _.d:w S\:r\x /s P\mo imn&m»\.h \

Xx= AX + Bu rs me«:.k.r? :

o m.%w&.n 4&& mumrs. u_._. ox o

This ?1.& Hat .\9\ Somt \wh \t&x is a Lﬁ.
~§_x Jo M £§r§ m_.m. xq_..u_ o, o_m.nm t
__ h%,se% we would vat be alle do Akonine x wham

| e.?Jue ?m.mg..o_o?n:mv R

__ m?w.._;,__xo_ no salves omkxu —o o,m*m,ﬁ.

s _._l §sa‘ be e cs&z miﬂ}_ |

-~ We .?Pn &5& g .m ,x: «mm.r.s .w anw%tn h.: ﬁyu\ S.IF

“colwmns o F mn\.w E.s be linealy ?»PES% mr?..?u

e ?z shown et e Voo iﬁ%ﬁ o M s_§-_ b

b g bomds el T s e
i A s e A R o il ST o L




wm.s.in I_éF v <e,_§ of .n vo s not _fwo»g This s

becomsc odn Hae hozot.s.u fad - |
The nc_is:m_ ov Qn s.i.__c&?_u _:hp.g..&?*. over ﬁo» .mm”_ N +.w Yo
,__h omd §_u o +rpu ot __gf _s%w?s?u over auy idewall [tte]
b t, <, |

o Dn\%m =0 M ?_w.&

< ¢fz +>$_»mp+.: =0 o Cog]

& Cpeo, o%uo unxﬂvuo_--_-.. ¢
@ DﬁH..v >++ +$.uv ) - .. 3) 9—2@ pS.T)C)b ﬁ.*.uﬁ.ﬂu

A.....\..d onzw _uG | ?.ﬁ.n:?u.
. | Q.ED.



o | __ _ _ _ g&
Frow e %ﬁm_s.a:w drcacsim (F wa\m@& Hat i Mot u.%mf |

| WMWM&”HN” 1s a&h«h:ﬂrr. .S .:. 3 Hhew F will be Qru.u..t_)h&.m._

i 95.& ._\_\.e:. H.m V 0. dImn ot cCo._&Q_ mﬁ Frhsu?%@n MW |

WE) omd M) for octet, allaws om to Jeletiming Xo foralt x,

o bl b 0 okt b 0245 By for ong Xy 50

> we fln Fé smtl, will ako allw He deforminakon of Xo -

_I_.eﬁ_q@ AL ot,s. _._hmw {n ,_‘_Po_rmo.wc»r;.._u o.um o ?sbp\r m.wm,r.s. .
We will ohite ,Ié.n nad . | _

ok {2 AB ot @ JEAY e

In ._}s oae, e will Lwo__myu_t tk«?tr M?m_whw_o{ﬁ?.;i



- 29|
\_nfbw.@.‘s __hD_ommJ»&c:ldv |

_ _‘_.n‘>.x+.w$ _mworuﬁcs:c_m« 9_3% ?. ,..ﬁ
J.r.r .mmwf\.& Nx = _hx +du | d

»eu owe qm Haa ho:%:% SSL. .r.q:m &Cg :

q{ |3>.n G?.f:m bm Om - Gne _.Egu _SLKT...\!E om ?Su :i..b::b :C.nuu

2. Th SF§§ 3ﬁ OQ.T\S ane __EEE .sb?z
t A

| m e N_*mﬂ m\a( - 7\2. _.u iwverhble hoqs.sd ﬁ 0.

4. \d& Q&mm\ﬁs»&\@ §&x§.k
. a
V-lea

- CA
e |
das Jull rank,

,-1-,5.:5.—1‘::,.e-..mm_,-,_;,«.‘:,‘; Gl et 0 S B W e



N v&l We've m§§> ad o._&o:?r.\ *u s nmfcﬁg .,OQO

O m......u__ )

1)) @9
_ _.Tu ﬁd “4)

mm..s._.qr.ro ﬁxLomsG result for control &\i ..dv

/2:..‘ bawe ﬂrs.zs ._b&

u_.._L. SF.§?.. o hm 86 rgf _s%._v?i ..a ﬁ»_ .»L
@ mom.{”v o on :.1.& IJv Ou _

@AOAH+>*+$4 v =0 o Lh,h] UW v

A\v.vh 4-%‘.,@

s

& (o]

"u_o_.&. d WIov




. M;L._hu 1»@?#&?5.@““ @f«wésﬁ.@ _ ad

(iven Yoo b msnrz& \

vnaﬂ Ax +Bu

erBe (7))
y=Cx +Du
omd fmu_m+_*<. AMV
QU_ .W*N + DV | _
| _*
Theorem: T 16 Cowhollable ,ﬁ i%u £ 7 s o_ane}r
Proof

LT s cndeolable f B A ity k. oo o0 n..i
| * >.w

it B e Ao rs.m.s._u .:&ow&e&& columns on ﬁo::w
ot M* i observable .



e Ssar%:k.:n S :rm?s

_W?mwocn .I?L‘ wx..., >x_.1w: .u \S.L. Ovvnzﬁ_of
= (4w = Cx +Dn

i.f,or N | m.rbn ng n oa as.m»mghrr %
- . ::\_..P‘
 How dp %c‘m.rhm revesd ,:,&xmn?& & ,tz 3&7» 7

03.9%1 e 9._.515, Eres m=zo.
N %= Ax 4= m__x

nouzere

| UmrsLes A chot.. xo € ﬁ \S m?é. ._d be grwm:\?an

u}x - and va\xo - “fﬂrmm_tkc_y

of



Fact: The sk u@& ga@mmﬂgﬁh v.mo.ﬂowm__..s 5: . *owots E.t}
t% WoStnoT. | h%.‘sw A m&uww»?. q‘m ov. | |

mum. P.H X\ .?Sh X, be rcse.&.n«.\e,ih

QN).w : “.0 I :N

. (—\PL\- .—a\.ﬂrﬁ@.. e

g, % O et e
_ _ _?ﬁﬁ_:.wuu .

Q.8).

Theowem: Tt unobservable subspaca = A (V)

._.Lx éa _

Ogo We .Tsmf w.&f Hrad e Cﬁovmnqcsr?. ms,rw?.c.
s gi do \is\i




v quxmw Yo Mg Szm(_m . b

AV ﬁoﬁ Spme 1 VO Q..isF ms_&m?c | _ __ »%

Al.lv &h) * .m. L .Oﬂ _Wﬂo_._ | . ._
‘% T mmx..ﬂ.ﬂ w ) S 9\_ ?RL

no‘.

A|b» .Pw w?s JVO , m\ﬁm/)\e«v
CNert  we wfs +
,U\e6.+ .IE. Sé?mnﬁg{a mc.,vww Ce &\nﬁ v
_ ) _ <

WU_O __ oM ﬁf\h%w

& e

> LML Jpze o s
AHV _ \th RN o . L
TR B _

h.._.a.f _ N | | _ :
. B 0ED.



\—lf..ﬁo‘}ﬂg.. D-gﬁ—\— xl >X 2 —D.\ mx ? .. |

The cscsmﬁéa&@ m.r_bhwhoe = &\m/)\.of.q for all .:m 20
= %AS

- | At
w_.dem” _Xu__mw_c$orun..<p.orA®( #.vv_c. v. _On.\ X_o...lﬁas _ho,ﬁu_ __

M%. > O*Dmxm.ﬁ. = O | o

S % m;\mi}& _ | w
\fP Lidoservalde m&&w&ﬁ = .\\. 9)\3& | -

%, acgfé_%mw\ ,q:mlf QPNzo ot |

@ Yty nmﬁk>¢+>++,zux¢ o boit]

|V DXo 0, CA%=0, ~==- -
A.& m.\xo\c uﬁ>¥.:0u,5w0> Xe_rc

< edlV)



Ozoma._.ﬁ_.r,_ hu Q..Sas_wfb .o.n\n!.)wow.._.sa o et mﬂw _
;_Nu_:.__cns x= Ax +Bw .
RN __cw\_ﬁ.x,.f..v.k
H,n xz@w,___-_r_rr_‘_,_ | |
| _;,m__u0>9w + O Bw
U_.u AJQ,_mw +|W$._ | |
Uﬂ.ﬁ.;;?u . - h@ }@ w @ m ) ﬁ\ \DAU d al..lv

.Wcr |

N |
. C 2 ADw

2=
d=

,m,cr‘wwovn Y ﬁ J | _ﬂ Su.. ....\_,._5. | ﬁ&&i@&a s _?a+ a._oﬁnwsurﬁofv

T ol ket dim % AS 5..__\__Mp




ey T
Cleose @ =109, - .a 0o follows B

@ _...cw. & " u _$_, JA_ .ﬂcﬂ:\. PGSw w ..ﬂU.l %ﬁ/\v

@ Drb_omp q, 3+ n_.:

_ b g deckre <o ot [4, 1)@
is Sm.,smﬁaw. o | o
| Zt; o Q tokem 20 R &.S.FP./.J .T.?uho,.s\,w\rsw whad |
s Fr??&?.rﬁ? qw A _is.&&.gpiﬁrsbbv Z-e.

- @> AG waa M relokion between A Y

| .I:m n?s_wo Estosg_

1] (e

>



Henee ,  Aq, = [4-] &

For iz=lyvesnny
Au

: Wr _ | ﬁ gmwmo&b. w+w$nr§w |

L}

4
———
Ainm

-

Vor (= Nl )ywy

) ]

o A w
: _ n,
0
— - Qa 1 - .
_P..s_ - Hp. N+ . I_S_w
. r.%.:-m) y .__
‘ﬂﬁﬁ n.. = SU*— .U...IfV—)
.m \S U@Qv:th >& m..%m<u _ |

?s% ,t,.-.«.nhoqn. fﬁ&ﬁ?& o\m >£c cc.tr ‘..nn_.ﬁ\.* ‘o

H N SH_ cc,; \.B?P w.@dw in M n:,m+ gy hs_+2_«\_m._

270



.<_w-.~..__

x&.-s... Z& Com , .&SEE@S
| _ - _..._ e

f.ws 1v |




- Pu i_.w._»u mcmquians.u g&n.:zn_. ;

» The cs@wuﬁior uc&m.ws: AS Yerms

.u - Mmo o.;wu ¥ Du

m.

y __ 0 ' 2] mmo»,
+ s (WM

ap—

J

t;:& e .w ,_s‘.?vr?»b\ @?wmﬁmﬁmﬂ.&..

~ Aiven «u J mL ¥ _mﬁ..-s» w |

2. The .m?? Qyo ,0 v 15 o_&mé»rr

3.

=) ....,
| mmuﬁb o OH A) B, + v
m..:.e.v allows ..I..p _‘ﬁ_;brsf ﬂm +ha m,ssnsm.ax u.w (:z ih,h\

Qh e 5..&8 noowL._Sb..._.ﬁmu —.M...

s Tvcmv

s



2/3

Tf?b LG we g..c.wec_.n @ C..v:s.Q g._.vfu |
l..dnn ﬁ\:S_DLSP /\P—VP dﬂmb_arﬁv&w. \ .i., /\

| r 5.
| - T
| EFS.. | 2 p = Q.UFO -
. - . . . | ..-,.. o |

r .

_/\C

T$ wewrde W ? s.u. ) Huawn for a2l <
{e) - - -

N />\ W, = < mt,a_i.mu o | A becauge \Y, .w Dﬁ.:_ro%.r@

CRCET.

.H..m | ﬁu ‘ —P.w_ u_;.._,u_f_u | .a\ace.s /\E . WW/\(:&@ = 0

Since ME _V_:;Em ans _..a&u _?r_z% Huan
Yoo st wS_..pi t _.Esw s & ,89% ?.\ He ss: m?k om Vi
/Z 1 _sco-.r_qr mo wé om m..sa‘u_u ,T.LR.\ @“ (f\






PB” Test {o‘ Oburyal,;,..b_

G : x = Ax+Bn
e (Z)

2 o\pserva\a\e. ’.-F-f for every eioenvalw.
7\0“: A, \)\IC.’AK '?nus ronmk n .

?th (%\ gv?Pose 2 \s o\oserVA.Hl'

Let O(ech S“"k -\'\t\a* [}«Ir A\o( =®
C

BJ obSQrwJo'.';b ) ol mnsk Le 2ero .

5. Observaniliy => [’f"\] has rank v
.Fof 4" ¢Utmlm O*A



Lé:\ Snppese s not s ervalble .
iA B,C% Gre eqwualowf ro {A ,C}
where A= A° I‘s‘

)
-

;-6 ol
. I-A
VI"AX-&M romk W\ g E\Z }l"" rokn
C
r - P)\I';\o (o)

1A _ -
'z | TR TR
L = ( a,

W

L N

for own &{&{hva\v& ) 'Ag -



NL.SE\.V QPS&:%& y&gw..\&a\. _

Given X .\bx+ Ba
d FCx +Du

IQGF sts & m,_i,,,gw___gmﬁoﬂ,;; @ such Hhad

m. )

1

()
|

> P
h\ |

1
{
!
1

3
o | wI

c ,
IO._ r o

-...”.--__:___ - 0
a

Q\

ﬁ\ynu mwv It controllable -
- CGLAY'E +D = CCT-AVRYD

St AR R i




——

- e W wm we =

. .
T A
0& >N.@PMO _
NNQN _O
k.

'.‘ —— g

Oe!—ibﬁ_.u 4 A\Pnou no.v _..w OVuﬁ.q?_E

2 O»S v\wsu IS Sia?ri Thw dollows from
,t: .ﬂ?&, tﬁ»ﬁhn__wv 15 &s#&:PF

3. _O?H..Pu ...vwo+ D .ﬂ..D?H;>dW\+.O_

...UOE.

204




Tideell 1 commank 2 e e ,_ﬁrr& ao follws:

: _?Sf_ﬁ._aisr; of ;S ) bao Gull romk Er;
__ _f?nw té». ,KF S._‘B_Fr;@ ?SP?.Z ..:m h@. >nQ va_

i (?S full ﬂgﬁq 7.€.
—ny1

|~Wnu Mﬂe mau“ _ >aa mcw | .\@.?e Tr: ﬁgfl
\ Bes * * _ R |

,. \.ﬂ\.»m.ﬂfa_.% | ,E.L.
o Qa

fr.Lr ..s??#m.ﬁ;». A}Su o) 1S

p?Ta?,.oF

v |

i AL T e T I e T e T




hnden> sy VIMITY Tyt g @ L

J '8
l__ ' |
H
a \ W
e P - | r —“
..: ‘ g 'O ‘—
' &
o'o S T
{ g‘l i -
A o, O
a0} l> >\ o YL -
gl ‘l Dt g 3, “}"l h“e (r;‘p\ ‘?'
i ) tlﬂ t |
o) lr'-?b © ? Pl> P ! f-ef
0N T RE) e
S U . "Q _:%:'
r U
U .00 @Pw - y
. n S
.' e

- e



B To h.:% gutws_ﬁ.rus EFQ} @Enw ,RL ._NP_E»B QFS.:}W

9;1_,4 iz_ @ @ D

Zo.T T me i ?fu._ieﬁmr@r} . _S.To_.fﬁn_v. o _

 veslizahin 4 _w.. ww H,w,,_ | Hare s e weed do

| g%r.? e KP—SSS mh:o:.?p g?won#? HE.E
(@) Gt a caceolible subsgslen (A, Be T D)

) For sti 5) @%»isssar wgww%ﬁ_

ﬁ)hb ) co » o vlvu E?br ec.: W.ﬁl Tbr;
, - S.T.Qd B.Ln g%. G@m.ﬂﬂ_\ﬂ{h H.ﬁ. %‘WC (?ﬁ :—\P..P
.m?a.... ¢§§§§§ ,tﬁowmih mmi.o.s.

e b e
L 0 5




EE 377

..?.rshr?" >m§\m_¥c meefm?e. x= )xiw:_ _..m m?m |

—D Cx A Du

__.rovﬁ R%:F&.&es%_&w 9&.&. m?@uﬁojut?

m fH.Ws %EB‘ dimasion sr%(ws Ha Same
YeoX A _

;(L).s _

gm?hsg ;e m?a.bm Emﬁbw

Olmwise , Ja &.& mw»p &mg,_%s. is sand o be itreducille

| meﬂ §_5.§’b¢

- We .»2@ Seen tﬁ— of >m§ mmsc. sgms.?e s - E_s_s&m. _.

.:Es AL s?_\r &srd:»? ?s_ c_&o_‘q»rr

i i . E \:s. . .
: e sttt il s S R L P i




n_.ra R,Ean &Rl&s is sr_mo +:>n Tn ott\, Eaéﬂw

R. N m#Hr\n?e. R&.wi,s) wx >x¢w: s rote
| _ — [Y4=Cx +.o_>

 tmbrolable and ovwn..?? ._.:k_s it Mgt be ?.._s.._szb.
hoof: Lt A B,6,D be seh Yt

o B . ,.,
| O (sT-#) _m +D = D?H\\ow.ﬂv

um T:qsw t.,»» 3 |
ﬁ..w s +m‘)ma +ﬁ) 2s LT... =

(V4
W¢

w,

+,"’ .
™
=
R

KA _o%w - D,y g #Lc:

Tha, mfw__.rm .tEQ. \\w =D, Ale sinu (sT- »J ST 48 >+w>+

R AR s e e

S




. [e ] @w ae A el 2 ) mm” KE - K7€)
e | S

{1

._O..ba..._ SO .. o 1%

c {

4 : . . . . .

| _ZaE we Com pét .kﬁ *&\\3.;:% .\ﬂ& o | S &

to 83&3&.. ,Kt‘. %m.,\ w: - . | Sy
.NNS*\K % m( §v n | E_\:nm n qr\s.x_ ;x\\mh ks.x “

: %S\p 2n %s\ .w:\C vs .uNs.&vK kﬂﬂr&nﬂ! .}»n

4& _..gu\ \\.\;;«xm:aq Q% ,\‘&h m,\s\ﬂh m\xn sN m\\ ._w @w R

2._? h&! &\ 2 §\ xo S. .
___Q | | w %mw




Hri.s Lk 1 AB,6,DY and K,8,7,3% be fmo
& miniwd realizeans o) o teanshn bt Gy
Thn e o ﬁécr@%m one NJEcPT%P iie. Here
VO aan wverklle @ suchdet A= @ AQ , B=Q8
md & - 00Q. __ o |
Fonft  Gince He oo askgphins due S e b

5 xts
Rk & r?&ﬁ o>m CRE  A=oh--

Thas ,srmr&n._ | | o B | |
o T VU = 0¢ _”......,R..__..g |
 amd /\rn; \A\>¢ @)
H __ @Bﬁ::.-z’&.@ ,G?TF ﬁ,@L.WsLﬂaSmgh §._\...0 VF i nggg
ﬂ,gPt,S?sZ\ Wm@S %m/\/ Whn;u wh/\v =n



ia o§ wo\i Jmn .ﬁ%& AHV L
| \mmmg _ Q .?8 e?:ss v?sm A_.d Virte a.« m&&.& - + (&6& a T t.. m
::_Q.vp ) BP:.Lu h A@ Z* >miu_su b\r& .xc&,mﬁ_ .ro _%tr __ &
e

c ﬁa*ﬂs\ui,ﬂu\u%/\a\r | - m.EJ

%..\s;gs.@ ) \MM fo P\.s.%h\ s.an_\hh. %}\Ns WQ \(* m N(\d
15 Fw_uﬂsu DUJ _Qu s inverse .ﬂ..df (ﬁ)»ﬂ.di tc.m w.&l o

R s b gince e WE 3 ;.,xé agx

__zas Fnu:a GS _G .xs D%& _sﬁaa mm m hzg ,Ia 3333




ﬂ3§+§£§.§s§@&§ W Qm.

= C
From (IV), we @Er Mt Du

Equabion () Shlis Hat: VAU - <>.; _ .
__ 113._“_& From Yie right by :»i inverse & ok and
ﬁ..?. e left wu .tz oft inverse of & wo Aowe.
(oI AU ) = o

>t

—y—




	lect1-10
	lecture11-20

