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Abstract — We investigate expanding the recently
established Gaussian multiple-access/broadcast chan-
nel duality [1] to a duality between discrete memory-
less broadcast and multiple-access channels. Analo-
gous to the Gaussian case, it is interesting to ask if
the capacity region of a DM broadcast channel can
be written as a union of dual MAC capacity regions
(where the union is over a set of dual MAC chan-
nels). We make some preliminary progress towards
answering this question.

We consider a two-user discrete memoryless (DM) broad-
cast channel consisting of an input alphabet X of cardinality
M, output alphabets }4 and ). each of cardinality N, and a
probability transition function p(y1, y2|z). Similarly, we con-
sider the dual DM multiple-access channel consisting of input
alphabets X; and X, each of cardinality N, an output alpha-
bet ) of cardinality M, and a probability transition function
p(y|z1,z2). For deterministic channels, the output is a deter-
ministic function of the input, and thus we represent the BC
transition function by (y1,y2) = f(z) and the MAC transition
function by y = f(x1,x2).

We first establish a theorem relating the capacity regions
of the deterministic BC and MAC.

Theorem 1 When M = aN, the convez hull of the union of
capacity regions of the BC equals the convex hull of the union
of capacity regions of the MAC

Co | | Crolf(@) | =Co
f(z)

U Crac(f(z1,22) |,
f(z1,22)
(1)

where the union is taken over all deterministic channel func-
tions for the BC and MAC.

It is easy to show that Theorem 1 also holds for the case where
M =3 and N = 2 (i.e. the Blackwell channel(2]). Figure 1
illustrates the capacity regions of the BC and MAC for this
channel. Notice that the convex hull of the two MAC capacity
regions equals the capacity region of the BC (no convex hull is
needed for the BC). We conjecture Theorem 1 holds for N <
M < 2N, but we have been unable to prove this. However,
we can show that this theorem does not extend to general M
and N by way of a counterexample for M = 8 and N = 3.

We are also able to establish an upper bound to the capacity
region of a DM broadcast channel by considering a related
finite-state deterministic BC (i.e. the channel is deterministic
in each state):

Theorem 2 The capacity region of a DM broadcast chan-
nel is upper bounded by the intersection of capacity regions
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Figure 1: Deterministic BC and MAC capacity regions
forM =3, N=2

of finite-state deterministic BC’s where the transmitter and
recesvers know the state:

N

(8), p(y1,y22.8)

Csc C Cac(p(s), p(y1,y21s)) (2)

where the intersection is taken over all p(y1,yz2|z, 8) such that
the channel p(y1,yz|z,s) is deterministic for each s and that
satisfy Y01, p(y1,v2lz,8 = i)p(s = i) = p(y1,yelz). Here
we use Cac(p(s),p(y1,y2|x, 8)) to indicate the capacity region
of the finite-state deterministic channel with transmitter and
receiver knowledge of the state, given by:

Coe(p(s),p(yr, 4202, 8)) = p1C(s = 1)+ - +pC(s = k) (3)

where C(s = k) is the capacity region of the deterministic
broadcast channel when s = k.

This bound implies that the capacity region of any non-
deterministic channel lies within the convex hull of the capac-
ity regions of a set of deterministic channels. Theorem 2 also
applies to the MAC. Therefore, the union in Theorem 1 can be
generalized to include all deterministic and non-deterministic
channels. Thus, for M = aN, it may be possible that the
capacity region of a given broadcast channel is equal to a
union of MAC capacity regions, for some yet unknown dual
MAC channels. However, our counter-example for M = 8 and
N = 3 indicates that there is at least one broadcast channel
for which this is not possible.
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