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Abstract — We show that the Gaussian multiple-
access channel (MAC) and broadcast channel (BC)
are duals. The dual channels we consider have the
same channel gains and the same noise power at all
receivers. We find an expression for the capacity re-
gion of the BC in terms of the capacity region of the
dual MAC, and vice versa. Duality applies to many
different channel models and capacity definitions.

1. SysTeEmM MODEL

We consider two different multi-user channels as shown in
Fig. 1: an M-user broadcast channel (downlink), where a
single transmitter sends independent information to M dif-
ferent receivers, and an M-user multiple-access channel (up-
link), where M independent transmitters send information
to a single receiver. The received signal at user j in the
BC is y; = h; X + n; and the received signal in the MAC
sy = Z]Ail h;X; + n, where n; ~ N(0,0%) for all j and
n ~ N(0,0%) and all quantities are scalars (the vector case
is analyzed in [2]). Notice that the channel gains on the up-
link and downlink are the same and that the noise power at
every receiver is o°. We call this BC the dual of the MAC,
and vice versa. We use Cac(P; h) and Canac(P; h) to refer to
the capacity region of the BC (power constraint P) and MAC
(vector power constraint P) for channel h = (h,... ,hn).

II. RESuLTS
We first relate the capacity regions of the dual BC and MAC:
Lemma 1 The capacity region of the MAC with power con-

straints P is smaller than the capacity region of the dual BC
with power constraint 1+ P, or Carac(P;h) C Ceo(1- P;h).

In fact, we can show a stronger result that characterizes
the BC in terms of the dual MAC:

Theorem 1 The capacity region of a Gaussian BC with

power P is equal to the union of capacity regions of the dual
MAC with power (Py,...,Pu) such that Z;’;l P; =P:

CBc(F;h) = U

{P: 1.P=P}

Cmac(P;h). (1)

Proofs of all results are given in [1]. Theorem 1 indicates that
the dual BC and MAC are equivalent when the MAC is given a
sum power constraint instead of individual power constraints.
Additionally, we find that points on the boundary of the BC
region are achievable in the dual MAC using successive decod-
ing with the strongest (i.e. largest channel gain) user decoded
first, the opposite of the optimal decoding order used in the
BC. Theorem 1 is illustrated in Fig. 2(a), where we see a num-
ber of MAC regions, each of which touches the boundary of
the dual BC capacity region at exactly one point.

In order to characterize the capacity region of the MAC in
terms of the dual BC, we use the concept of channel scaling
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Figure 2: Duality of the MAC and BC

in the MAC in which the gain of transmitter j is multiplied
by some constant ,/a; and power constraint P; is divided
by a;. Channel scaling does not affect MAC capacity (i.e.
Crmac(P;h) = Cymac(£;v/ah)), but the capacity region of
the dual BC is different for different values of .

Theorem 2 The capacity region of a Gaussian MAC is equal
to the intersection of the capacity regions of the scaled dual BC
over all possible channel scalings:

Cuac(Pih) = (1) ch<1-§;\/Eh). (2)

a>0

In Fig. 2(b) we see a number of scaled BC capacity regions
whose intersection is equal to the dual MAC capacity region.

Duality holds for fading channels as well [1]. For flat-fading
channels duality holds for a number of different capacity defi-
nitions: ergodic capacity, outage capacity, and minimum rate
capacity. In addition, a duality has been shown to exist be-
tween the capacity region of the MIMO MAC and an achiev-
able region of the MIMO BC [2]. Using duality, results known
for only one of the two channels can often be extended to the
dual channel as well.
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