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Abstract

Wireless sensor networks are characterized by strict energy and bandwidth constraints, which motivate efficient
compression schemes. The distortion incurred due to compression is an important metric for determining performance
of reconstruction or estimation algorithms implemented at the fusion center based on observations collected at
individual sensors. For the single-sensor link with the fusion center (non-distributed case), the distortion-rate (D-
R) function when reconstructing Gaussian observations has been fully characterized. But this is not true for signal
estimation problems with either single-sensor, or, multi-sensor observations (distributed case). In this work, we derive
novel D-R results pertaining to signal estimation in a centralized point-to-point link, and we offer an interesting
extension of an iterative procedure for numerically determining strict (achievable) upper bounds on the D-R region
in a distributed estimation setup.

I. INTRODUCTION

Bandwidth and energy constraints in sensor networks call for efficient compression and encoding schemes.With a
prescribed rate, it is of paramount importance to determine bounds on the minimum achievable distortion. Through
these bounds, we can assess the loss in quality of the received data at the fusion center under pre-specified bandwidth
constraints. When it comes to compressing and reconstructing sensor observations the best analytical inner and outer
bounds for the D-R region can be found in [8]. An iterative scheme is also developed in [1] for determining an
achievable D-R region, or, at best the D-R function for the distributed reconstruction setup.

A related problem emerges when the sensor observation x entail a random signal (or parameter vector) s that
we wish to estimate in the presence of additive noise n. Most frequently in practice, the data adhere to the linear
model x = Hs + n, where H is a known deterministic matrix, while the signal s and the noise n are uncorrelated
and Gaussian. The D-R function when H corresponds to an all-one vector and s is scalar has been treated in [5],
[4], [9] and [10], and is known as the CEO problem; see also [11]. An interesting question is whether it is better
from a distortion perspective to first compress sensor observations x and then use them to estimate s, or, to first
form an estimate S,, based x and then compress this estimate. For the single-sensor case, we have obtained strict
results addressing this question. Concerning the distributed case, we follow an approach similar to [1] in order to
numerically determine an achievable D-R region, or, at best the D-R function for estimating s.

This work is organized as follows. In Section II, we provide preliminaries concerning the D-R function in the
reconstruction setup, which is pertinent to the method in [1]. In Section III-A, we consider the D-R function
for non-distributed estimation in point-to-point links (single-sensor case), where we conclude that first estimating
and then compressing is optimal. This offers an interesting extension of [6] and [7] for the estimation setup.
Continuing with the distributed case in Section III-B, we find that treating all but one encoder’s outputs as side
information establishes optimality of the estimate-first and compress-afterwards approach. We further derive an
iterative algorithm for determining an achievable D-R region for the estimation setup under rate constraints which
offers a novel extension of [1] to the estimation setup. Finally, we summarize our results in Section IV.

II. DISTORTION-RATE FOR RECONSTRUCTION
A. Single-sensor setup

Considering the mean-square error (MSE) as a distortion metric, we provide here basic definitions for the D-R
function in three cases:
i) The D-R function when encoding an N x 1 real vector x at an individual sensor and reconstruct it at the fusion
center as X, under a rate constraint R, is given by [3]
- 2112 N & N
D(R) = min E’p(;(’x)Hx —x|%, xeRY, xeRY, (D

p(X|x)
st I(x;%)<R
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Fig. 1. Left: Test channel for x Gaussian; Right: Distributed setup.

where the minimization is carried with respect to (w.r.t.) the conditional pdf p(x|x).
ii) If side information uy € R¥> is available at the decoder, the D-R function is provided by [3], [2]
D*(R) = min )Hx_f(uhu?)sz (2)

p(u1 IX), f
s.t. I(x;ur)—I(uz2;u1)<R

p(x7u17u2

where u; € R denotes the encoder output and the minimization is w.r.t. both p(u;|x) and the reconstruction
function x = f(uy, uz), where f(u, ug) : RF x RF2 — RN,
iii) The D-R function when us is available both at the encoder and the decoder is [2]
DX|112 (R) = min Ep(i{,x,uQ) HX - }A{HQ (3)
p(X[|x,u2)
s.t. I(x;%|uz)<R
Consider now that x is Gaussian, i.e., x ~ N (0,X,,), and let X, = QmAIQg be the eigenvalue decomposition
of its covariance matrix X,,, where A, := diag(A;1, -+, Ay n), is a diagonal matrix with the nonzero entries
ordered as: Az 1 > --- > Az y > 0. The D-R function in (1) can now be determined by applying the reverse-water-
filling (rwf) principle to the pre-whitened vector x,, = QZx. Notice that since Q,, is orthogonal, the D-R function
under the MSE metric for x,, coincides with that of x. If the rate is constrained, i.e., I(x;%) < R then 3 k such
that the distortion for the ith entry of x,, is expressed as

f w(k,R) fori=1,---,k
Dl_{ Az.i fori=k+1,---,N ’ “)

while the total distortion is D(R) = ku(k, R) + Zf\;k 41 Az,i- Since the rate can be expressed, according to the rwf
1/k
principle, as R = (1/2) Z’flogQ (Az,i/ 1), it follows that p(k, R) = <Hk 1 )‘:m‘) 272R/k where k is the largest

i=

integer in the interval {1,..., N} such that u(k,R) < \p; fori=1,... k.
With reference to Fig. 1 (left), we can use the matrices

A= dla—g (()\x,l - Dl)/)\x,la R (Aw,N - DN)/A:B,N) = dlag (Aka ON—k)
Y., =diag(As;1D1/(Asn — D1), -+ s Ae DN /(Az,n — D)) '

to construct a test channel, as in [3], for which the D-R function (1) is achieved. Eq. (5) implies that among the
N parallel Gaussian channels, only the first k are active. The remaining N — k channels are inactive in the sense
that rwf does not assign any rate to them. This can be seen also from the fact that for i > k, we have A(7,i) =0
and 3., (i,7) = oo; thus, the last N — k channels transmit no information. The latter can be confirmed by the fact
that the last N — k elements of y = AQ%X + Az, are always zero. To check the validity of this test channel, let
us express the reconstructed vector as X = Q,y = Q,AQlx+ Q,Az = Qx,kAkakx%— Q. Az, where Qg 1,
(Qu,N—k) denotes the first k& (last N — k) columns of Q., and z;, are the first & entries of z. It can be readily
verified that E||x — x||? = D(R) = ku(k, R) + Zfikﬂ Az and that I(x;x) = R, which shows that indeed the
D-R function (5) is achievable for x Gaussian.

S))

B. Multisensor Setup

For brevity, we will consider only two sensors/encoders communicating to a fusion center, but the results can
be easily extended to more than two sensors. Consider the setup where sensor ¢ observes the N; x 1 vector x;,
1 = 1, 2. Each sensor encodes its observations under a total rate constraint i and sends the encoded information to
the decoder through an ideal channel. At the decoder the N x 1 vector x = [x7,xJ]7 is to be reconstructed as X;
see also Fig. 1 (right). We clearly have N = Nj + Nj, and assume that x ~ A (0, X,,), where in block matrix

form X, = [Ewiw]} fori,7 =1,2.



Determining the D-R region for such a setup is analytically intractable. A non-achievable lower bound can
be found by pretending that the entire vector x is available per sensor, based on which we can apply the rwf
solution. An upper bound can also be obtained by having each sensor independently and optimally compressing its
observations without considering the cross-correlation matrix 3, ,,. It will turn out that a tighter upper bound is
possible numerically by the method that we will present here; see also [1].

Theorem 1 ([1]): If for a fixed total rate R the auxiliary random vectors uy and g satisfy' p(ui,us,x) =
p(u1|x1)p(uz|x2)p(x), then the D-R function is
D(R) = min - Byeu,u) 1X — X(ur, u)|. (6)
p(u;lx;) ,i=1,2 , %
s.t. I(x;up,u2)<R
A closed-form solution for the minimization problem in (6) appears impossible. The approach we follow is to
consider that uy is given, and then try to minimize (6) wrt p(u;|x1). Let as denote the given uy as uy,. This can be
considered as the output of an optimal rate-distortion encoder applied to xo without taking into account x;. Once
again, the encoder is defined with the aid of a test channel. Specifically, a pre-whitened version of y, denoted as
y = diag(A,;l, On_1)y, can be considered as the output of the encoder; see also Fig.1 (left). The scaling in the first
k components of y is not important and can be ignored; but the fact that the last IV —k entries are zero, is important.
Since x> is Gaussian, an optimal rate-distortion encoding scheme would produce a vector us; = Caoxa + z2, where
Cy € RF2XN2 The ky x 1 vector z, is Gaussian distributed, zy ~ A (0,X.,.,), and is independent of xo. The fact
that ko < Na, indicates the reduced dimensionality of the encoder output due to rate constraints. Given uo, we have
that I(x;uy, ugg) = I(x;uag) + I(x1;u1|ugg) + I(X2; ur|x15u29) = Ro + I(x1;u1|ugy), where Ry := I(x;ua).
In addition, we have that I(x1;u;|ugg) = I(x1;u1) — I(ugg;u1), since u; is a function of x;. We now need to
find
D(Rl) = min Ep(x,ul,ugg) HX - )A((ula u29) H2 (7)

p(ui|x1) and %
s.t. I(x1;u1)—I(uzg;u1)<(R—Ro)=R;

Since the available information is x; and ug,, the best estimate we can have for x is the MMSE estimator

-1
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where the oo subscript signifies no compression (infinite rate), and [I'y Ta] = [X,,., Emuzg]i) with T’y a Ny x Ny
matrix and I'y a No X ko matrix. We can write X = X + X0, Where X, is the MMSE, which is known to be
independent of x; and uy,. Taking advantage of the latter, we have E|jx — X(u,ug)||? = E||%Xeo + Xoo —
(g, uzg) |2 = Elloo — X(ur, uzg)|2 + ElRoo|2 = Elk1,00 — &/ (ur, uzg) | + EllZoo|2 where %/ (ur, uz,) =
X(u1,uzg) — X2,00. Based on this expression for the distortion, we can rewrite (7) as
D(Ry) = min o By u )Xo — X (i, uzg) |2+ Bl %o @®)
p(ui|%1,00) and % !
st I(Ri,005u1) =1 (U2g5u1) <Ry

We can see that the D-R function is lower bounded by the MMSE. Using the fact that x; and uy, are jointly
Gaussian, we can apply the Wyner-Ziv result [2], according to which the same D-R function results whether side

information is available only at the encoder, or, both at the encoder and decoder; thus, (8) becomes [c.f. (3)]
D(Ry) = min Epx, o i us) 1,00 = X |I* + B[R0 1% ©)

P(X'[R1,00,U2g) '
s.t. I(fcl,m;f(’\uzg)SRl

The next step is to remove the side information from the constraints so that we can readily apply rwf. We have

X 00 = )2’11004—5(1700, where 5(/1,00 = E[Xi00lugy] =2 uyy = Buggand B =X ¥-1  Recall

-1
$1,oeu2g EUQQUQQ xl,ocu2g u29u29

'Intuitively, with u; being a function of x;, we obatin a Markov chain x; — x; — u; for 7 # j.
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Fig. 2. Left: D-R region bounds for the reconstruction problem; Right: (a) Test channel with side information at the decoder;
(b) Test channels for the two estimation schemes.

that X1 is the MMSE which is independent of X} . We can write E[x1 o — X'||2 = E||X1,00 — (X —Bugy)|? =
E||X1,00 — X"||?, where X" = %' — Buy,. Then, (8) becomes

D(Rl) = min PR %100, U2,) Ep(f(Loo,fc”,uw)Hilaoo — A/IHQ + EH)EOOHQ
‘ st I(X1,005%" [u2g) <Ry - N s (10)
=M (%% 00) Ep(ﬁl,oc,i”,ugg)uxl,oo - ””2 + E||XOOH27

st I(X1,00;%"" ) <Ry

where the last equality comes form the fact that the optimum x” can be independent of uy,, since X« is independent

from X”. Let the eigenvalue decomposition for the MMSE covariance matrix be X3, _ = QilmAjlngl _» with
Az, . =diag(Az, 1, 3 A3.0,N,0,..,0), and Az, 1 > - > Az N, > 0. According to subsection II-A, we

have that D(R;) = kiu(k1, R1) +Zi]\ik1+1 Az i+ E|%s||?, where ky is the largest integer in {1,---, N;} such
1/k‘]
that ,u(kl, Rl) = (Hf;l )\5;110071') 9~2R/k: < )\51)0071‘, fore=1,..., k.

Fig. 2 (Right (a)) depicts the test channel where we can see how X is created by using both x; and the available
side information uy at the decoder. The output of the encoder uy is u; = Q2 L N7 %) + 21 = Cixy + 21,
where C; = le 1IN I'T]7. Let Qg, _ x, denote the first k; columns of Qilm. Notice that the k1 x 1 vector
z; is independent of x1, and z1 ~ N (0,X.,.,), offers the distribution p(u;|x;) that minimizes (7). Specifically,

we have that [c.f. (5)]

A, =diag (Mg, o0 — D)/ sty Mgy o bs — D)/ Asy ) (11)
3., = diag (Mg, 1D1)/ Az o0 — D1)y -+ My oo et Dt )/ (Mg by — D)) (12)

where D;’s are defined as in (4) using this time Az, _; and k = kj.

The approach in this subsection can be applied iteratively on a per sensor basis in order to determine appropriate
p(u;|x;) for i = 1,2 and a function, which is specified by the test channel, x(u1, ug) that at best globally minimizes
(7). Generally, the following iterative procedure is guaranteed to converge only to a local minimum, thus determining
an achievable D-R region and at best the D-R function.



Algorithm 1: Initialization: Determine? Cgo)’ C;O), 2,(2?)217222)22 using the test channels that are produced by applying
optimal distortion-rate encoding to each sensor independently. For a total rate constraint R, generate M random increments
r(i) i=0,---,M, such that 0 < r(i) < R and Z .o (%) = R. Assign to each sensor rate R;(0) = R2(0) = 0.

for j=1,- M
Set 1(j ) 1=o7 (1)
for i=1,2
i = mod (i,2) +1 %The complementary index
Ro(j) = 1(x; w”)
We use C(] 2 Egj ztl), R(j), Ro(j) to determine C( 7) and E,(z]l using the previously described procedure.
Determine the distortion DY) = k%) DY) Zl K941 )\ijl ot E|xY))2
end
Find the sensor that results minimum distortion D(j ) with [ = 1,2 and update corresponding matrices C;j ), 22{ )Zl
Set Ry(j) = R(j) — I(x;u¥”)) and R;(j) = I(x; u(J))
end
In Fig. 2 (left), we plot the lower bound which is determined by assuming that joint encoding of x is possible. We
plot also the upper bound which is obtained by having each sensor apply optimal rate-distortion encoding to its
observation vector xX; independently from the other, and the achievable D-R region which is numerically determined
by the algorithm. For a certain rate, we keep the smallest distortion returned after 500 executions of the algorithm.
We have used X, = Toeplitz([1, ..., p™V]), with p = 0.7 and N; = Ny = 20. We observe that the algorithm
provides a strict upper bound for the achievable D-R region which is very close to the lower bound of the joint
encoding scheme.

III. DISTORTION-RATE FOR ESTIMATION

In the previous section, we determined the D-R function for reconstructing a vector x either jointly or in a
distributed manner. In this section, we suppose x = Hs + n, where for the p x 1 vector s we have s ~ N (0, X;).
The N x p matrix H is assumed full column rank and fixed. The N x 1 vector n denotes additive white Gaussian
noise (AWGN) independent of s, and n ~ N (O,O'QIN). Clearly, it holds that 3, = HY..H” + 62Iy. We are
interested in determining the distortion incurred when estimating s based on x, under a rate constraint R. We will
first compare the distortion of two different scenarios in the single-sensor case, where we: i) either encode-compress
x using rwf and use the reconstructed vector x to form the MMSE estimate §; = E/[s|X]; or, ii) form the MMSE
estimate $o, = E|[s|x], encode-compress § using rwf, and after decoding, obtain the reconstructed estimate Ss.
We will henceforth refer to the first scheme as C'(ompress) — E(stimate), scheme and to the second scheme as
E(stimate) — C'(ompress).

A. Single-sensor case

First we analyze the case where the entire vector x is available to one sensor. We will denote the estimation error
for the first and second scheme as §; = s —$§; and Sy = s — §o, respectively. For the C-E scheme we depict in Fig.

2(right (b)) the test channel for encoding x, followed by MMSE estimation. We have X = Q, 1, A, QT x +
T
Qg i, A1k, 2z1. We consider the vector X = Ql'x = {f{l ;015 (N—k)| » Where X1 = AL;ﬁQx X+ A1k z, and

Ikl

§, = E[s|x] = E[s|QT%] = E[s|x1]. The covariance matrix of §, is given by

25151 = E[(S - él)(s - él)T] =Yg — Esxl 21111125013 - (13)

2 Esxz 2:}38 + zst:BAqu; sza

where A; = diag <D%)\;21 . --D}V)\ﬁv), and D} for i = 1,...,N is the distortion for the i-th element of
Xw,N = ng, [c.f. (4)]. The integer k; € {1,---,N} determines the number of elements of x,, n that are

going to be assigned with rate (c.f. Section II-A). The test channel for the E-C scheme is depicted in Fig. 2(Right
(b)). Let us consider the eigenvalue decomposition ;s = Qs AngsTw,

*Those matrices determine also u(o) and ugo).



where A; = diag(A\s_1---Asn) and Ag_1 > -+ > A v > 0. The estimate of s is given by 8y =
Qs kA2, Qékazéoo + Q.. kA2 k,22, and the covariance matrix of Sg is

25252 = zss - Esngzlza:s + Q§oo AQQéxv (14)

where Ay, = diag (D%, e ,Dg) and D? for ¢ = 1,---,p is the distortion for the i-th element for the vector
s’éo,w = Q;troo Sco [c.f. (4)]. The integer ko € {1,--- ,p} determines the number of elements of sfgo,w that are going
to be assigned with rate (c.f. Section II-A). The first ko components of sgo,w are denoted as s .. Consider the
matrices E; = EstxAngilm , Eg = QgOOAgQST , and let Dy = trace(X,s — 255,;2;9}2%). Furthermore, for
i = 1,2 we have d;(R) = trace(Xs,5,) = Do + €;(R) with ¢;(R) = trace(E;). Notice that the distortion of both
schemes contains a common term which is due to the MMSE incurred when estimating s based on x, and it is
achieved when R — co. Our first result® compares the distortion terms ¢;(R).

Theorem 2: If R > max {(1/2)logy ((TT_; Azyi) /(6)P), (1/2)logy (TT2Z; Xsi)) /(K ,)P) ), then e1(R) =
72 2B/N and ey (R) = 92 2R/P where vy and ~5 are constants independent of R.

An immediate consequence of Theorem 2 is that the distortion for the E-C scheme converges asymptotically
to Do as R — oo with rate O(22%/?). The C-E scheme converges likewise, but with rate O(2-2%/N). If N > p,
then the E-C scheme is approaching the lower bound Dy much faster than C-E, implying correspondingly a more
efficient usage of the available rate R. Let us examine now some special cases for which we have obtained stronger
results.

Scalar case (p = 1, N = 1): Here we have the model x = hs + n, where h is fixed, while s, n are independent
with s ~ N (0,02), n ~ N (0,02), and 02 = h*02 + o7. With 02 and o2, denoting the variances of §; = s — §;
and S = s — §9, respectively, we have shown that:

Proposition 1: For the scalar case, we have that Ugl = ai and hence the two schemes have identical D-R functions.

Vector case (p =1, N > 1): In this case, we have the model x = hs+n. With R, = (1/2)log, (1 + (¢Z||h[?)/5?),
we have established that

Proposition 2: For R < Ry it holds that ¢1(R) = e3(R) and the two schemes have identical D-R. For R > Ry, we
have that €1(R) > e2(R) and thus the E — C' scheme uses more efficiently the available rate.

Matrix case I (N > p > 1 and X5 = ang): For this setup, we have 3, = O'?HT and X, = O'?HHT + o°1.
Let H = UhEth be the SVD of H, where Uy, : N X N, V; : p X p, and ¥j is an N x p diagonal matrix
3y, = diag(op1 -+ opyp) With op1 >, ,> 03, > 0. Then we have

Proposition 3: If

R > max {<1/z> g (Hu s <asaz,i>/a2>> (12 log, ((H</< N om) [ (02 P (R 0% + azm) } |

i=1 =1
(15)
and either N > p with oy 1 >,...,> opp > 0,05 N = pwithopy >, ,> opp > 0, it holds that €1(R) > e2(R),
implying that the E-C is more rate efficient than C-E. If N = p and op1 =,...,= o, > 0, then €1(R) = e2(R)
and the two schemes have identical distortions.
Matrix case II (N > p > 1, 3,3 = diag (02’1,'-‘ ,02,) and H'H = diag(|hy[?,--- ,||hy]?)) : With the

notation H = HD,, where H'H = I, and D), = diag(||hs]|, - , |/hy]||), we have proved that:

Proposition 4: If
C

1 1
Y ” Y ”
R>max (1/2)log,  (1+(o2:|hil*)/0®) (1/2)log, (silball®/(Inill*o2s + 0®) /(oL plIbpl*) /(I 702, + %)
i=1 =1
(16)

3Proof of this and subsequent results are provided in the Appendix.



and either N > p, o, N = p and 3 k such that |\hg|| # ||h;|| for i = 1,...,p and i # k, it holds that

€1(R) > ea(R), implying that the E-C is more rate efficient than C-E. If N = p and oy 1 =,...,= opp > 0, then
€1(R) > €2(R), and hence the E-C scheme is more rate-efficient than the C-E one. If N = p and ||h;|| = ||h|| for
i=1,...,p then €1(R) = e2(R), and the two schemes have the same distortion.

In Fig. 3, we compare the distortion when estimating s using the C-E and E-C schemes. With 3, = aglp,
p =4 and N = 40, we define the signal-to-noise ratio (SNR) as SNR = trace(HX,;H”)/(No?). Observe that
after a certain rate, the E-C scheme incurs a strictly smaller distortion than the C-E scheme. As R — oo, the
distortion of E-C approaches D¢y with a rate faster than C-E and this corroborates Theorem 2. The rate after which
the distortion of the E-C scheme falls down in a much faster rate than the one for C-E increases, as the SNR
increases. This is intuitively justified since as the SNR increases, 0> becomes smaller and thus a larger rate is
required for having k1 = N. This can be verified also from (15), where the threshold increases as o2 decreases.

Our analysis so far raises the question whether the E-C scheme is optimal w.r.t. the distortion achieved for a given
rate. We will show that this is the case for estimating s under a rate constraint K. A related claim has been reported
in [6] and [7] for N = p, without restricting consideration to a Gaussian linear model. When N > p, extension
of [6] and [7] is not obvious and we are going to examine this under the linearity and Gaussianity assumptions.
Considering the model x = Hs + n and assuming N > p, we have:

Theorem 3: The D-R function for estimating s under the constraint I(x;8) < R can be expressed as

De(R)= min  Ells—8*=  min  Ellsec —s[* + EllSecl*, (17)
p(8lx) P(8[8x
s.t. I(x;8)<R s.t. I(8.0;8)<R

where S§oo = X Sxﬁlgmlx is the MMSE estimator, and S~ is the corresponding MMSE.

Theorem 3 shows that the optimal setup for estimating the parameter vector s is first to form the optimal MMSE
estimate S, and then apply optimal rate-distortion encoding to this estimate. The lower bound on this distortion
when R — o0, is Dog = F||8s|?, which is intuitively appealing.

B. Distributed Case

In this subsection we will consider the problem of determining the D-R function when estimating s at the fusion
center based on distributed observations from two sensors. Consider that the ¢-th sensor observes the IV; x 1 vector
x; = H;s +n;, 1 = 1,2, where N; > p and N; + Ny = N. Furthermore, assume that [an, ng]T ~ N (0, O'QIN),
and s ~ N (0, X,) with s independent of [ny”, ny”]”. We wish to determine the D-R function

D(R) - p(u;|x;) fg"liZn:l,Q and éEp(s,ul,ug) HS N é(U-h UQ)||2' (18)

s.t. I(x;ui,uz)<R

Following the same procedure as in Section II-B, we will treat uy as side information given at the decoder. Let
us assume up = uy; = CoXy + 2o, as in Section II-B. Likewise, we find that I(x;ui, uzy) = Ro + I(x1;u1|uyg)
and I(xq;uq|ugy) = I(x1;u1) — I(ugg;uy), since uy is a function of x;. Letting ¢ = [X,{,ugg]T, we have
Sco = Bls|x1, ugg] = Ty X119 = Lixy + Lougg, where T3 ) = [L1,Lo] and Ly : p x Ny and Ly : p X ko.
We can write s = 8o + Soo and after that Eljs — §(u, ugg)||* = E||Sec — 8(u1, ugg)||* + E||Sco]|?, since S is
independent of S, and § can be independent of S,, without affecting the distortion.

Lemma 1: It holds that I(Lxi;u;) = I(x1;u1).

Using our results so far, we can perform the minimization required in

D)= omin By [ — () — Loug) [+ Bsx (19
st I(Lixi;ur)—I(ur;usg) <Ry



with R; = R — Ry. As in Section II-B, we can apply the Wyner-Ziv result to re-write (19) as
D(Ry) = min By s |1L1x1 — (8 — Lougg) || + B8 (20)

p(§|L1X1,u2g)
s.t. I(lel;é|u29)§R1

Again, we want to somehow remove the side information from the rate constraints in order to arrive at a minimization

problem where the rwf solution is applicable. To this end, notice that LiX; = 8.1 + Soo,1 Where S 1 =
ElLixi|uyy] = L1Xg,0,, 2} s 1129, and S, is independent of up,. Clearly, we then have that EHL1X1 -
(8 —Lougy)||? = E||Ss0,1 —§'||* and &' = 8§ — Lauy, —sC>O 1. It also follows that J(Lix1;8|ugg) = I(800,1;8 [ugg) =
I(800,158 §'), where the last equality holds because §' can be independent from up, since we want to minimize
E||8s0,1 — §'||%. As a result, (20) can be written as
D(Ry) = min Eps..e)ls + B3], 21
P(8'|5c,1)

s.t. I(800,138")<Ry

and since S is Gaussian, we can apply rwf. Consider the covariance matrix 35 5., = Qs_ A3 T

Soo,1 WS 1
with Az, = diag (5\3 Lo A ) Using again the notion of a test channel, the optimal choice for u; and §

in (19) is u; = ng 5 JLaxy +zp = Cix1 + 21, where Qz__, , is formed using the first k£ columns of Qz__ ,,
and C; = QF L1 In this way, we are able to determine also p(uj|x;). Additionally, we have that § =

Soco,1,k
Qs A pur— st AT kQ N klexluzg 2u21_qu2gu29+L12x1u29 2u21 sy U2g +Lauy,, where the matrices A j,
and X, ., are specified in (5) usmg 5\5’1- fori=1,--- k. It follows from Section II-A that D(R;) = ku(k, R) +
) Asi + E||300]|? and pu(k, R) is the threshold of the rwf solution. The form of u; reveals that an optimal
scheme for estimating s under a rate constraint R and available side information up, is to use the Lix; part of
E[s|x1, ug]; subsequently, we can apply the prewhitening matrix Qg&,l,w and finally compress the resulting vector
ngo,l.klel'

The approach we outlined here can also be applied alternately in each sensor in order to determine appropriate
p(u;|x;) for ¢ = 1,2 and a function §(uj, uz) which at best minimizes (18). The resultant iterative procedure is
guaranteed again to converge only to a local minimum, thus determining an achievable D-R region and at best
the D-R function.We can use for our purposes Algorithm 1 in order to obtain a tighter upper bound for the D-R
region or at best determine the D-R function in the our estimation problem. Concerning rate allocation, we certainly
follow an identical approach, but the matrices C( 2ieY ), ,(zl)zl, 22?22 are now determined as we described in this
section.

In Fig. 4, we plot the lower bound when assuming that one sensor has available the entire vector x and we
apply the optimal E-C scheme. The upper bound is determined by letting the i-th sensor form its local estimate
S0o,i = E/s|x;], and then apply rate-distortion encoding regardless of the other sensor in Sy ;. If §; and Sy are the
compressed versions of S, 1 and S 2, respectively, then the decoder forms the final estimate § = E[s|$1,S2]. We
also plot the achievable D-R region determined by the algorithm. For each rate, we keep the smallest distortion
returned after 500 executions of the algorithm simulated with X, = I,,, p = 4, and N; = No = 20 at SNR = 2.
We observe that the algorithm provides a tight upper bound for the achievable D-R region in estimating s.

IV. CONCLUSIONS

In this project, we first analyzed the D-R function for estimating a vector of parameters in a non-distributed
setup. We also used an iterative scheme to determine an achievable D-R region or at best the D-R function of a
similar problem in a distributed setup. For the single-sensor case, we carried out a comparison between two different
schemes for estimating s under a rate constraint. In the first scheme, we encode-compress the observation vector
and at the decoder we apply MMSE. In the second scheme, we form an MMSE estimate before the encoder and
subsequently compress this estimate. The decoder output yields the final estimate of s. The last scheme, referred
to as estimate-compress, has been shown to be optimal in the sense that the D-R function is determined by a
constant which is the MMSE for estimating s given x and also by the distortion incurred when encoding this
MMSE estimate.

For the distributed scheme, we investigated a two sensor scenario. We considered that the output of the second
encoder (and thus the encoder itself) is given and we treated this as side information in order to determine the
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Fig. 4. Distortion-rate bounds for estimating s with 3,5 = I4, and N; = N» = 20.

optimal structure for the first encoder. A similar approach was utilized for the reconstruction problem in [1] which
was also examined in this project. In this setup, we also proved that again it is better to first estimate and then
compress. Finally, we applied an iterative scheme similar to [1] in order to derive upper bounds for the D-R region,
or, at best determine the D-R function. The numerically determined upper bounds were compared with clairvoyant
analytical upper bounds and found to be lower and closer to the lower bound of the single-sensor case where joint
encoding is possible.

Acknowledgements: I would like to thank Prof. Georgios B. Giannakis and Prof. Nihar Jindal for the interesting
discussions that we had on this project.



(1]
(2]

(3]
(4]

(5]
(6]
(7]
(8]
(91

REFERENCES

M. Gastpar, PL. Draggoti and M. Vetterli, “The Distributed Karhunen-Loeve Transform,” submitted to /EEE Transactions on Information
Theory, November 2004; downloadable from http://www.eecs.berkeley.edu/~gastpar/

A. Wyner and J. Ziv, “The Rate-Distortion Function for Source Coding with Side Information at the Decoder,” IEEE Transactions on
Information Theory, Vol. IT-22, No. 1, pp. 1-10, January 1976.

T. Cover and J. Thomas, Elements of Information Theory, Second Edition, John Wiley and Sons, 1991.

H. Viswanathan and T. Berger, “The Quadratic Gaussian CEO Problem,” IEEE Transactions on Information Theory, Vol. 43, No. 5, pp.
1549-1559, September 1997.

Y. Oohama, “The Rate-Distortion Function for the Quadratic Gaussian CEO Problem,” IEEE Transactions On Information Theory, Vol.
44, No. 3, pp. 1057-1070, May, 1998.

D. J. Sakrison, “Source encoding in the presence of random disturbance,” IEEE Transactions on Information Theory, Vol. IT-14, No. 1,
pp. 165-167, January 1968.

J. Wolf and J. Ziv, “Transmission of noisy information to a noisy receiver with minimum distortion,” /IEEE Transactions on Information
Theory, Vol. 16, No. 4, pp. 406-411, July 1970.

T. Berger, “Multiterminal Source Coding,” Lectures Presented at CISM Summer School on the Information Theory Approach to
Communications, July 1977.

J. Chen, X. Zhang, T. Berger, S.B. Wicker, “An upper Bound on the Sum-Rate Distortion Function and Its Corresponding Rate Allocation
Schemes for the CEO Problem,” IEEE Journal on Selected Areas in Communications, Vol. 22, No. 6, pp. 406411, August 2004.

[10] A. Pandya, A. Kansal, G. Pottie, M. Srivastava, “Fidelity and Resource Sensitive Data Gathering,”Proceedings of the 42nd Allerton

Conference, Allerton, IL, June 2004.

[11] P. Ishwar, R. Puri, K. Ramchadran, S.S. Pradhan, “On Rate-Constrained Distributed Estimation in Unreliable Sensor Networks,” IEEE

Journal on Selected Areas in Communications, Vol. 23, No. 4, pp. 765-775, April 2005.



V. APPENDIX
Proof of Theorem 2: For the C-E scheme with k; = N, the rwf threshold is given by 1 (N, R) (I, Axﬂ')l/ N
(02)(N=P)/No=2B/N Since k; = N, it must hold that u1 (N, R) < 0 < R > (1/2)log, ((TT2; Azyi) /(0®)P). For
the E-C scheme with ko = p the rwf threshold is p2(p, R) = ([[5_; s i )1/ P9=2E/P and it must hold that

p2(p, R) < As_p < R > (1/2)logy <<H )\sw,z>> LY L

Thus, when R > max {(1/2)logy ((TT5_; Azyi) /(6)P), (1/2)logy (TT2Z; Xsi)) /(Xs. )P}, we have that ky =
N and ko = p. We have A = ul(N R)dlag Mg ,A;N) = Q*QR/Naldiag()\w%, A ) and Ay =
2 (p, BT, = ([T2, As,) /7 2720000, and ag = (IT, Ae) /™ (02) NP/,

Because Q,, A;, Q;z__ do not depend on the rate R it follows that
e1(R) = 2728/ N trace(2,, Quandiag( A2, -+, \;2)QLE,,) = 2728/,

x,1°

and e3(R) = 27 2F/P trace ((H?:l Ni, Z)1/101 > = 79272/ where 71,72 does not depend on the rate R. Q.E.D.

Proof of Proposition 1: Using (13), we have for the C-E scheme that A; = ¢2272F = (h202 + 02)272R and
the variance of the error §; = s — 8 is 02 = 02 — h?04(02)"! + h?0d(A1/(02)?) = o2 — hPoi(o2) ' +
h2 4(2_2R/(h202—|—0' ))

Likewise, using (14) we have for the E-C scheme that Ay =02 2728 = p2g 4(h202—|—a )~! 272 and the variance
of the error 3 = s — &9 is 02 = O' —h20i(02)7L + Ay = O'ﬁo— h2ot(o2)~1 + h203 (2728 /(h%02 4 02)). It then
follows immediately that 0~ = O’ . QE.D.

Proof of Proposition 2: We can readily verify that A, = diag (62 + o2||h|?, 02, -+ ,0?%) and Qg = [Qz,1,** , Qa,N),
where q;1 = (h/|/h||) L qgj, for j # 1. For the C-E scheme, k; can be either 1 or N and this happens
because A\;; = o? for i = 2,...N; thus, when w1 (ki, R) < o? all the elements of Xw,N have to be assigned
nonzero rate. For k; = 1, the threshold is (1, R) = (o2||h|> + 02)272. Continuing, it must hold that
m(LR) > 0® & R < (1/2)logy (1+ (o2 [b]]?) /o®) = R,

If R > Ry, we have that k; = N and the threshold is p1 (N, R) = (o2||h||> 4 ¢2)(/N) (02)(1_1/N) 272R/N " while
the distortion term €; (R) = trace ( s2QzA1Q5 Ews) is given by

p272R R < Ry
R) =t sh"Q,A1Qlh) = _ ’ 22
61( ) race(Js Q 1Qa: ) { (0_2/(0_2||hH2+0_2))(1 1/N) 2—2R/N R> Rt ( )
where 3 = o2||h||?/(c2||h|* + 02). We have for the E-C scheme that 02 = 02hTQ,A;'Qlh = 8. Since

we compress the Gaussian scalar random variable §,,, we have that ex(R ) = [2° 2Ry R The result follows
immediately with a direct comparison between €1 (R) and ez(R) when R < Ry, and when R < Ry, respectively.
Q.E.D.

Proof of Proposition 3: It follows immediately that Q, = Uy and A, = diag(agoil + 02, ,O’?O'}le +
02,02, -+ 0. With ;_s_ = 02V, BT (025,21 + 021)712, VL, it can be easily verified that Qs = V),

and A, = diag (0402 ))/(0%03  +0%), -+ . (oko} )/ (0202, + 02) ).

For the C-E scheme, we have E1 = 0{V;, 2] A3, V] and e1(R) = trace(E1) = o Y1, (07 ;D}) /(0307 ;+0°)>.
1/N

If k1 = N, we have D! = 1(N,R) = ( P (0202, +0 )) (02)N=P)/N9=2R/N for i — 1. N, and

1(N,R) < 02 & R > (1/2)log, (Hi-’zl(l + (0202 ,)/0? )). While for the E-C scheme, Ey = V,A, VT and
e2(R) = trace(Eg) = trace(Ay) = P | D2, For ko = p, it follows for j =1,--- , p that

p 1/p
D? = jis(p, R) = (H(Jﬁvi,i)/(aiai,i + 02)> 27 2R/p,

=1



and for this to hold, we must have

p
a5, ) < (0307,) (0%, + o) & R > (1/2) o (H</< NP+ o%) .
i=1
Accordingly when (15) is satisfied we have k1 = N, ky =p
1/N
p p
ei(R) = oio®2 2N [ T] (o207 ;)/0% + 1) > oiil(olof i+ 07,
j=1 i=1

1/p
and ey(R) = ot272R/p ( L0/ (0%0) ;i + 02)> p. When N > p, in order for €;(R) > e2(R) to hold we

must have »

> (1/2)log, (H(l + (050}21,1')/0-2)> + (Np/2(N —p))logy 7, (23)

i=1

where

p 1/p p

v (Metsiatite )/ (0 3ttt o) <

=1 7j=1

from the AM-GM* inequality. But (23) is satisfied, since (15) holds. For the case where N = p it follows that
61(}%) > 62(}%) = <1.

We have already mentioned that v < 1 and strict inequality holds when the singular values of H denoted as oy, ;
are not equal. If the opposite holds then €;(R) = e2(R). Q.E.D.
Proof of Proposition 4: Tt follows that Q; = [H,qup+1, »Qe.N], Where Quzpi1,- -+ ,qzn L range(H), and
A, = diag (o2 ||hi]* + 0%, -+, 03, |hy|* + 02,0% -, 0%,---,0?). Continuing we get
- ESSHTQ:EA_lQTHESS = E)sthI:IT(ng(D2 2]ss + UQIp)_ngﬁthss -

hy 1)/ (o

3. .

So080o

diag ((o sthlH )/ (o sthlHQJrU) -, (0 g
e1(R) = 31 (oglhs 2D} /(o7 ;Ihi | + %)%,

1N
When ki = N, we have D} = m(N, R) = ( P (o2 Ihill2 + o )) (02)(N=P)/NQ=2R/N for j = 1,... N,
and it must hold that

4o )) As with the proof of Prop. 3, we have

u(N,R) < o® & R > (1/2)log, (H(l + (UiiHhiH2>/U2)> :

i=1
For the E-C scheme, we have e2(R) = >_F_, D?. If ko = p, it follows for j = 1,--- ,p that, DJZ = u2(p, R) =
1/p
( L (o lhl[?) /(o2 Ihil* + 02)) 2-2R/p_and in order this to hold we must have

pa(p, R) < (05, [1%)/ (07, 1By * + 02)
or equivalently,
p
R > (1/2)log, <H(U§,¢Hhillz/(llhiHQUii +02) /(05| [1*)P/(Ihp %02, + o) )> : (24)
i=1
When (16) is satisfied, we have k1 = N, ko = p
1/N
p p
el(R) = o272V | T (02104117 /0® + 1) > osilhil*/ (o3, +0%)?
j=1 i=1

* Arithmetic Mean-Geometric Mean inequality.



1/p
and e2(R) = 27287 (10, (o Iy %)/ (02, Iy 12 + 0)) .

In order for €;(R) > e2(R) to hold, when N > p, we must have
P

> (1/2)logy (H(l + (Ug,iHhiH2)/02)> + (Np/2(N —p))logy 7', (25)

=1
where

p

(Ha b/ (o Hhiu2+02>2>1“’> /e

from the AM-GM inequality. But (25) is satisfied, since (16) holds. For the case where N = p it follows that
e1(R) > ea(R) &+ < 1.

il /(P02 + o)) | <1,

We have already mentioned that 4" < 1 and strict inequality holds when the euclidean norms ||h;|| are not equal.
If the opposite holds then €;(R) = e2(R). Q.E.D.

Proof of Theorem 3: Let s = §4, + S0, Where 54, is independent of x. We have then, E|s —§||? = E||s, —§[|*> +
E||$ol|?, because 84, and $ are independent of S, since they are functions of x. Consider now an invertible

matrix T, and recall that I(x;8) = I(Tx;$). The distortion in estimating s using either the data Tx or x
is the same, since the matrix T is invertible. Consider the SVD decomposition of H = UhZhVZ, where
B = [B), Opx(v—p)” and Xp, = diag(on1, -+ ,0np) is @ p X p diagonal matrix with non-zero entries,

since H is full column rank. We clearly have 3., = HY..H” + 021p = U, (EhV,:ZFZSSVhEF;C + aQIN) U;‘f,
and SRVIEVASE + oLy = diag (Sh, VIS VST, + 0%, 0%y, ) = diag (By, 0®L(y_p)), where
B, = Zh,pVgﬁsthﬁip + J2Ip. Because H is a full column rank matrix, B, is invertible. Let us now consider
the matrix ¥, ¥} = ¥, ;H' U diag (Bp 0 Iin_p)) Up = 2, V3] B pluf , where Uy, ;, denotes the first
p columns of Uy, Since rank(X,s V7] 2By 1) = p, we have that’ range(X,}X,;) = range(Uy,,) = span(Uy, ).

Now let the matrix T = [(Z: 2.7, RT)T. If we select R = Uy, (nv—p)> which are the last NV — p columns of
Uy, then matrix T is guaranteed to be invertible. It follows that Rx = RHs + Rn = Rn, because range(R”) L
range(H) = range(Uy, ) = span(Uy,,). Then Tx = (2, X5 x)7, (Rn)T]T = 8L, Rn”]T. Another important
fact is that S, and Rn are independent. This happens because both §,, and Rn are Gaussian and [éoo(Rn)T] =
E[son"R"] = B[22, (Hs + n)n"RT] = X, 3 Elnn” |RT = 0?2, V,, =] B, U} 2Un(N—p) = Opx(N—p)-
It then follows I(x;8) = I(Tx §) = I(8c, Rn;8) = I(Rn;8)+1(5~; §|Rn). Now the optlmal § is independent of
Rn without affecting the distortion, since the noise does not contain any information for the estimation of s. Using
the previous argument and the independence of §o, and Rn we obtain /(Rn;§) = 0 and I(80;8|Rn) = I(8;8).
Using the previous arguments arrive at the desired result

D.(R)= min Fls—8§/*= min  ES«x —8|* + F|j8x|* QED.
p(slx) P([8sc)
s.t. I(x;8)<R s.t. I(8a0;8)<R

~1
Proof of Lemma I: With Ly = (stl S, Sk uz:ux) (23% ST zux) , consider the

SVD of H1 = Uhlzhlva, where Ehl = [Ehl’p, OpX(lep)} , IJh1 = [Uhl,p, Uhl,lep:I and Ehl,p = diag (Uh,h s ,Uh,p).
Moreover, we have that
U24U2g U2gU2g

stl z:suzu,ZD ! Equxl - (zssvhl EsuQQE ! Zuzgs> ET Uh17 (26)

SThe range(M) denotes the vector subspace, where the columns of matrix M lie. The span(M) denotes the vector subspace which is
created by any linear combination of the columns of M .



where €1 = VKIESSV;W and € = VZI 231},292_1 Yusys Vh,- Eq. (26) can be re-written as

UgUzg

s = Bous, Ty Zuzyes = (Zos Vi = Do, T v, Toys ) TH UL,

U2gU2g U2gU2g

and since L; = (zssvhl ST S zu) 2o Ope (s )] UT with

Q = diag (Zp, , (1 + Q2)Zp,, + 7L, o’ Iy, ),

it follows that range(L{) = span(Uy, ). With G = U] , let us construct the invertible matrix 7 =

hi(ny—p)
[L{, GT]T. Note also that E[Li1x1(Gni)”] = 0,,(n,_p). Using the data 7x;, and the given side information
uy, will not affect the distortion, since 7 is invertible. As a result, we find that I(x;;w) = [(7x5;u1) =
I(Lix1,Gni;uy) = I(Gng;up) + I(Lixg;u|Gny) = I(Lixg;u;) since u; is independent of Gnj, and L;x;

is independent of Gn;. Q.E.D.



