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Outage Capacities and Optimal Power Allocation for
Fading Multiple-Access Channels

Lifang Li, Nihar Jindal, Member, IEEE, and Andrea Goldsmith, Fellow, IEEE

Abstract—We derive the outage capacity region of an M -user
fading multiple-access channel (MAC) under the assumption
that both the transmitters and the receiver have perfect channel
side information (CSI). The outage capacity region is implicitly
obtained by deriving the outage probability region for a given rate
vector. Given a required rate and average power constraint for
each user, we find a successive decoding strategy and a power al-
location policy that achieves points on the boundary of the outage
probability region. We discuss the scenario where an outage must
be declared simultaneously for all users (common outage) and
when outages can be declared individually (individual outage) for
each user.

Index Terms—Capacity region, fading channels, multiple-access
channels (MACs), optimal power allocation, outage probability.

I. INTRODUCTION

IRELESS communication channels vary over time

due to user mobility. By applying optimal dynamic
power and rate allocation strategies, the Shannon capacities
with channel side information (CSI) at both the transmitter
and the receiver of a single-user fading channel, a fading mul-
tiple-access channel (MAC), and a fading broadcast channel are
obtained in [1], [2], and [3], respectively.! These results have
also been extended to the fading multiple-antenna multiple-ac-
cess and broadcast channels in [4], [5]. The Shannon capacity
implies no complexity or delay constraints, and is obtained by
varying the transmit power and possibly the rate relative to the
channel fading conditions such that the average rate is maxi-
mized. For delay-constrained applications, Shannon capacity is
not a good performance measure, since the transmission delay
depends on the channel variation. Thus, a better performance
measure for such systems is the zero-outage capacity, defined as
the maximum instantaneous mutual information rate that can be
maintained under all fading conditions through optimal power
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IThe Shannon capacity of a fading channel is called “throughput capacity” in
[2], and “ergodic capacity” in [3].

control. Under the assumption that CSI is available at both the
transmitter and the receiver, the zero-outage capacity regions
and the corresponding optimal power allocation schemes are
derived for the fading MAC and the fading broadcast channel
in [6] and [7], respectively.2

Zero-outage capacity is somewhat pessimistic, however,
since a constant rate must be maintained under any fading
condition. By allowing some transmission outage during se-
vere fading conditions, the maximum mutual information rate
that can be kept constant during nonoutage increases. This
motivates the investigation of outage channel capacity, defined
as the maximum instantaneous information rate that can be
maintained under any fading condition during nonoutage such
that the allowed average transmission outage probability is
satisfied.

Outage capacity is most relevant in a slow-fading environ-
ment, where the channel can be assumed to be constant over
the duration of a codeword. If only the receiver has CSI in a
point-to-point channel, then the transmitter always transmits at
a constant rate and cannot use any form of power control. In this
scenario, an outage occurs whenever the channel cannot support
transmission at the designated constant rate, i.e., whenever the
instantaneous mutual information is less than the rate of trans-
mission. Thus, the outage probability is equal to the probability
that the channel cannot support the given rate, which is roughly
equal to the probability of a decoding error when a channel code
designed for a given rate is used on a channel with instantaneous
mutual information below this given rate [8]. Alternatively, the
outage probability can be viewed as the fraction of time that an
incorrect codeword is received.

If both the receiver and the transmitter have CSI, the trans-
mitter can use power control to conserve power by not trans-
mitting at all during designated outage periods and by varying
the amount of transmit power during nonoutages such that the
instantaneous mutual information is exactly equal to (instead of
exceeding) the rate of transmission. Here, the outage probability
is described as the probability of not transmitting/receiving a
codeword at all, instead of as the probability of decoding error,
as is necessarily the case without transmitter CSI. We can also
view the outage probability as the fraction of time that no code-
word is received, which is relevant to many practical scenarios
(e.g., in cellular systems, mobile units outside the service range
of a base station are said to be in outage).

For a MAC, the same interpretations for outage probability
and capacity hold. With or without transmitter CSI, the outage
probability of User ¢ is approximately equal to the fraction of
time that an incorrect or no codeword is received from User 3.

2The zero-outage capacity is called “delay-limited capacity” in [6].

0018-9448/$20.00 © 2005 IEEE



LI et al.: OUTAGE CAPACITIES AND OPTIMAL POWER ALLOCATION FOR FADING MULTIPLE-ACCESS CHANNELS

A motivating example is an uplink channel in which each trans-
mitter wishes to send constant-rate video to the base station. Se-
vere fading may preclude sufficiently high-rate communication
from occurring at all times, but high-rate communication may
be possible 95% of the time.

In [8], the minimum outage probability problem is solved for
the single-user fading channel. For an M -user fading broadcast
channel, under different assumptions about whether the trans-
mission to all users is turned off simultaneously or individu-
ally, the optimal power allocation strategy that minimizes the
common outage probability or achieves the boundary of the
outage probability region of the M users under a total average
power constraint of all users is derived in [7]. An alternative
notion of capacity combining the ideas of outage and ergodic
capacity, referred to as the service outage capacity and min-
imum-rate outage capacity, has also been recently considered
[91-[12].

In this paper, we derive the outage capacity region and the
optimal power allocation policies for an M -user fading MAC
under similar assumptions about whether the outage declara-
tion from each user is simultaneous or individual. The outage
capacity region is explicitly defined in terms of the achievable
rates corresponding to the set of all power policies meeting the
individual power constraints. Essentially, a user is in outage
whenever his power is equal to zero, and is transmitting at
the nonoutage rate at all other times. This simple definition
of outage capacity gives a unified framework that allows us
to easily treat the cases of common and individual outage.
Though no explicit coding theorem and converse are given in
this paper, operational meaning is given to the definition of
the outage capacity region by relating the outage capacity to
the zero-outage capacity, for which a rigorous coding theorem
and converse exists. Intuitively, the outage capacity is the set
of all rates achievable in all nonoutage fading states. Thus, the
outage capacity can be related to the zero-outage capacity of
the conditional distribution of the fading states, where the con-
ditioning is on a nonoutage event. For the single-user channel,
it is intuitively easy to see that the outage states should be the
fading states with the smallest amplitude [8]. However, for
multiuser channels, no such simple ordering of the joint fading
states is possible, and the difficulty remains in determining
what set of states should be set as outage states.

The zero-outage capacity of the fading MAC is derived in [6].
Specifically, it is shown in [6] that the zero-outage capacity re-
gion is implicitly obtained by determining, for each given rate
vector R = (R, ..., Ryr), the set of average transmit powers
such that each user can support rate R; under any fading condi-
tion. For the general case where the allowed outage probability
of each user is larger than zero, we will show that the outage
capacity region is implicitly obtained by determining, for each
given rate vector R, the set of all common outage probabilities
or individual outage probability vectors such that each user can
support rate I?; under any nonoutage fading condition while sat-
isfying his given average power constraint. Given the allowed
outage probability of each user and a rate vector R, we also
solve the dual problem of finding the average power region of
the M users required to support R for the given outage proba-
bility vector.
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For a given rate vector R, in order to solve the optimization
problem of minimizing the common outage probability or
bounding the outage probability region for a given average
power constraint on each of the M users, we use the Lagrangian
method with multiple constraints. Since there is an indepen-
dent average power constraint for each of the M users, M
Lagrangian multipliers are needed. For each given Lagrangian
multiplier vector A = (A1, ..., Ay), the optimization problem
is readily solved by applying the techniques developed in [6]
and [7]. Standard convex optimization algorithms can be used
to find the appropriate Lagrangian multiplier vector for the M
users such that the M average power constraints are satisfied
simultaneously.

The remainder of this paper is organized as follows. In Sec-
tion I1, we present the fading MAC model. In Sections [IT and IV,
we give the definitions and notations that will be used in the rest
of the paper. In Section V, for the case of simultaneous outage
declaration, we derive the minimum common outage probability
for a given rate vector R and the corresponding optimal power
allocation strategy. In addition, the average power region for
supporting R with a given common outage probability is ob-
tained. As for individual outage declaration, we derive in Sec-
tion VI the outage probability region boundary for a given rate
vector R, the corresponding optimal power allocation strategy,
and the required average power region for supporting R with the
given outage probability constraint of each user. In Section VII,
we discuss the relationship between outage capacities of the
MAC and the broadcast channel. In Section VIII, we present
the main difference in the solutions to the above problems when
additional peak power constraints are imposed on the M users.
Our conclusions are given in Section IX.

II. THE FADING MULTIPLE-ACCESS CHANNEL (MAC)

We consider a discrete-time M -user fading MAC model as
discussed in [6]

Y(n)= ‘Z\/H,,;(n)X,;(n)—l—Z(n) (1)

where X;(n) and H;(n) are the transmitted signal and the fading
process of the ith user, respectively, and Z(n) is Gaussian noise
with variance 2. Let h(n) = [Hi(n), ..., Hy;(n)] denote the
joint fading process, and let P; be the average power constraint
of User 7. We assume that the joint fading process of the M
users is stationary and ergodic, and the stationary distribution
has continuous density.? For a slowly time-varying MAC, let
h = (hq,...,har) be the joint fading state at a particular time
n, i.e., h(n) = h, and let H,;; denote the set of all possible
joint fading states. We assume that the M transmitters and the
receiver know the current joint fading state h. Therefore, each
transmitter can vary its transmit power and codewords relative
to the joint fading condition of the M channels, and the receiver
can vary its decoding order of the M users.

3Asin the single-user case [8] and the broadcast communication case [7], our
analysis can be easily extended to discrete distributions.
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Notation: In this paper, we use boldface letters to denote
M-dimensional vector quantities. In addition, all opera-
tions and inequalities for vectors are defined element-wise,
ie, P < @ implies P, < @Q; fors = 1,...,M, and
PQ = (P1Q1,...,PyQnr). The only exception to this is the
inner product, which is defined in the standard manner

M
P.Q=) PQ:
=1

Finally, all expected values of random variables and probabil-
ities of random events are assumed to be calculated with re-
spect to both the randomization within each joint fading state
and the randomization across all joint fading states, unless oth-
erwise noted.

III. OUTAGE CAPACITY REGIONS

In this section, we define the outage capacity region of an
M-user MAC, where each transmitter may suspend transmis-
sion over a subset of fading states under a given average power
constraint and an average outage probability constraint. We con-
sider common outage and individual outage separately. Both
outage capacity regions are defined based on power allocation
policies and the corresponding achievable rates.

We define a power allocation policy over all possible fading
states as a mapping from each fading state h to a set of random
transmit powers for the M users, V h € H,y. For a fully ran-
domized power allocation policy P*#*9, the set of M transmit
powers varies within each fading state h as well as across all
fading states. Specifically, let P*2"4(h) denote the set of random
transmit power allocation functions for the M users, and let
fEmd(h) denote their joint probability density function (PDF)*
in the fading state h, V h € H,);. Then Prand can be expressed
as follows:

prand . py {Prand(h), f{;a“d(h)} , VheHau 2
Note that for each different fading state h, the vector of random
transmit powers P %4(h) can have a different sample space,
and the joint PDF f5"4(h) can be a different distribution. Con-
siderations of the set of fully randomized power allocation poli-
cies allow for complete generality when defining outage capac-
ities of the fading MAC, and also mirrors the approach taken in
[8] for single-user outage capacity.

In the slowly fading environment that we are concerned with,
if a deterministic power vector P = (Py,. .., Py) is allocated
to the M users for a given fading state h, then the following rate
vectors are achievable in this given state h:

1 1
Cyac(h, P) = {RizRJ‘ < §log<1+ EZ’%‘PJ)’
JE€S JES
VS C {1,...,M}}. 3)

4When we refer to probability functions in generic terms, we use the term
PDF to mean both discrete and continuous probability functions [13].
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Note that Cyiac(h, P) is actually the capacity region of the
equivalent Gaussian MAC for the fading state h. This capacity
region is an M -dimensional polyhedron with M! corner points.
Maximum-likelihood decoding can be used to achieve any rate
vector in the capacity region, but the more computationally ef-
ficient technique of successive decoding is sufficient to achieve
the corner points. We will later see that we only need to operate
at these corner points in order to achieve the outage capacity.

If a random power allocation vector P*"4(h) is employed in
fading state h, then each possible value of the power allocation
vector corresponds to a different rate region given by the above
equation. In this case, Cyjac(h, P"4(h)) refers to the corre-
sponding achievable rate region that varies based on the joint
PDF f54(h) of the M random transmit powers in fading state
h. For example, if the power policy equiprobably chooses be-
tween two different power vectors in a certain fading state, then
the system could operate at a rate vector in the MAC capacity
region corresponding to the first power vector 50% of the time,
and could operate at a rate vector in the MAC capacity region
corresponding to the second power vector the remaining 50% of
the time.

Using the framework provided by the above definitions of
a random power policy and the corresponding achievable rate
regions, we are able to precisely define common and individual
outage capacity regions.

A. Common Outage Capacity Region

The common outage capacity region is defined as follows.

Definition 3.1: A rate vector R is in the common outage
capacity region Coui(P, Pr) if and only if there exists a
random power policy P#"d that meets the power constraint
E[Pr2(h)] < P and allows for the rate vector to be achieved
with a probability of at least 1 — Pr:

Pr[R € Cyac(h, P! (h))] > 1 — Pr. @

That is,

Cout (P, Pr) £ U
Pprand; g[Prand (h)]| <P

Cyvac(h, P (h))] > 1 = Pr}. (5)

{R:Pr[Re

Therefore, the common outage capacity region consists of all
rate vectors that can be maintained (with arbitrarily small proba-
bility of error) with a common outage probability no larger than
Pr under the average power constraint P. Though this defini-
tion is given only in terms of random power policies, we later
relate the outage capacity to the zero-outage capacity to give an
operational meaning to our definition. Notice that, in this def-
inition, we have allowed for a fully randomized power policy
Prand However, as we will show later, the random power policy
Prand peed only have cardinality of two in each fading state. In
particular, in each given state b € Han, let P#"4(h) = P(h)
with probability w(h), and let P*"4(h) = 0 with probability
1 — w(h), where P(h) is a vector of deterministic power allo-
cation functions of h, and w(h) is a deterministic probability
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function of h, 0 < w(h) < 1. We denote this simple power al-
location policy with cardinality of two in each fading state as P
(i.e., without the superscript “rand”)

0, with prob. 1 —
P(h),

w(h)
with prob. w(h) Vh € Han.

(6)
In this power allocation policy P, since w(h) is the probability
that the M users will be transmitting with the allocated power
vector P(h), and 1 — w(h) is the probability that no power will
be allocated to any user (i.e., an outage will be declared from all
users), we call w(h) the probability of transmission function,
Y h € H_.y. The following proposition shows that it is sufficient
to consider random power policies of cardinality two in each
fading state in the definition of the common outage capacity

region.

P:h—»{

Proposition 3.1:
out P PT

PeF {h:w(h)>0}
where F is the set of all power policies P as defined in (6) that

satisfy the conditions

Cyviac(h, P(h)) @)

E[P(h)w(h) <P ®)
Elw(h)] >1 - Pr. )
Proof: See Part A of the Appendix. O

Since all M users must transmit at their specified rates during
nonoutage periods, if we consider only nonoutage fading states,
it appears as if constant rates were being maintained at all
times, which is similar to the zero-outage case. Therefore,
the common outage capacity region can be given in terms of
the zero-outage capacity region of the MAC by conditioning
on the nonoutage fading states. Specifically, let p(h) denote
the true PDF of the fading state h € H.y. For a given power
policy P € F, as defined in Proposition 3.1, let Hy,,, denote
the set of nonoutage fading states (transmission states), i.e.,
Hiran = {h : w(h) > 0}. We now define a new PDF g(h) for
h € H,y as follows:

g(h) = { wp(h)w(h)7 h € Hian
07 h ¢ 7_ltran-
It is easily verified that

/ o(h) dh = o(h) dh = 1.
JhEHn hEH ran

(10)

Proposition 3.2: The common outage capacity region de-
fined in Definition 3.1 can be written in terms of the zero-outage

capacity region as
P
C7er0 <m> Htran)
{w(h):Ew(h)]=1—-Pr }
(1)

where C,ero (f/ (1= Pr), Hmm> refers to the zero-outage ca-

Cout(ﬁa PT) =

pacity region of the equivalent fading MAC for which the set of
all possible fading states iS Hyyan, and the PDF of b € Hpay is
g(h).

Proof: See Part B of the Appendix. O

This proposition relates the outage capacity region to the
zero-outage (or delay-limited) capacity region, for which a
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rigorous coding theorem and converse exists. For point-to-point
channels, the outage capacity can precisely be related to the
e-achievable rate [8, Proposition 2], [14]. Here, the notion of
outage capacity is intended to be the analogous quantity for
MAC:s.

B. Individual Outage Capacity Region

For a given power policy P24, as noted earlier, the term
Cyac(h, Pra2d(h)) refers to the achievable rate region that
varies based on the joint PDF fEd(h) of the M random
transmit powers in fading state h. If we assume that one pos-
sible value of P*"4(h) is P, then the corresponding achievable
rate region is Cyjac(h, P) as defined in (3). In practice, for
the given power vector P and fading state h, only one rate
vector in Cyiac (b, P) can be chosen for transmission at any
specific time. In this case, we let R(h, P) denote the vector
of rate allocation functions for the M users under the given
power vector P. That is, given the power allocation vector
P, the rate vector chosen for transmission is R(h, P), and
R(h,P) € Cuac(h,P). Similarly, for the random power
allocation vector Pr2*4(h), we let R (h, P#(h)) denote the
corresponding vector of rate allocation functions for the M
users, and

R (h, P™™(h)) € Cyac(h, P (h))

with probability one. Since P*2"4(h) varies within each fading
state h as well as across all fading states, the rate vector
R (h, Pr*4(h)) chosen for transmission from the varying
rate region Cyrac(h, Pr2"d(h)) will vary accordingly. That
is, R (h, Pr**!(h)) also varies within each fading state h and
across all fading states. Then, obviously, for a given rate vector
R and a given rate allocation function vector R (h, P*#¢(h)),
in each fading state h (h € H.,y) corresponding to the power
policy P74, the average probability of transmission for User
¢ with a rate no smaller than R; is

Pr [R;(h,P™"(h)) > R;], i=1,....M.

Therefore, the individual outage capacity region can be defined
as follows.

Definition 3.2: A rate vector R is in the individual outage
capacity region let(f, Pr) if and only if there exist a power
policy P74 and a corresponding vector of rate allocation func-
tions R (h, P4 (h)) for each fading state h (b € Hay) such
that

E[P™(h)] < P (12)
Pr[R;(h,P™(h)) > R;] >1—Pr;, Vi=1,...,M.
(13)

That is, we have (14) at the top of the following page. In words,
the individual outage capacity region consists of all rate vec-
tors that can be maintained (with arbitrarily small probability of
error) with an outage probability vector (i.e., where transmis-
sion from different users need not simultaneously be turned on
or off) no larger than Pr under the average power constraint P.

This definition allows for a fully randomized power policy.
We earlier showed that it is sufficient to consider random
power polices of cardinality two (in each fading state) to define
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Cout(P, Pr) £ U
prand; [ prand (h)]<P
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(14)

common outage capacity. For individual outage capacity, we
show that it is sufficient to consider random power policies of
cardinality 2™ in each fading state. The 2 term is equal to
the number of different subsets of users that can simultane-
ously transmit. We will represent each of these 2 possible
combinations of users as an M -dimensional vector

(k) = [k, 1), ...

which equals the binary expansion of & (the index of the subset
S1),0 < k < 2M 1, Foreachvector [1(k, 1), ..., (k, M)],if
¥(k,7) = 1, then User 4 is said to be transmitting (i.e., i € Sk);
otherwise, User ¢ is not (i.e., ¢ ¢ S).

For a given fading state h € H,) and a given subset index
k(k=0,...,2" —1),let P(h, k) be a vector of deterministic
power allocation functions for the M users, with P;(h,k) = 0
if (ki) = 0,5 =1,..., M, ie., ¥(k)P(h,k) = P(hk),
and let w(h, k) be a deterministic probability of transmission
function for the kth subset of users satisfying

2M _1
> whk) =1
k=0

in each fading state. Obviously, P(h,0) = 0. Now in each
fading state h € M.y, let P**"4(h) = P(h, k) with proba-
bility w(h, k), k = 0,....2M — 1. Since 320 L w(h, k) = 1,
this simple power allocation policy has cardinality 2™ in each
fading state and we denote it as P! (we use the superscript “I”
to distinguish it from the power policy P with cardinality two
in the common outage case)

Pk, M)

P h={P(h,k), w(h,k)}2o s, VYheHa. (5)
More specifically
0, with prob. w(h, 0)
P b .P(h, 1), with prob. w(h, 1)
P(h,2 —1),  with prob. w(h, 2™ — 1),

Yhe H.- (16)

Notice that in power policy P’, the power allocation function
vector P(h,k) and the probability of transmission function
w(h, k) are only deterministic functions of h and k. The
following proposition shows that it is sufficient to consider
random power policies of cardinality 2" in each fading state
in the definition of the individual outage capacity region.

Proposition 3.3:
Cout(ﬁ: Pr) = U
PleF!

N Cuvac(h,Plhk), YK =1,....2" - 1} (17)
{h:w(h,k)>0}

{R (k)R e

where F7 is the set of all power policies P7 as defined in (16)
that satisfy the conditions

27 -1

E | > P(hk)w(h,k)| <P (18)
k=0 ]
oM _q 1

E| > whk)pk,i)| >1—Pr;,  Vi=1,...,M.
k=1 ]

(19)

Proof: See Part C of the Appendix. O

Similar to the common outage case, we will now relate the
individual outage capacity region to the zero-outage capacity
region. For a given power policy Pf € F! as defined in Propo-
sition 3.3, let Hy,an (k) denote the set of nonoutage fading states
(transmission states) for the kth subset of users, i.e.,

Hiran(k) = {h : w(h, k) > 0},
and define a new PDF g(h, k) for h € H,); as follows:

w—t—p(h)w(h, k), h € Hizan(k)
h k) = E[w(h,k)]p( 1K) tran
o) {07 h ¢ Hian(k)

where p(h) is the true PDF of the fading state h € H,y. It is
easily verified that

| athkyan= g(h, k) dh =1,
heHan h€H ran (k)

Vik=1,...,2M 1.

(20)

Proposition 3.4: The individual outage capacity region de-
fined in Definition 3.2 can be written in terms of the zero-outage
capacity region as

Cout(ﬁ, Pr) = U {R :U(E)R € Crero(A(k), Hiran(k)),
PleF!
Vk=1,...,2M— 1} (21)
2’”—1_
= U m Czoro(A(k)7Htran(k)) (22)
PIeFl k=1
where

A(k) = E[P(h, k)w(h, k)l/ E[w(h, k)]

and  Cyero(A(k), Hiran(k)) refers to the zero-outage ca-
pacity region (with power constraint A(k)) of the equivalent
fading MAC for which the set of all possible fading states is
Hiran(k),5 and the PDF of b € Hiyan (k) is g(b, k). In addition,

SNote that if Hiran (k) = @, we define
Couro(A(K), Heean(k)) = {R: R > 0.V i=1,... M}.
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A
A

(k), Hiran(k)) refers to the augmented rate region of
k

k)
ro(A(k), Hivan(k)), ie.,

zero(A(k)7 Htran(k))
= {R : \I’(k)R S Czero(A(k)7 Htran(k))} :

zzero(
CZB (o]
C

Proof: See Part D of the Appendix. O

C. Boundary Characterization

We now define the notion of the “boundary” of these capacity
regions.

Definition 3.3: The boundary surface of Cout(f, Pr) (or
Cout (1_’7 Pr)) is the set of those rate vectors for which we
cannot increase one component and remain in Coyg (F, Pr) (or
Cout (13, Pr)) without decreasing another component.

With these definitions, we wish to find: a) the optimal power
allocation strategy that achieves the boundary of the common
outage capacity region Coyt (1_’7 Pr); b) the optimal power
allocation strategy that achieves the boundary of the individual
outage capacity region Coy (P, Pr). The regions Coyu (P, Pr)
and Coyi(P, Pr) are easily determined given these optimal
power allocation strategies.

In the next section (Section IV), we will show that finding
the optimal power allocation policy that achieves the boundary
of Cout(P, Pr) is equivalent to deriving the power allocation
policy that minimizes the common outage probability for a given
rate vector R and power constraint vector P. In the individual
outage case, there is a similar equivalence between the power
allocation policy that achieves the boundary of C, (1_’7 Pr) and
the one that achieves the boundary of the outage probability
region, which will be discussed in detail in Section IV.

D. Operational Meaning of Outage Capacity

As stated in the Introduction, outage capacity is most rele-
vant in a slowly fading environment where the channel can be
assumed to be constant for the duration of a codeword. In this
situation, if allowing optimal power control, the outage proba-
bility of a user is the probability that no codeword is transmitted
by that user. Furthermore, in the slow-fading environment, the
decoding delay only depends on the code length employed and
not on the time variation of the channel.

If, on the other hand, the channel is fast fading and cannot
be assumed to be constant for the duration of a codeword, then
outage capacity largely loses its operational meaning, though
the mathematics may still go through. In the fast-fading sce-
nario, decoding delay will depend on the time variation of the
channel because outage periods may begin in the middle of
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the transmission of a codeword. In this case, the power control
policy would force the transmitter to wait until the outage pe-
riod is complete before finishing transmission of the codeword.
In such an environment, it is probably more appropriate to con-
sider the ergodic capacity, i.e., using very long codewords that
utilize the ergodicity of the channel, or the zero-outage capacity,
which has operational meaning in either fast- or slow-fading en-
vironments.

IV. OUTAGE PROBABILITY REGION

In this section, we consider the outage probability region,
or the set of achievable outage probability scalars (common
outage) or vectors (individual outage) for a given rate vector
and power constraint vector. The outage capacity region is the
set of all rates that are achievable while meeting an outage con-
straint and an average power constraint. The outage probability
region, on the other hand, is the set of all outage probabilities
that are achievable for a specified rate vector and power con-
straint vector.

The common outage probability set Oc(P,R) and the
complementary common transmission (usage) probability set
O¢ (ﬁ./ R) are naturally defined in terms of the outage capacity
regionas follows.

Definition 4.1: The outage probability Pr is in the common
outage probability set Oc(P, R) if and only if the rate vector
R € Cout(P,PT).

Definition4.2: The usage probability Pr°" is in the common
usage probability set Oc (P, R) if and only if the rate vector
R € Cou(P,1 — Prom).

Definition 4.3: The minimum common outage probability
Pryin(P, R) is the smallest probability in the set Oc (P, R).

Proposition4.1: The common usage probability set is equiv-
alently given by (23) at the bottom of the page.

Proof: The usage probability Pr°" is in the common
usage probability set if and only if the rate vector R €
Cout(l_’7 1 — Pr°®), which by Proposition 3.1 is true if and
only if there exists a deterministic power allocation function
P(h) and a probability of transmission function w(h) such that
Elw(h)P(h)] < P, R € Cyac(h,P(h)),V h : w(h) > 0,
and E[w(h)] > Pr°". Therefore, we have (24), also at the
bottom of the page. However, notice that if there exists a power
allocation function P(h) and a probability of transmission
function w(h) with F{w(h)] = Pr°", the function w(h) can be
reduced such that E[w(h)] = « for any 0 < a < Pr°". Thus,
the interval [0, E{w(h)]] is not needed in the left-hand side of
(24), and we have the result. O

U

w(h),P(h):Ey[w(k)P(R)]<P,

En[w(h)].

Cuac (h,P(h)) VY h:w(h)>0

(23)

U

[0, En[w(R)]]- 24

w(h),P(h):Ep [w(h)P(h)|<P, RCyiac (h,P(h)) ¥ h:w(h)>0
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For common outage, it is clear that the outage probability
set is simply an interval of [0,1]. Given 0 < Pr < 1, the
outage capacity region Coy( (P, Pr) is implicitly obtained once
the minimum common outage probability Pr (P, R) for a
given rate vector R is calculated under the optimal power allo-
cation. That is, for any rate vector R, R € Coyt (F, Pr) if and
only if Pryn(P,R) < Pr.

The individual outage probability set O;(P,R) and the
complementary individual transmission (usage) probability set
O;(P, R) are naturally defined in terms of the outage capacity
region as follows.

Definition 4.4: The outage probability vector Pr is in the
individual outage probability set Or(P, R) if and only if the
rate vector R € Cout(P, Pr).

Definition 4.5: The usage probability vector Pr®" is in the
individual usage probability set O (P, R) if and only if the rate
vector R € Cout(P,1 — Pre™).

Proposition 4.2: The independent usage probability set is
equivalently given by

61 (F7 R) = U
w(h,k),P(h,k),R(h)

(25)
where
2M _1
w; £ 3" Efw(h,k)p(k,i)],  fori=1,...,M
k=1

and the union is subject to the conditions
2M 1
E| > whk)Phk)| <P
k=1
\I’Uﬁ)R S CMAC<h7 P(h k))
for any w(h, k) satisfying w(h, k) > 0 and

2M _q

Z w(h,k) =1,

k=0

Vhe Ha-

Proof: The usage probability vector Pr°" is in the indi-
vidual usage probability set if and only if the rate vector R €
Cont(P,1—Pr°®), which is true if and only there exists a vector
of deterministic power allocation functions P(h, k) and a prob-
ability of transmission function w(h, k) such that

E z_: w(h,k)P(h,k)| <P
k=1
U(k)R € Cyac(h, P(hk)),  w(h,k) >0

and
2M_1

> whk) =1,

k=0

Vhe H.-

Using the idea from the proof of Proposition 4.1, we get the
result. O

The individual outage probability region O;(P, R) is a set
in [0,1]™ that contains the point [1,..., 1] and the individual
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R, Cou(P, Pr) Pry O(P,R")
R*
\\ S— 4\1 -Pr
R1 P’I'l
Fig. 1. Outage capacity region and usage probability region.

usage probability region O;(P, R) is a set in [0, 1]™ that con-

tains the point [0, . . ., 0]. We later show that the set O;(P, R) is
in fact convex. With the above definitions,° it is easy to see the
connection between the outage capacity and outage probability
regions.

Given a probability vector Pr, the outage capacity region
Cout(P, Pr) is implicitly obtained once the boundary of the
outage (or usage) probability region O7(P, R) (or O;(P, R))
for a given rate vector R is derived through the optimal power
allocation since, for any rate vector R, R € Cgys (1_37 Pr) if and
onlyif 1 — Pr € O;(P,R).

An example of a two-user individual outage capacity region
is plotted in Fig. 1. The corresponding usage probability region
for a rate vector on the boundary of the outage capacity region
is shown.

Having established that the outage capacity region can be
found implicitly from the outage/usage probability region, we
proceed by deriving the outage/usage probability region and the
optimal power allocation policies. In Section V, we consider
common outage and we derive the minimum common outage
probability and the corresponding power allocation policy. In
Section VI, we derive the usage probability region for individual
outage, and also find the optimal power allocation policies.

V. COMMON OUTAGE CAPACITY

In this section, we consider common outage, where outages
are declared simultaneously for all users. We derive the min-
imum common outage probability Pr,;, (ﬁ, R) in Section V-A
and give the corresponding optimal power allocation strategy in
Section V-B. This optimal strategy is given in terms of the op-
timal Lagrangian multipliers, and an algorithm to find these op-
timal multipliers is given in Section V-C. In Section V-D, we
solve the dual problem of finding the average power region of
the M users required to support R with a given common outage
probability Pr, and finally we discuss the related notion of ex-
treme points in Section V-E.

A. Minimum Common Outage Probability

For a given average power constraint vector P and rate vector
R, from Definitions 4.1-4.3, it is obvious that deriving the min-

®Note that the definitions of Cous (137 Pr), Cous (IT’7 Pr), P‘r’m;,,(IT’7 R),
O(P,R),and O; (P, R) are similar to those for the broadcast channel in [7],
where the power constraint is a total average power P instead of a vector P for
the M users.

7Since O (P, R) is an M -dimensional region, it is not necessarily straight-
forward to determine if the region includes an arbitrary vector 1 — Pr. However,
since the region O, (P, R) is convex (see Lemma 6.1), standard techniques can
be used to answer this question efficiently.
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imum common outage probability Prmin(ﬁ, R) is equivalent
to deriving the maximum common usage probability in the set
Oc¢(P,R).

That is, we need to solve the maximization problem

max Pr°™ subject to: Pr°® € Oc(P, R). (26)
For a given rate vector R, define the set Q¢ (R) as
Qc(R) = {(Pr°",P): Pr°* € Oc¢(P,R)}.  (27)
Thus, we can rewrite the maximization in (26) as
(pron };})zaJerC(R) Pr°" subject to: P < P. (28)

We will require the following lemma to find the solution to (28).

Lemma 5.1: The set Q¢ (R) is convex.
Proof: Convexity of the set is proven using a time-sharing
argument. See Part E of the Appendix for details. O

Due to the convexity of the set Q¢ (R), the pair (Pr°™*, P*)
solves (28) if and only if there exists a Lagrangian multiplier
vector A € R4 such that (Pr°™*, P*) is a solution to the max-
imization

max [Pro™ — X - P] (29)
(Prem,P)eQ¢c(R)
with P* = P. In convex optimization terms, this is akin to

saying that the optimal solution must maximize the Lagrangian
given the optimal Lagrange multipliers. Notice that there is no
constraint on the power consumption in the maximization in
(29).

By Proposition 4.1, a probability vector Pr°™ is in O (P, R)
if and only if there exists a pair of functions (w(h), P(h))
such that Pre® = FEx[w(h)], P = FEx[w(h)P(h)], and
R € Cyac(h, P(h)) for all h such that w(h) > 0. Therefore,
we can equivalently perform the following maximization over
the functions w(h) and P(h):

Eplw(h)] = A
-En[w(h)P(h)].

max
w(h),P(h):RECviac (h,P(h)) V h:w(h)>0
(30)

We will proceed to solve this maximization in two steps: we
will first find a power allocation function P*(h) that is optimal
for any choice of w(h), and then given such a power allocation
function, we will maximize over the function w(h).

In order to find the optimal power allocation function P*(h),
notice that if we fix w(h), P*(h) must satisfy the optimization
in (30) over the variable P(h). That is, the optimal choice P*(h)
(for a given w(h)) must be the solution to

Enlw(h)P(h)] (1)

min
P(h):RECnviac (h,P(h)) VY h:w(h)>0
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which implies that P(h) must be optimal in every fading state
h for which w(h) > 0. Therefore, a power allocation function
is optimal if and only if it is the solution to

mi%/\ - P(h) subject to: R € Cyiac (b, P(h))

P(h (32)

for every fading state h such that w(h) > 0. This is identical to
the problem posed when finding the zero-outage capacity in [6,
eq. 4]. In [6], this problem is solved by exploiting the polyma-
troid structure of the MAC capacity region and by Lemma 3.3
of [2]. As the details of the solution are contained in [6], we
will only state the results. The optimal power allocation func-
tion P*(h) for all states h such that w(h) > 0 is as shown in
(33) at the bottom of the page, where the permutation 7(-) sat-
isfies

Ar (M)

> > (34)

hr(any

The optimal solution is to allocate power to the M users in each
fading state for which w(h) > 0 so that the rate vector R can be
achieved by performing successive decoding in the order speci-
fied by the permutation 7 (-). That is, the signal from User (M)
is decoded first, treating all other users as noise. The codeword
of User w(M) is then subtracted off, and then User m(M — 1) is
decoded, treating Users (M — 2) through 7(1) as noise. The
signal from User m(1) is decoded last, with the signals from all
other users being known and thus being subtracted from the total
received signal. Note that the Lagrangian multiplier vector A can
be viewed as the power price vector of the M users, which we
will use to refer to A hereafter. From (34), we see that the de-
coding order in each fading state depends on both A (users with
larger power prices are decoded later) and the fading state h
(users with smaller channel gains are decoded later). If no more
than one component of A is zero, the optimal decoding order in
(34) is uniquely defined in each fading state. However, if two
or more components of A are equal to zero, then the decoding
order is no longer uniquely defined for these users. We will dis-
cuss this case in the next subsection (Section V-B). Since the
outage capacity can be stated in terms of the zero-outage ca-
pacity (Proposition 3.2), it should be intuitively clear why the
optimal power allocation for the nonoutage fading states is iden-
tical to the optimal power allocation used to achieve zero-outage
capacity.

Clearly, the power allocation function for fading states for
which w(h) = 0 is unimportant because these states do not
affect the usage probability or the power constraint. Therefore,
if we define P*(h) by (33) for all fading states and not just
fading states for which w(h) > 0, then the power allocation
function will be optimal for any choice of w(h). Thus, if P*(h)
is defined by (33) for all fading states, P*(h) is only a function
of the Lagrangian multiplier vector A (and not of w(h)) and is,
therefore, optimal for any choice of w(h).

2

<— |exp (2R, -1},
() = ,1:(21)[ (2Rx1)) — 1]

b (iy

[exp (2 22:1 R,r(k)) — exp (2 Z;C;ll Rw(k))} , 2<i<M

i=1
(33)
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Having derived the optimal power allocation function P*(h)
for any w(h), we can now perform the maximization of the
usage probability (30) over only the function w(h)

max En[w(h)] = A - Epfw(R)P7(h)]

We can clearly simplify this as

mg,l))( Ep[w(h)(1 — X- P*(h))]. (35)
Since w(h) defines the probability of transmitting in each fading
state, we must have 0 < w(h) < 1 for all fading states. In
addition, since there are no other constraints on w(h), it is clear
that the optimal choice of w(h) is

o 1, APR) <1
“’(h)_{m X-Pi(h) > 1.

Thus, P*(h) and w* (h) (which are implicit functions of A) max-
imize (30).

(36)

B. Common Outage Transmission Policy

When the optimal Lagrangian multiplier vector A* is known
(a simple algorithm to find A* is given in Section V-C), then the
optimal transmission policy is known. For each fading state h €
‘Hai, the optimal transmission policy that minimizes the outage
probability (given in terms of the vector of optimal Lagrangian
multipliers A*) is as follows.

1. In fading states that satisfy A* - P*(h) > 1, an outage is
declared and no users transmit, i.e., w*(h) = 0.

2. In fading states that satisfy A* - P*(h) < 1, all M users
transmit at their specified rates with probability one in
that fading state, i.e., w*(h) = 1. Furthermore, successive
decoding can be used with the decoding order described
in (34).

There are a number of key properties to notice about the
optimal transmission policy. First note that even though we
allowed randomized power policies in each state, the optimal
power policy is in fact deterministic, i.e., w(h) is equal to
either one or zero in each fading state.® This property is not
so surprising if one notices that the optimization in (35) is a
simple linear program for which we would expect the solution
to lie on an extreme point of the space for the probability of
transmission function w(h): 0 < w(h) < 1,V h € Hy,.

Furthermore, the transmission policy can be viewed as a
simple threshold policy, since simultaneous transmission by the
M users is allowed if and only if the required minimum total
weighted power A* - P*(h) (where the weights are equal to the
Lagrangian multipliers, or the power prices) for the M users to
transmit their information at rate vector R in state h is less than
1. This is similar to the optimum transmission policies that min-
imize the outage probability for the single-user channel [8] and
the common outage probability for the broadcast channel [7].

8]t should be noted that the purely deterministic nature of the optimum power
policy is only guaranteed for continuous fading distributions. For discrete fading
distributions, a random power policy may be needed for states that satisfy A* -
P~*(h) = 1. For continuous distributions, the set of such states has measure
zero and thus need not be considered for our purposes.
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Under this transmission policy, the resulting common outage
probability is

Pryin(R) =1 — Ep[w*(h)]

=1— Pr[A*-P*(h) < 1]. (37)
The average power used by each user is given by
P; = Ep [w*(h)P*(h)]. (38)

The optimal Lagrangian multiplier vector A* guarantees that the
power constraint of each user is satisfied. In fact, complemen-
tary slackness [15] guarantees that the power constraint is met
with equality for every user ¢ satisfying A7 > 0.

However, if A} = 0 for two or more users, as noted earlier,
the decoding order and subsequent power allocation policy in
(34) and (33) is not uniquely defined. In this scenario, there
can be multiple solutions to (30) given the optimal A*, since
there is no cost associated with allocating power to users with
A; = 0. Therefore, additional power can be allocated to users
with A; = 0 without affecting (30), which means that there
are many different power allocation policies that achieve the
maximum. However, by convex theory [15], we are guaranteed
that at least one of them is a solution that satisfies the power
constraints of all users (and not just those users with A} > 0),
though it is not easy to find which solution that is.

When A}, = 0, this indicates that User k is not a limiting
factor in achieving the minimum common outage probability.
In other words, the power constraint of User k is large enough
such that User k can achieve rate Ry, in all the nonoutage states
even if he is decoded first (i.e., sees all other received power as
interference). If multiple users have A} = 0, then a whole class
of users is such that even if they are decoded before all other
users (with some unknown decoding order within the class)
in all fading states, they can still achieve their respective rates
without exceeding their power constraints. The challenge then
is to determine a decoding order for this set of users such that
the corresponding power policy satisfies the power constraints.
A simple way to find a decoding order that works in the case
where two or more users have a zero Lagrangian multiplier is to
lower the power constraint of one or more of these users until
the Lagrangian multipliers are either strictly positive or zero for
only one user.

C. Optimal Lagrangian Multipliers

In the previous subsections, we characterized the minimum
common outage probability and the optimal transmission policy
assuming knowledge of the optimum Lagrangian multiplier
(power price) vector A*. Therefore, given the power constraint
vector P and a target rate vector R, an important question is
how to obtain the optimal power price vector A* that corre-
sponds to the minimum common outage probability. In this
subsection, we will describe a standard convex optimization
algorithm that provably converges to the optimum Lagrangian
multipliers. This algorithm can also be used to find the optimal
Lagrangian multipliers for individual outage (Section VI-C).
We will use a convex optimization algorithm on the Lagrangian
dual function. For a primer on dual functions and convex
optimization, see [15].
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The original problem of maximizing the common usage prob-
ability is (28)

1— Proin(R, F) = max Pr°® subject to: P < P.
(Pren,P)eQc (R)
(39)
The Lagrangian of this maximization is
L(Pr*,P,X) = Pr°" — \- (P — P). (40)

The dual function g() is found by taking the supremum over all
(Pr°™, P) € Qc(R) for each Lagrangian multiplier vector A:
g(A) = L(Pr°®, P, ).

sup 41

(Pren,P)eQc (R)

The dual function is a supremum of affine functions of A, and
ii therefore a convex function [15]. Due to the definition of
Oc¢ (P, R), we can equivalently write the dual function as

g = sup  L(P(h),w(h),)) “2)
w(h),P(h)
subject to the constraint
R e CMAC<h7P(h)) Vh: w(h) >0 43)

where L'(P(h), w(h), A) is defined as

L'(P(h), w(h), ) £ Ey[w(h)] = X - (Ey[w(h)P(h)] - P).
(44)
For any fixed A, the optimum (w(h), P(h)) that achieves the
supremum in (42) corresponds to the solution described in Sec-
tion V-B (i.e., successive decoding with decoding order deter-
mined by the fading states and A and a threshold policy based
on the weighted-sum power required in each fading state).
For convex maximizations, the minimum of the dual function
g(A) over all nonnegative Lagrangian multipliers is equal to the
maximum of the original objective function. That is,

1- P""min(R7ﬁ> = ming(A) = g(A*>

min (45)
where A* is the optimum Lagrangian multiplier vector. Further-
more, the optimal (P*(h),w*(h)) achieves the supremum in
(42) for A*. Our goal is to find the Lagrangian multiplier vector
(namely, A*) that minimizes the dual function g(A). Since g(A)
is a convex function, we can use standard convex optimization
techniques to find the minimum value of the dual function and
the optimal Lagrangian multiplier vector. Since it is not clear if
the function g(A) is differentiable (though it is continuous), we
use the ellipsoid algorithm, which can be slightly modified to
work for nondifferentiable convex functions.

Now we briefly describe the ellipsoid algorithm as applied to
our problem, and defer the details to Part F of the Appendix.
The ellipsoid algorithm belongs to the family of cutting-plane
methods [15, Ch. 12], the simplest of which is the one-dimen-
sional bisection method. Of course, in our case the problem is
M -dimensional, corresponding to the Lagrangian multiplier of
each of the M users. In each iteration, a cutting-plane method
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Fig. 2. Power region.

eliminates a half-space from the feasible set (i.e., the set where
the optimal solution can lie) by evaluating a gradient or a sub-
gradient of the function to be minimized. This allows the fea-
sible set to continually decrease in size, until it is small enough
to satisfy convergence criteria. In the ellipsoid method, a min-
imum volume ellipsoid is formed around the feasible set and the
function is then evaluated at the middle of this ellipsoid in order
to generate a new cutting plane. This process is repeated indef-
initely until the desired accuracy is reached.

This method is applied to the problem at hand by first finding
an ellipsoid in which A* must lie. The function g(A) is evalu-
ated at some initial Ag in this ellipsoid. Given that the functions
w*(h, Ag) and P*(h, Ag) maximize L'(P(h), w(h), Ao), it can
be shown that g(A) > g(Ao) for all A satisfying

(Enw* (h, Ao)P*(h, X0)] — P)(A — A0)T < 0.

This fact allows us to eliminate a halfspace of the space in the
domain. A minimum volume ellipsoid covering the new feasible
set (i.e., the original ellipsoid minus the eliminated halfspace) is
then formed, and the process is repeated at the center of the new
ellipsoid. It can be shown that the volume of the feasible ellip-
soid converges to zero, and that the algorithm actually converges
to the optimal g(A*). More details on this convergence can be
found in Part F of the Appendix.

D. Average Power Region

In Sections V-A and V-B, given the power constraint
vector P and rate vector R of the M users, we derived the
minimum common outage probability Prmin(f, R) and
the corresponding optimal power allocation policy. In this
subsection, we find for a given rate vector R and common
outage probability Pr*, the required average power region
APVyu (Pr*, R), defined as the set of all possible power con-
straint vectors that can support rate vector R with a common
outage probability no larger than Pr*. That is,

APV, (Pr*,R) £ {P: Pr* € Oc(P,R)}.  (46)
The set APV,.+(Pr*, R) is convex due to the convexity of the
set Q¢ (R), which is defined in (27). An example of a power re-
gion is shown in Fig. 2. Notice that the power region lies above
(i.e., up and to the right of) the boundary. The points a; and as
are referred to as extreme points [6], while all points between
these two extremes are referred to as regular points. In this sub-
section, we discuss only the characterization of regular points.
Extreme points are discussed in Section V-E.
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Due to the convexity of the average power region, the
boundary of APV,,:(Pr*, R) can be traced out by solving

m}i)n/\ - P subject to: Pr* € Oc(P, R) 47)

for all power price vectors A € R} such that 307, \; = 1.
For a given power price vector A € R/, this minimization is
equivalent to

min

48
(Pren,P)EQc (R (*8)

)/\ - P subject to: Pr°* > 1 — Pr*.

An average power vector P solves (48) if and only if there exists
a Lagrangian multiplier s* such that (1 — Pr*, P) is a solution
to the problem

min

{A-P—s"-Prov}.
(Pren ,P)eQc(R)

(49)

By the definition of the set Q< (R), the following is an equiva-
lent minimization:

A Epfw(h)P(h)]
—s* Epw(h)].

min
w(h),P(h):RECrniac (h,P(h)) V h:w(h)>0
(50)

Notice that this optimization problem is very similar to the one
in (30) in Section V-A. By the same arguments used to solve
(30), the optimum choice of P(h) is P*(h) as described by (33)
and (34). Clearly, the optimum choice of w(h) is

ey (1, A-P*(h) < s*
w<h>—{o, X-P*(h) > s*.

The Lagrangian multiplier s* should be chosen such that
Ep[w(h)] = 1 — Pr*. Since s* is a scalar, this can easily
be done by the bisection method. The optimum transmis-
sion policy is identical to the policy derived to minimize the
common outage probability, with the only exception being
that the threshold level s* is not necessarily 1 as it was in
Section V-A. Again, notice the deterministic nature of the
optimum transmission policy.

Given the derived P*(h) and w* (h) for every state h € H.y,
the complete power allocation policy is known and the cor-
responding average power vector is P = FEp[w*(h)P*(h)],
where both w*(h) and P*(h) implicitly depend on A. By
varying the power price vector A € R/, we can obtain dif-
ferent average power vectors P that lie on the boundary surface
of APV, (Pr*, R).

(G

E. Extreme Points

As discussed in [6, Sec. III] for the zero-outage capacity case,
there are other average power vectors on the boundary surface of
APV, (Pr*, R) that cannot be parameterized by any A € R,
We refer to these points as extreme points. In Fig. 2, the points
a1 and a9 are extreme points. At the point a4, the power used by
User 1 is the minimum power that User 1 requires to maintain
the given R, with outage probability equal to Pr* in the absence
of User 2. In other words, a; corresponds to the single-user (i.e.,
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in the absence of User 2) power region boundary of User 1. In
order for User 1 to achieve his single-user bound, clearly User 1
must be decoded last in every fading state so that he experiences
no interference from User 2. Thus, the point a; corresponds
to giving User 1 absolute priority in the sense that User 1 is
decoded last in every fading state. Similarly, ao corresponds to
decoding User 2 last in every fading state.

For the two-user case, the extreme point a; can actually be
characterized using the method described in Section V-D with
A1 > 0 and Ay = 0, which ensures that User 1 is decoded last
in every fading state according to the optimal decoding order
described in (34). However, when there are more than two users,
the required decoding order can no longer be characterized by
a power price vector. Therefore, it is necessary to use a more
general method [6] in which we give absolute decoding order
priority to subsets of users. Users are partitioned into N subsets
and, in all fading states, users in the /Nth subset are decoded
first, followed by users in the (N —1)th subset, and so on. Within
each subset, the decoding order is determined by the power price
vector and the fading state according to (34). Technical details
of the characterization of extreme points are given in Part G of
the Appendix.

VI. INDIVIDUAL OUTAGE CAPACITY

In this section, we consider individual outage, where outages
can be declared separately from each user. We characterize the
boundary of the usage probability region in Section VI-A, and
give the corresponding optimal power allocation strategy in Sec-
tion VI-B. In Section VI-C, we describe an algorithm that finds
the optimal Lagrangian multipliers. We discuss extreme points
of the usage probability region in Section VI-D. Finally, we
characterize the average power region in Section VI-E.

A. Outage Probability Region

In this subsection, we explicitly characterize the boundary
of the individual outage probability region. A word on nota-
tion: For any given vector X = (Xi,...,X/) and any set
Sed Sk}il\:[f !, let |S| denote the total number of users in the
set S, and let X (%) denote the subvector of X consisting of com-
ponents corresponding to the | S| users in the set .S.

From Definitions 4.4 and 4.5, it is clear that, for a given av-
erage power constraint vector P” and rate vector R, deriving the
boundary of the outage probability region O I(ﬁ*, R) is equiv-
alent to deriving the boundary of the usage probability region
O; (p*,R). Define

Qr(R) = {(Pr°®,P) : Pr°* ¢ O;(P,R)}. (52)
We will require the following lemma to derive the boundary
of O (?*, R) and the corresponding optimal power allocation
policy that achieves this boundary.

Lemma6.1: Both the usage probability region O (P, R) and
the set Qr(R) are convex.

Proof: Convexity is proven using a time-sharing argu-

ment. See Part H of the Appendix for details. O
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Due to the convexity of @Aﬁ*, R), an average usage prob-
ability vector will be on the boundary surface of O;(P , R) if
and only if it is a solution to

- Prot

IE&X_J‘
Pr°°c0O, (P ,R)

(53)
for some nonnegative vector g € R . Here p1; can be viewed as
the channel usage reward if the information from User i is trans-
mitted,? V4 = 1,..., M. In this subsection, we focus on strictly
positive vectors p for a parameterization of the regular points
on the boundary surface of O 1(1_3*7 R). The extreme points cor-
respond to the case where some components of the vector u
are equal to zero.!® Although one can get arbitrarily close to
an extreme point by letting some components of g go to zero,
we show in Section VI-D how to explicitly obtain the extreme
points based on the regular point method described here.

Since the set Qr(R) is convex, for a given channel usage
reward vector g € %M, vector

Pro® = [Pr{™,...,.Pr3}

solves (53) if and only if there exists a Lagrangian multiplier
vector A € RY such that (Pr°® P*) is a solution to the
problem

max
(Pro",P)eQr(R)

[u .Pron_ ). F} (54)

with P* = P*.

Equivalently, this maximization can be written as (55) at the
bottom of the page.

Similar to the procedure used to maximize the common usage
probability in (30) of Section V-A, we will proceed to solve
this maximization problem in two steps: we first find a power
allocation function P*(h, k) that is optimal for any choice of
w(h, k), and then given such a power allocation function, we
maximize with respect to w(h, k).

In order to find the optimal power allocation function
P*(h, k), notice that if we fix w(h, k), P*(h, k) must satisfy
the optimization in (55) over the variable P(h,k). That is,

9Note that z¢; can also be viewed as the channel outage penalty if an outage
is declared from User :.

10Tn the average power region, extreme points correspond to the case where
some components of A are equal to zero. For both the usage probability region
and the average power region, more general decoding orders are used to achieve
the extreme points.
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the optimal choice P*(h, k) (for a given w(h, k)) must be the
solution to

min
P(h,k):¥(k)RECy ac (h,P(h,k)) V h,k:w(h,k)>0
2M_1
En | Y w(h,k)X-P(h, k)

k=1

(56)

Therefore, a power allocation function is optimal if and only if
it is the solution to

min A - P(h, k) subject to: ¥(k)R € Cyiac (b, P(h, E))

P(h.k)

(57
forevery w(h, k) such that w(h, k) > 0. This is clearly identical
to the minimization of weighted-sum power in (32). Thus,V k =
1,...,2M — 1, the optimal power allocation function P*(h, k)
for all states h such that w(h, k) > 0 is shown in (58) at the
bottom of the page, where the permutation 7,(-) for the |Sg|
users in the subset S, satisfies

M) 5 Am@ Ly Am(S)

haoy = hay@) T T Brygsa)
Similar to the common outage case, the solution in (59) indi-
cates that A(5+) determines the decoding order of the users in
the subset Sy, in each fading state, and we refer to A as the power
price vector.

Clearly, the vector of power allocation functions for fading
states for which w(h, k) = 0 is unimportant, since these states
do not affect the usage probability or the power constraint.
Therefore, V k = 1,...,2M — 1, if we define P*(h,k) by
(58) for every fading state h € H.y, then the power allocation
function will be optimal for any choice of w(h, k).

Having derived the optimal power allocation function
P*(h,k) for any w(h,k), we can now perform the maxi-
mization of the usage probability (55) over only the function
w(h, k). If we define the total reward for all users in the set Sy,
to transmit information as

(59)

M
me 2 pap(ki),  1<k<2M -1 (60)
i=1

then we can rewrite the optimization in (55) as

2M 1
E h k
| 2 v

M 2M_q
— > AiEn w(h, k) P} (h, k)
=1

k=1

M 2M_1 M oM _q
'iE 5 1) — 7E' A 137 ,
w(h,k),P(h,k):‘Il(k)RGCMH:g();z,P(h,k))Vh,k:w(h,k)>0; ; pilin[w(h, k)p(k, 1)] ;)‘ h ; w(h, k)Pi(h,k)| . (55)
P;(h'>k) =0, VJ ¢ Sk
2 . .
" h: . [eXp(2R7rs(l)> - 1] ) ifi=1
(b k) = Y (58)

s (1)

}Lcr [exp(? Zle Rﬂ's(l)) - exp(2 Z;;i Rﬂ's(l)):| , V2<a < |Sk|
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which can be simplified to

Z_ w(h, k) (nk —Z)\il’;‘(h, k)) (6D

k=1 i=1

E
wiink) "

Since w(h, k) defines the probability of transmission for the
subset Sy, in each fading state, we must have Zz:g Lw(h, k) =
1 in each fading state and 0 < w(h, k) < 1,V h, k. Since both
constraints apply to each fading state separately, w* (h, k) is op-
timal if and only if it is the solution to

oM _g
w(h, k)

max
oM _
w(h,k):0<w(h,k) <1V k, Y0 ~Hw(hk)=1 k=1

(me — A~ P*(h, k) (62)

in each fading state. It is then straightforward to show that
the optimal w*(h,k) is defined in each fading state for
E=1,....2M —1by

w* (b, k) = 1, 1fk:{c andnp — A - P*(h,k) >0
0, otherwise
(63)
where
k* =

argmax

(nj = A- P*(h, j)).

That is, the subset with the largest reward (m, — A- P*(h, k)) in
each fading state is chosen for transmission. If no subset has a
strictly positive reward in a fading state, then a full outage (i.e.,
subset Sy is active) is declared in that fading state. This is very
similar to the optimum common outage transmission policy, ex-
cept that, with individual outage, there is a different channel
usage (transmission) reward (7)) associated with each subset
of users Sy. It is possible that two different values of & max-
imize the function (nr — A - P*(h,k)) in some fading states,
but this occurs with probability zero since we are concerned
only with continuous fading distributions. For discrete fading
distributions, there is the possibility that more than one subset
would be selected for some fading states. See [3, Sec. IV.B] for
a discussion of the same problem with regard to the broadcast
channel.

B. Individual Outage Transmission Policy

For each fading state h € H,;, the optimal transmission
policy that minimizes the outage probability (given in terms of
the optimal Lagrangian multiplier vector A*) is as follows.

1. If w*(h,0) = 1, then an outage is declared from all users
and no power is assigned to any user.

2. If w*(h,k) = 1 for some k # 0, then all users in the
subset Sy transmit at their respective rates using power
P*(h, k) as defined in (58). Furthermore, successive de-
coding can be used with the decoding order described
in (59).

Notice that the optimal transmission policy is again determin-
istic, i.e., either no user transmits in a fading state or all users in
some subset S transmit. The intuition behind this is the same
as for the optimal common outage transmission policy, i.e., that
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the linear program in (62) is extremized at the boundary of the
constraint set.

Unlike the optimal common outage transmission policy, this
policy is not exactly a threshold policy, though it is in fact quite
similar. In the case of individual outage, there are 2 — 1 re-
wards (corresponding to the 2 — 1 possible transmission sub-
sets) to calculate in each fading state, i.e., n, — A - P*(h, k).
For common outage, there is only one possible set of transmit-
ting users, i.e., all users, and the reward function is given by
1 — XA - P*(h). For common outage, if this single reward func-
tion is strictly positive, then it is worthwhile to transmit in that
fading state. For individual outage, only the best subset, i.e., the
subset with the largest reward, is considered. If the best subset
has a positive reward, then that subset should transmit in that
state.

Under this transmission policy, the resulting outage proba-
bility of each user ¢ (i = 1,..., M) is

’

2M _1
Pri=1-Ey | Y w*(hk)(k,i) (64)
k=1
The average power used by each useri (¢ = 1,..., M) is given
by
2M_1
Pi=Eyn | Y w*(h,k)P}(hk) (65)
k=1

The vector of optimal Lagrangian multipliers A* guarantees that
the power constraint of each user is satisfied.

As discussed in Section V-B for the common outage case, if
A7 = 0 for two or more users, the decoding order and subse-
quent power allocation policy in (59) and (58) is not uniquely
defined. In this scenario, there are multiple solutions to the dual
problem given the optimal A*. However, we are guaranteed that
at least one of them is a solution that meets the power constraints
of all users (not just those users with A > 0). A simple way to
circumvent this potential difficulty is to lower the power con-
straint of one or more of these users until the vector of optimum
Lagrangian multipliers is either strictly positive or zero for only
one user.

C. Optimal Lagrangian Multipliers

In the previous subsections, we characterized the
outage/usage probability region and the optimal transmis-
sion policy assuming knowledge of the optimum Lagrangian
multiplier (power price) vector A*. Therefore, given a power
constraint vector ﬁ*, a target rate vector R, and a transmis-
sion reward vector g, an important question is how to obtain
the optimal power price vector A* that corresponds to the
boundary of the usage probability region. It is easy to see that
the ellipsoid algorithm used to find the optimal power price
vector in the common outage case (described in Section V-C
and Part F of the Appendix) can also be used in the individual
outage case. For the case of individual outage, the subgradient
8 at Ag is again given by the difference between the average
power constraint vector and the average transmit power vector
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Fig. 3. Three-user usage probability region.

resulting from the optimal power policy corresponding to the
price vector Ag. That is,

2M 1
8= p* — By Z w*(h/kvf\O)P*(h, kvAO)

k=1

(66)

where P*(h,k,Ag) and w*(h,k, o) are defined in (58) and
(63), respectively.!! With this choice of subgradient, the ellip-
soid algorithm in Part F of the Appendix, including the proce-
dure to find an initial polyhedron that A* must lie in, can be used
without any modification.

D. Extreme Points

By varying the channel usage reward vector u and keeping p
strictly positive, we can obtain all regular points on the boundary
surface of the outage probability region O I(F*, R). However,
there are points on the boundary surface of (’)I(F*,R) that
cannot be explicitly characterized using this method. This corre-
sponds to the case when p is not strictly positive. Alternatively,
the extreme points correspond to boundary points that are also
on the boundary surface of the usage probability region of some
subset of users (i.e., on the boundary surface of the usage prob-
ability region of only Users 1 and 2 of a three-user system). The
exact nature of these extreme points is best illustrated through
an example.

In Fig. 3, the usage probability region for a three-user system
is shown. The surface connecting points a,b,c,d,e, and f, is the
boundary surface of the usage probability region. The regular
points correspond to the interior of this surface, while the
boundary of this surface composes the extreme points. If we
only consider the fading distribution of the channel for User 1
(in the absence of Users 2 and 3), there is a certain maximum
usage probability achievable with the given power constraint
and given rate. This clearly is an upper bound to Pr{". Face A
in the figure is the area where this upper bound coincides with
the usage probability region of the three-user system. In order
for User 1 to achieve its single-user usage capacity, clearly
User 1 must be decoded last in every fading state so that User
1 experiences no interference. Thus, User 1’s outage states
are chosen independent of the fading states of the other users.

Note that, for simplicity, we did not include X as a parameter in the functions
P~(h,k) and w*(h, k) given by (58) and (63), respectively, though both of
them depend on the value of A.
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Given that User 1 is decoded last, Users 2 and 3 both treat User
1 as an additional source of background noise. Thus, face A is
the usage probability region for Users 2 and 3 given that User
1 (which is treated as interference) is using his optimal strategy
to maximize his usage probability. Notice that face A looks
like a two-user usage probability region because, although
User 1 is decoded last in every fading state, there is still a
tradeoff between Users 2 and 3. At point a, in every fading
state User 2 is decoded first, followed by User 3, followed by
User 1. Similarly, at point b, User 3 is decoded first, followed
by User 2, followed by User 1. At the points between a and b,
the decoding order between Users 2 and 3 is determined by a
power price vector and the fading state (i.e., according to (34)),
or in other words, those points are similar to regular points
for the two-user usage probability region. Similarly, face B
corresponds to decoding User 2 last in every fading state and
face C corresponds to decoding User 3 last in every fading state.

Face D corresponds to the area where Users 1 and 2 are al-
ways decoded after User 3. Thus, the rates achieved by Users 1
and 2 between points b and ¢ correspond to the two-user usage
probability region of Users 1 and 2, in the absence of User 3.
Since User 3 is decoded first, he must treat Users 1 and 2 as
noise. Similarly, face E corresponds to decoding User 1 first in
every fading state and decoding Users 2 and 3 last. Finally, face
F corresponds to decoding User 2 first in every fading state.

Thus, to characterize these extreme points, we must give ab-
solute decoding order priority to groups of users, as we did to
characterize extreme points of the average power region with
common outage in Section V-E. Again, we let £ represent a
partition of G = {1,..., M} into N > 1 subsets and we suc-
cessively decode users in the set G first, followed by the users
in G N_1, and so on. In Fig. 3, point a corresponds to G; = {1},
G2 = {3}, and G3 = {2}, and points on the line between a and
b correspond to G; = {1} and G2 = {2, 3}. Given a partition,
we can essentially treat each subset of users separately, with the
caveat that some users see users in other subsets as interference.
The technical details of this process are described in Part I of
the Appendix.

E. Average Power Region

In Sections VI-A and VI-B, given the power constraint vector
P’ and rate vector R of the M users, we derived the outage
probability region O I(I_’*,R) and the corresponding optimal
power allocation policy. Now, for a given rate vector R and av-
erage outage probability vector Pr*, we consider the average
power region APV,,:(Pr*, R), defined as the set of all pos-
sible average power vectors that can support rate vector R with
the average outage probability of each user ¢ no larger than P},
V1<1i< M.Thatis,

APV, (Pr*,R) 2 {P: Pr* ¢ O;(P,R)}. (67)
The average power region provides an alternative (i.e., an al-
ternative to the individual outage/usage probability region) im-
plicit characterization of the individual outage capacity region

because a rate vector R is in Cy¢ (1_’7 Pr) if and only if P is in
APV, (Pr,R).
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By convexity of the set Qr(R) defined in (52), it is clear from
(54) that an average power vector will be on the boundary sur-
face of APV, (Pr”,R) if and only if it is a solution to the
minimization problem

Irgn)\ - P subject to: 1 — Pr* € O; (P, R) (68)

for some vector A € %f. Therefore, for each given power price

vector A € R, an average power vector P solves (68) if and
only if there exists a Lagrangian multiplier vector p such that
(Pr°™, P) is a solution to the problem

min (69)

{/\-ﬁ—;A-PT‘m}
(Pr°®,P)eQ;(R)
and Pr°® > 1 — Pr*. This optimization problem is similar to
the one in (54). However, in (54), the average transmit power
vector P~ and the channel usage reward vector g are given, but
the appropriate power price vector A must be found such that
the average power constraint P, of each user i (1 < i < M)
is satisfied. The resulting average outage probability vector will
lie on the boundary surface of O;(P , R) for the given p. In
(69), we have the opposite scenario: the power price vector A
and the average outage probability vector Pr* are given, but
the usage reward vector g must be found such that the average
outage probability constraint Pr} of each user ¢ (1 < i < M)
is satisfied. Then, the resulting average power vector will lie on
the boundary surface of APV,:(Pr*, R) for the given .

Given the optimal Lagrangian multiplier vector g, by the
equivalence of (54) and (69), the optimal choice of P(h, k) and
w(h, k) are given by (58) and (63), respectively. The optimal
Lagrangian multiplier vector p guarantees that the outage
probability constraints are met.

The optimal Lagrangian multiplier vector p can also be found
using the ellipsoid method described in Section V-C and Part F
of the Appendix. In this case, the subgradient is given by

2M_1

8= Pr*-FE, Z

k=1

w*(h, k, Ao ) ¥ (k)

Again, the vector of optimal Lagrangian multipliers is such that
the outage constraints are met with equality (or possibly in-
equality if the Lagrangian multiplier of some user is zero).

As in the case with a given common outage probability,
there are also extreme points on the boundary surface of
APV (Pr*, R) that cannot be parameterized by any A € RY’.
These extreme points are explicitly characterized for the av-
erage power region in Part J of the Appendix.

VIL

The recently established duality between the Gaussian MAC
and broadcast channel [16] applies very cleanly to outage ca-
pacity. The duality of these channels implies that the capacity
region of the constant broadcast channel with channel gains
h1, ..., har, noise power of variance one at each receiver, and
average power constraint P, is exactly equal to the capacity
region of the dual MAC, which has the same channel gains

MULTIPLE-ACCESS AND BROADCAST CHANNEL DUALITY
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hi, ..., hys, noise power of variance one, and a sum power con-
straint of P across all M transmitters. In [16, Sec. V], this du-
ality is extended to the outage capacity of the fading MAC and
the broadcast channel. If we let CNAC(P, Pr; H) denote the
common outage capacity of the MAC with fadmg distribution
H, and let CBS (P, Pr; H) denote the common outage capacity

of the broadcast channel (defined in [7]) with fading distribution
H, then the following relationships hold:

col(P.priH)= | J CMAC(P,PriH) (70)
{P:1.P=P}
Colt (P, Pr;H) = () €O <1 : §7Pr;aH) . (1)
a>0

These expressions are stated here for the common outage ca-
pacity only, but they hold for individual outage capacity (re-
ferred to as the independent outage capacity in [7]) as well.
Duality shows that the outage capacity region of the broadcast
channel is equal to the union of outage capacity regions of the
MAC, and the outage capacity region of the MAC is equal to the
intersection of outage capacity regions of the scaled broadcast
channel. Additionally, the capacity-achieving power policies for
the broadcast channel can be directly mapped via a simple trans-
formation to the optimal power policies for the MAC, and vice
versa. This mapping preserves the rates achieved in each fading
state, as well as the sum power. See [16] for more details.

VIII. AUXILIARY CONSTRAINTS ON TRANSMIT POWER

In Sections V and VI, we considered only average transmit
power constraints for the M users. In practice, sometimes we
have to consider the peak transmit power constraint of each user
as well. That is, in addition to the average transmit power con-
straint vector P of the M users, for each fading state h, the
transmit power vector of the M users must be no larger than
P = (Pl, . .PM) Under these auxiliary constraints, given
a rate vector R, the problem of deriving the minimum average
common outage probability of all users or deriving the average
outage probability region of the M users can be similarly solved
as shown in Sections V and VI, except that now we have to
solve the minimization problems (32) and (57) subject to the
additional peak power constraint vector f’ i.e., the additional
constraint for problem (32) is

P(h)<P, Vh:wh)>0

and the additional constraint for problem (57) is

P(h,k) <P Vhk:w(h k) >0 (72)
Note that since P;(h,k) = 0 for any user ¢ ¢ Sy, the peak
power constraint in (72) is equivalent to P;(h, k) < P,Vie
S}.. The solution to problems (32) and (57) under the additional
peak power constraint vector P is given in [6, Sec. V]. That
is, for a given power price vector A, assuming that A\; > Ao >

-+ A, the transmit power P;(h) (1 <4 < M) or P;(h, k) (i €
St) of each user ¢ is now obtained through a greedy algorithm.
Specifically, by denoting av,gk) as the value of P;(h) in the kth
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step of the following algorithm, the solution P;(h) for each user
i (1 < i < M) is obtained after M steps.

o Initialization: Set 20 = P for all i (1 <i< M).If

i

R ¢ Cy Ac(h,f:’) then stop. Otherwise, set k = 1.

*  Step k: Let (%) (.) be a permutation on
(1,... k—1,k+1,...,M}
(note that (%) (k) does not exist) such that

ilf’w(k)(l)hﬂ(wl) ﬂfﬂ(k)(k—l)hw(k)(k—l)

R0 B R (k-1
< Tx ) (et )R e 1)
- Reto) (kg1
T (o) (M) o) (1)
- T Ruwan
Then set
P ifi # k
it =9 & max[f(S;U{k}) — X m], ifi=k
‘ ]#k lESj
where f(-) is defined as
f(F) = o? [exp(QZRi) -1
i€F
forany F' C {1,..., M} and
85 = (7)., 70 (j)}
with 7(*)(k) nonexistent. Go to Step k + 1.
* Stop after M steps. A

Similarly, P;(h, k) (V¥ i € Sk) can be obtained by applying
the above algorithm to the |S| users in the set .Sy instead of
to the M users. Note that the solution P;*(h) (1 < ¢ < M) in
(33) and the solution P/ (h, k) (Vi € Si) in (58) that can be
achieved by successive decoding are obtained through an algo-
rithm that is actually a special case of the above greedy algo-
rithm [6]. However, when peak power constraints are imposed
on the M users, the solution P;(h) or P;(h, k) obtained through
this greedy algorithm cannot always be achieved by successive
decoding in general.

IX. CONCLUSION

We have obtained the outage capacity region of fading
MAC:s under the assumption that perfect CSI is available both
at the transmitters and at the receiver. The capacity region is
obtained implicitly by deriving the minimum common outage
probability and the individual outage probability region for a
given rate vector. Given the average power constraint of each
user, we have derived the power allocation policy that mini-
mizes the common outage probability for a given rate vector
when transmission to all users is turned off simultaneously.
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When an outage can be declared for each user individually, we
have derived a power allocation strategy to achieve the outage
probability region boundary for the given rate vector.

In both cases, the optimal power allocation policies have been
shown to be purely deterministic functions of the fading state,
and standard convex optimization algorithms have been used
for obtaining the optimal power control parameters. These op-
timal power allocation policies show that, similar to the zero-
outage scenario, successive decoding is optimal and in each
fading state, the decoding order is determined by the power
prices of the users and their fading gains. By applying these op-
timal power allocation strategies, we have also obtained the av-
erage power regions that can support a rate vector with a given
common outage probability or a given outage probability vector
for the M users. When there are additional peak power con-
straints, the optimal power allocation for the M users in each
fading state can be obtained through a greedy algorithm, though
in general it cannot be achieved by successive decoding.

APPENDIX

A. Proof of Proposition 3.1

We prove (7) by showing that for every fully random power
policy P24 satisfying the power constraint vector P, there ex-
ists an equivalent power policy P with cardinality two in each
fading state that achieves the same rate vector R using the same
or less power. Given an arbitrary random power policy Prand,
let Pr21d(h) denote the vector of random power allocation func-
tions in each fading state h € H,j;. We construct a new power
policy P of the form in (6) by defining a deterministic power al-
location function P(h) and a deterministic probability of trans-
mission function w(h) in each fading state as follows:

(73)
(74)

P(h) = E[P™(h)|R € Cuiac(h, P™" (h))]
w(h) = PT[R S CMAc<h7Prand(h))]

where the probability and expectation are computed over only
the randomization in each fading state (i.e., over f5"4(h)), and
not over the set of all fading states H,;;. Notice that in each
fading state h

E[P™(h)] = E[P™(h)|R € Cyiac(h, P"(h))]

- Pr[R € Cyac (h Prand(h»]

+ B[P ()[R ¢ Cyac(h, P (h)]

- PrR ¢ Cxac(h, PP (h))]

> P(h)w(h)
where, again, the probabilities and expectations are computed
over only the randomization in each fading state (i.e., over
;,a“d(h)) and not over the set H.;. Therefore,

E[P(h)w(h)] < E[P™(h)].

Next, notice that if Q' and Q" are arbitrary power vectors sat-
isfying R € Cyiac(h, Q') and R € Cyac(h, @), then due to
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the concavity of the log function in the definition of Cypac (b, P)
in (3), we have

R e Cyac(h,aQ" + (1 — )Q")

for any @ € [0, 1]. Since P(h) is defined as the conditional ex-
pected value of P24 (h) on the set of power vectors for which
R is admissible, the same argument yields R € Cyiac (b, P(h))
for any fading state with w(h) > 0. In addition, it is clear that

E[w(h)] = Pr[R € Cyac(h, P (h))].

Therefore, the power policy P, which is of cardinality two in
each fading state, uses no more power than the power policy
Prand and achieves R with the same probability.

B. Proof of Proposition 3.2

1. We first prove that, for any given rate vector R, if

P
R € Czero <m7 Htran)

and E[w(h)] = 1 — Pr, then R € Coui(P, Pr).

By the definition of zero-outage capacity in [6, The-
orem 2.3], arate vector R is in CZCK,(%7 Hiyan) if and
only if there exists a deterministic power allocation func-
tion Q(h) (h € Hiran) that meets the power constraint

/' Q(h)g(h) dh < P/(1 - Pr)
JhEH tran

and satisfies R € Cyvac(h,Q(h)), V h € Hipan. We
can easily map from any such power allocation policy
to one of the form P defined in (6) by letting P(h) =
Q(h) (V h € Hiran) and using the same w(h). Since
w(h) = 0 for any b ¢ Hivan and E[w(h)] = 1 — Pr,
given the true PDF p(h) of the fading state h (h € H.y)
and the new PDF g(h) as defined in (10), we have

/;. _, PByu(h)p(h) db
_ / Qh) (W) E[w(h) dh <P (75
hE€Hiran

which implies that the power constraint of (8) in Proposi-
tion 3.1 is satisfied. In addition, R € Cyiac(h, P(h)) for
all h € Hyypan. Therefore, according to Proposition 3.1, it
is obvious that R € Cous (f, Pr).

2. Next, we prove that, for any given rate vector R, if R €
Cout (P, Pr) then there exists a power policy P such that

E[w(h)] = 1 — Pr and
P Htran) .

R € Czero <m7

From Proposition 3.1, itis clear that if R € Coy (P, Pr), then
there exists a power policy P such that E[w(h)] > 1 — Pr and

E[P(hyw(h) < P.
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If E[w(h)] =1 — Pr,weletQ(h) = P(h),V h € Han, and
it can be similarly shown as above that

/' Q(h)g(h) dh < P/(1 - Pr).
hE€Hran

Therefore, since R € Cyiac(h,Q(h)),V h € {h : w(h) > 0},
we have

P
R Czero a—— ran | -
< (1 — Pr’ He )

In the case where E[w(h)] > 1 — Pr, we construct a new
power policy by keeping the power allocation function P(h)
unchanged while scaling down w(h) in each fading state
h € Hivan with a positive factor @ (0 < « < 1) such that
EJaw(h)] = 1 — Pr. Under this new power policy, obviously
Hiran remains the same, and the power constraint is still
satisfied and, in addition, it still holds that

R e Cyac(h,P(h)), Vhe{h:wh)>o0}.
Therefore, given this new power policy, it can be similarly
shown as above that

P
R € Czcro (m, Htran) .

Note that now the new PDF of h € Hywn is g(h) =
cw(h)p(h)/(1 - Pr).

Combining the proofs in the above two items, we conclude
that Proposition 3.2 is true.

C. Proof of Proposition 3.3

We prove (17) by showing that for every fully random power
policy P24 satisfying the power constraint vector P and the
outage probability constraint vector Pr, there exists an equiva-
lent power policy P! with cardinality 2™ in each fading state
that achieves the same rate vector R using the same or less
power. Given such a random power policy P, let Pra"d(h)
denote the vector of random power allocation functions in each
fading state b € H,n, and let R (h, P#*(h)) denote the corre-
sponding rate allocation function vector that satisfies the outage
probability constraints of the M users. In addition, let Ay, 5, de-
note the corresponding event that only users in the kth subset
S (k = 0,...,2™ — 1) are transmitting at their designated
rates (or higher rates) in fading state h, and no other users are.
That is,

Apg = {R(h,Pra“d(h)) > ¥(k)R and
R(h, P*"4(h)) < ¥(j)R, ¥V j > k such that S; D Sk}.

We construct a new power policy P! of the form in (16) by
defining a deterministic power allocation function P(h, k) and



LI et al.: OUTAGE CAPACITIES AND OPTIMAL POWER ALLOCATION FOR FADING MULTIPLE-ACCESS CHANNELS

a deterministic probability of transmission function w(h, k) for
the kth subset of users in each fading state as follows:

P(h, k) = B[ (k)P™"!(h)| Ap,]
w(h, k‘) = P’I"[.Ah,k]

(76)
(77)

where the expectation and probability are computed over only
the randomization in each fading state, and not over the set of
all fading states H,;. It is obvious that Ziigl w(h,k) =1
P;(h,k) = 0 for any i ¢ S, and P(h,0) = 0 since ¥(0) =
Notice that in each fading state h

E[P™(h)] = Z E[P™(h)| Ap t] - Pr[An]
> Z_ P(h. k)w(h, k)

k=0

where, again, the probabilities and expectations are computed
over only the randomization in each fading state and not over
the set H_.11. Therefore,

oM _1

> P(h.kyw(h

Furthermore, by the same argument used as in the proof of
Proposition 3.1, it is straightforward to show that (k)R €
Cuac(h, P(h,k)) for any fading state with w(h,k) > 0,
k= 1,...,2M — 1. Since ¥(k)P(h,k) = P(h,k), we
have ¥(5)R ¢ Cmac(h,P(h,k)), ¥V j > k such that
S; D Sk. Therefore, for any fading state with w(h,k) > 0
k= ,2M _ 1, there exists a corresponding rate allocation
function vector R(h,P(h,k)) € Crniac(h, P(h, k)) satisfying

R(h,P(h,k)) > ¥(k)R

k)| < B[PT™(R)].

and
R(h,P(h,k)) < ¥(j)R

V 7 > k such that S; D Sj. The resulting average probability
of transmission for each user ¢ with a rate no smaller than R; is

21\4_1 2]\/1_1
E | > wh,k)p(k,i)| = > PriAni(k,i)
k=1 k=1
= Pr [Ri(h, P™"(h)) > R;]
>1—Pr;, Vi=1,...,M.

In conclusion, the power policy P!, which is of cardinality 2

in each fading state, uses no more power than the power policy
Prand and achieves R with the same set of probabilities.

D. Proof of Proposition 3.4

For a given power policy P! : h— {P(h, k), w(h,k)}, 2" _1
satisfying PT € FT as defined in Proposition 3.3, in order to
prove (21), we first show that, for any given rate vector R, if

U(k)Re () Cuac(h.P(h.k)), Vk=1,...,2"-1
{h:w(h,k)>0}
then ‘Il(k)R € CZETO(A(k)7 Htran(k)), Vk= 1, ey 2]\1 — 1.
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By the definition of zero-outage capacity in [6, Theorem 2.3],
a rate vector ¥(k)R is in Cpero(A(K), Hiran(k)) if and only if
there exists a deferministic power allocation function Q(h) (h €
Hiran(k)) that meets the power constraint

/ Q(h)g(h. k) dh < A(K)
h€H ran (k)

and satisfies
\Il(k)R € CMAC(h’7 Q(h‘)) Vh € Htran(k)~
It is obvious that, by simply letting Q(h) = P(h,k),V h €
Hiran(k), these conditions are all satisfied.
Next we show that, for any given rate vector R, if

U(k)R € Crero(A(k), Hiran(k)),  Vhk=1,...,2M
then there exists another power policy with the same set of prob-
ability functions {w(h, k)} 24 _1 and a different set of determin-

istic power allocation functlons {B(h,k)}; 2 .
power constraint P and satisfies

¥(k)Re () Cuac(h,B(h,k)),

{h:w(h,k)>0}

-1

that meets the

V=1 oM _ 1. (78)

Specifically, since
Y (k)R € Crero(A(k), Hiran(k)), Vk=1,...,21

there exists a deterministic power allocation function Q(h)
(h € Hiran(k)) that satisfies

/ Q(h)g(h. k) dh < A(k)
hEH tran (k)

and ¥(k)R € Cyac(h,Q(h)), V h € Hian(k). By letting
B(h,k) = Q(h) (h € Hivan(k)), itis clear that (78) is satisfied.
In addition

E[B(h, k)w(h, k)] = /

hEHran (k)
< Efw(h. k)] A(k)
= E[P(h, k)w(h, k).

-1

Q(h)w(h, k)p(h) dh

Therefore,
2M_q 2M _q .
> E[B(h.k)ywh, k)] < Y E[P(h,k)w(h, k)] < P
k=0 k=0

According to Proposition 3.3, we have R € C,y (ﬁ7 Pr) and
(21) holds.

Finally, we show that (22) is the equivalent expression of (21).
Since

Ezcro(A(k)7 H"an(k)) =

we have

{R: ¥(k)RECpero(A(k), Hiran(k))}

U(k)R € Crero A(k), Huran(K)), VY =1,...,2 —1
c>12egzero(}l(k)7,’-ltran(k))a Vk= 1,...721\[ —1
2M 1
<:>R € ﬂ EZCYO(A(k)thran(k))~
k=1

Therefore, (21) and (22) are equivalent expressions.
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E. Proof of Lemma 5.1

In the following, we prove that the set Qc(R) defined in
(27) is convex. For a given rate vector R, consider two points
(Pr""(l)7ﬁ<1)) and (PTO"(Z),?(Q)) in Qc(R). By Proposi-
tion 3.1, there must exist power allocation functions P™)(h)
and P®)(h) and probability of transmission functions w (") (h)
and w(? (h) such that

Pron® = gy [w(h)],

i=1,2 (79)

and

PY =B [ mPOm)], =12 @80

with R € Cyac(h, PM)(h)) for all h satisfying w( (h) > 0

and R € Cyiac(h, P?)(h)) for all h satisfying w(? (h) > 0.
We must show that

(aPT""(l) +(1—a)Pro?), oP" +(1 —a)l_’(z)) €9c(R)

for any « € [0, 1]. In order to do so, we define a random power
allocation function P24 (h) (V h € H,y) as shown in (81) at
the bottom of the page. Then obviously the resulting average
common usage probability is

Pr[R € Cyac(h, P (h))]

=k

aw®(h) + (1 — a)w@)(h)]
= aPro*® 4 (1 — a)Pron®

and the average transmit power is given by

E[P™(h)] = E | aw™ (h)PM (h)

+(1— a)w(Z)(h)P(Q)(h)]

—oP" + (1 - )P?,

Therefore, we have

52

(aPrem® 4 (1-a) Pron®, oPV 4 (1-a)P )€ Qc(R)

which implies that the set Q¢ is convex.

F. Description of Ellipsoid Algorithm

For differential functions, the ellipsoid algorithm works by
taking the gradient of the function g() and thereby eliminating
portions of the domain that cannot contain the optimal solution.
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By the definition of convexity, any differential convex function
f(z) satisfies

f(x) > f(zo) + Vf(zo)(z — 20)" (82)

where z and ¢ represent vectors here. Therefore, for any x sat-
isfying V f(z0)(z — 29)T > 0 we have f(z) > f(zo). Given
some point z in the domain of f, by evaluating V f(z() we
can eliminate a halfspace in our search for the minimizing z*.
The ellipsoid algorithm is based on the idea of continually elim-
inating a halfspace of the domain. If f(z) is nondifferentiable,
however, we cannot evaluate the gradient of the function. We
can, however, eliminate a halfspace by finding a subgradient of
the function f. The vector s is a subgradient of f at x if

fy) 2 f(@) + sy —2)", Yy (83)
Fortunately, continuous convex functions are subdifferentiable
at all points in the domain of f. As long as we are able to find a
subgradient at any point in the domain of our function, we are
able to use the ellipsoid algorithm for nondifferentiable func-
tions.

Since g¢(A) is the supremum of the Lagrangian
L(P(h),w(h), ), which is an affine function of A, we are
easily able to find a subgradient for g(A). For any given
Ao, let us denote the corresponding optimum probability of
transmission function and the power allocation function by
w*(h, Ao) and P*(h, Ag), respectively. Here we write them as
explicit functions of Ag because they depend on the Lagrangian
multipliers. Consider the derivative of L'(P(h),w(h),A) with
respect to A

(%L’(P(h), w(h),A) = —(En[w(h)P(h)] - P).

Due to the affine nature of L/, this implies that for all A satisfying

(84)

(Ep[w*(h,Xo)P*(h,Xo)] — 13)(/\ — AO)T <0
we have

L/(P*(h. Mo}, w* (b Ao), ) > L'(P*(h, Ao), w* (k. Ao). Ao).
Since g(A) is defined as the supremum of the Lagrangian, this
implies g(A) > g(Ag). Thus,

s=P— Eplw*(h,Ao)P*(h, )]

is a subgradient of g(\) at Ag, which allows us to then eliminate
a halfspace of the domain of A, further narrowing our search for
the optimal Lagrangian multipliers. Notice that the subgradient
is equal to the difference between the average power constraint
vector and the average transmit power vector corresponding to
the optimal power policy with the given power price vector.

Prand (h) —

s~

(1)(’7') with prob. aw(l)(h)
@) (h)  with prob. (1 — a)w® (h)
with prob. 1 — aw®(h) — (1 — a)u® (h).

81
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There are, in fact, a number of different algorithms to
minimize nondifferentiable convex functions [15], [17]. Here
we propose the ellipsoid algorithm to find the vector of op-
timal Lagrangian multipliers. The ellipsoid algorithm is not
necessarily the fastest algorithm, but it is simple to use and
describe. Readers interested in finding algorithms with better
convergence properties can see [15], [17].

In the ellipsoid algorithm, we first find an ellipsoid in which
the optimal Lagrangian multiplier vector A*must lie. We then
take the subgradient at the center of this feasible ellipsoid to
rule out a halfspace. We then consider the minimum volume el-
lipsoid covering the previous feasible ellipsoid intersected with
the feasible halfspace (determined by the subgradient), and find
a subgradient at the center of the new ellipsoid. If the center of
the feasible ellipsoid is not nonnegative (i.e., some component
of A is negative), then it is easy to show that the vector 8 with
s; = —1 for all 7 such that \; < 0 and s; = 0 for all other
components is a subgradient.

Before describing the ellipsoid algorithm in detail, we first
find a polyhedron in which A* must lie by individually bounding
A; for each user . We do this by finding a subgradient for A =
(0,...,¢,...,0) (e., \; = cand \; = 0,V j # 7) where ¢
is some positive constant. Consider the optimal w*(h, X) and
P*(h,\) for this A. Due to the structure of A and the optimum
decoding order described in (34), User ¢ is decoded last in all
fading states. Therefore User ¢ experiences no interference and

o2

h;
In addition, w*(h, X) = 1 only in states for which cP7(h, A) <
1. Therefore, if we let ¢ — oo, we see that w*(h, X) will be zero

in almost all fading states, and for sufficiently large ¢ we have
En|w*(h,X)P}(h,\)] < P;. This implies that

s=(0,....P; — EpJw*(h, A\)P*(h,N)],....0)

Pr(h,A) (R —1),  VheHa.

is a subgradient of g(A). Thus, g(A) can only increase if A; is
increased beyond ¢, which implies A} < c. By repeating this
procedure for all M users, we will find that 0 < A* < e, where
¢ is a positive vector.

Next we briefly describe the ellipsoid algorithm [15]. We de-
fine an ellipsoid B by

Bz, A) = {A: A—2)A A —2)T <1}

foran M x M positive-definite matrix A and an M -dimensional
vector - (which is the center of the ellipse). Given the minimum
volume ellipsoid covering the initial polyhedron 0 < A < ¢ and
defining A(®) as the center of this ellipsoid, the algorithm is as
follows:

1. Find a subgradient at A(%):
s = P — Epfw* (b, \®)P* (b, A®)]

where P*(h, A(*)) and w*(h, A(*)) are given by (33) and
(36), respectively.

2. Find the minimum volume ellipsoid
B, A (A : s(A — AFNT < 0}:

et (1)

covering

Ak — Z(R) _
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Ay _ M <A<k> _ Lmk)ngA(k))
M2 -1 M+1

where
8

Ve A+ T’

3. Increase k by 1 and return to Step 1.

8§ =

This method can be repeated indefinitely until the desired ac-
curacy is reached. At each step, the volume of the feasible ellip-
soid is reduced by at least the factor e='/(?M) which implies
that the volume of the feasible ellipsoid goes to zero. Together
with a Lipschitz condition on the objective function (which is
implied by the convexity of g(A) [18]), convergence to the op-
timal A* can be shown. Details of the algorithm and convergence
proofs are available in [15, Lecture 14].

G. Extreme Points of Average Power Region for Common
Outage

In this section, we describe how to find the extreme points
of APV,u(Pr*,R). As mentioned in Section V-E, we
consider more general decoding orders by giving absolute
decoding order priority (i.e., priority in all fading states) to
certain groups of users. Specifically, let £ denote a partition
of G £ {1,2,...,M} into N subsets (G1,...,Gx), which
implies G = Uf\;l Giand G, NG; = Qfori # j.In
every fading state h, users in the subset Gy are decoded first,
followed by the users in G _1, up to the final subset G;. The
successive decoding order within each subset G; is determined
by (Ak)keq, as before (according to (34)). With this method,
the users in set (G experience no interference from users in the
other groups. However, the users in set G5 are decoded before
the users in G; and, thus, the users in (G; provide interference
to them. Similarly, the users in set G5 see the users in G
and G as interference. Interestingly, if powers are allocated
according to (33), the total interference created by the users in
any set (G; is independent of the deCOdi% order used within

that subset (i.e., ZjeG, hjP;(h) = 022 24ice: ™ from (33)).
Therefore, (Ax)rec, is used to determine the decoding order of
users in G;. If £ = {G}, then all the M users are of the same
priority and their decoding order is then determined by the
power price vector A completely. Therefore, a decoding order
determined by (A, £) with £ # {G} is different from any of the
orders determined by (A, £) with £ = {G}, and (A, £) can be
viewed as the power allocation parameter pair that describes
all possible decoding orders. For every possible partition £,
a different surface is parameterized by the power price vector
A. Thus, by considering every power price vector (with sum
equal to one) for every partition, we can fully characterize the
extreme points of APVo,(Pr*, R).

We now show how to find the extreme point corresponding to
a given partition £ and a given power price vector A. Note that
the whole set of extreme points resulting from the partition £
correspond to points which are on the boundary of the average
power region (for the given common outage probability) of the
users in subset G in the absence of all other users. Given the
partition £ and the A, the problem is thus to minimize A& - P¢1
i.e., to minimize the weighted-sum power used by the users in
(1. This ensures that the average power used by the users in
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G will be on the boundary of the average power region of the
users in (G1. Given that this has been accomplished, the sec-
ondary goal is to minimize A“2 - P2, followed by A¢? . P93,
and so on. Since we are first concerned with the users in set G
and since the users of (G; experience no interference from users
of other subsets, we determine the outage states by only consid-
ering the users in (1. If we did otherwise, the users in G; would
not necessarily be able to achieve a point on the average power
region of the users in GG;. Following the earlier arguments in
this section, the transmit power is allocated to users in GGy ac-
cording to (85) at the bottom of the page, where |G| denotes
the number of users in set G; and the permutation ¢, (-) of the
|G| users satisfies

Are Ares Aro
G, (1) > G, (2) >...> (,1(|G1|). (86)
heey (1) ~ hre, (@) haa, (1G11)
As before, the optimum choice of w(h) is
1L @) PR <
w(h) = {07 AGD) . PG(B) > s (87)

where the Lagrangian multiplier s* is chosen such that
En[w(h)] = 1 — Pr*. Since the outage states have been
determined, all that is left to do is to allocate power to
users in the lower priority groups. Since the users in group
G; (Vj=2,...,N) will see users in groups G1,...,G,_1 as
interference, the optimum power allocation function for each
user in G5 is as shown in (88) at the bottom of the page, where
|G'j| denotes the number of users in set G; and the permutation
mq; (+) of the |G| users satisfies

Arg, Ara . (G,
5@ o 5 MreGiD

Ara; (1) .
= g5

hea,(1) — Pro,(2)

The corresponding average power vector is

P = Ex[w(h)P(h)] (89)
where P(h) is defined in (85) and (88) and w(h) is defined in
(87).
H. Proof of Lemma 6.1

In the following, we prove that the set Q;(R) defined in
(27) is convex. This is a straightforward generalization of the
proof in Part E of the Appendix. For a given rate vector R, con-

sider two points (Pr""“),f(l)) and (P'r""(z),ﬁ(z)) in Q7 (R).
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By Proposition 3.3, there must exist power allocation functions
P (h, k) and P® (h, k) and probability of transmission func-
tions w( (h, k) and w® (h, k) such that

2M 1
Pron) = 3 E[w@(h k)\Il(k)}, i=1,2 (90)
k=1
L oM _1
PV —E S PO kWD (h k)|, i=12 O
k=1

with ¥ (k)R € Cyrac(h, POV (b, k)) for all b : w™ (b, k) >
and ¥(k)R € Cypac(h, P P )(h k)) for all h : w(z)(h, k) > 0,
Vk=1,...2M 1.

We must show that

<aPr°"(1)—|—(1—Oé)P’I'on(2),Oéﬁ(l)'i_(l_ ) ( )> S QI( )

for any « € [0, 1]. In order to do so, we define a random power
allocation function

P k) (Vhe Ha,Vh=1,...,2% — 1)

as shown in (92) at the bottom of the page. Clearly, the resulting
average transmission probability for eachuseri (¢ = 1,..., M)
is

2M_q

aBp | > wh(hk)p(k,i)

k=1

2M _1

+(1-a)B | Y w®

k=1

= aPr,Em(l) +(1- oz)Pr;m(z)

and the average transmit power vector is given by

oM _q
EP*h)]=E|a Y wh(h kP (h k)
k=1
2M_1
+(1-a) Y w(z)(h,k)P(z)(h,k)]
k=1
—oP" +(1- a)p(z)

Therefore, we have

(aPron®)+ (1-a)Pron®, aP +(1—a)13(2)) € Q(R)

TG (

P,y (h) =

G, (1)

. o2 . [exp(2R.,,G1(1)) — 1} ,
h:Q _ [exp (2 qu;::l chl(k)) — exp (2 E;;ll

ifi=1

Rm(k))] , V2<i <Gy (85)

h(r—) " exXp (2 Zke(;l,...,(;j,1 Rk) ) [eXP(2Rij(1)) -

1}7 ifi=1

Ta. (1
PWG-(i)(h) = Gi i - .
: 2 oxb (2 kea 0, Be) [o50 (280t Bro, ) = exp (25004 Beg, )]+ V20 <16
' (88)
PO (h, k)  with prob. aw™ (h, k)
P(h) = PO(h,k) with prob. (1 — a)w® (h, k) (92)

0 with prob. aw<1)(h 0)+(1- Oé)w(z)(h 0).
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which implies that the set Qr(R) is convex. Furthermore,
this also implies that the individual usage probability region
O (P, R) is convex.

1. Extreme Points of Usage Probability Region for Individual
Outage

In this section, we describe how to characterize the extreme
points of the usage probability region for individual outage. As
discussed in Section VI-D, we consider a partition of G =
{1,..., M} and we successively decode users in set G y first,
followed by the users in Gx_1, and so on. Since users in G;
are given absolute priority over users in G; for ¢ < j and
users in (G; are given the highest priority, for each given vector
pu € RY . we can first derive the outage probability subvector
PrSY) for users in set (1 as if users in all other sets were
nonexistent. This is necessary to ensure that the usage proba-
bilities of the users in set G; are on the boundary surface of the
usage probability region of the users in Gy. For j > 2, once
the optimal power allocation for users in Uj<;<;—1G; is deter-
mined, the outage probability subvector Pr©) for users in set
G can be derived as if users in U;;1<;<nG; were nonexis-
tent and the signals from users in Uy <;< ;1 G; were background
noise. Note that subvector Pr{®) (1 < j < N) is a regular
point on the boundary surface of the outage probability region
o I(F*(Gj) , R(G3)) for the users in set G (treating signals from
users in Uj<,;<;—1G; as background noise). Since we have al-
ready shown how to obtain a regular point on the boundary
surface of region OI(?*,R) for an M -user system, the reg-
ular point Pr(%") of region O; (ﬁ*(Gj)7 R(G) for a
system can be similarly derived.

Therefore, for each given pair (g, £) with £ # {G}, we can
obtain the corresponding boundary outage probability vector
of region O I(P*, R). Such boundary vectors are the extreme
points on the boundary surface of region O I(P*7R), and we
can obtain all extreme points explicitly by varying (s, £) with
p € RY and £ # {G}.

Gj|-user

J. Extreme Points of Average Power Region for Individual
Outage

In this section, we characterize the extreme points of the av-
erage power region with individual outage. As before, consider
the case where subsets of users are given absolute priority over
other subsets of users in every fading state. We let £ represent
a partition of G = {1,..., M} and we consider successively
decoding users in set G first, followed by the users in Gy _1,
and so on. Since users in G; are given absolute priority over
users in G; for ¢« < j and users in G; are given the highest
priority, for each given power price vector A € R}, we can

first derive the average transmit power subvector ?(Gl) for
users in set GG; as if users in all other sets were nonexistent.
This ensures that the average power used by the users in G
will be on the boundary of the average power region of the
users in GG;. For j > 2, once the optimal power allocation for
users in Ui <;<;j—1G, is determined, the average transmit power

-(G7) . . .
subvector P*’ for users in set G ; can be derived as if users
in Uj41<i;<nG; were nonexistent and the signals from users
in Uj<;<;j—1G; were background noise. Note that subvector

P (1 < j < N) is aregular point on the boundary surface
of the average power region APV (P'r*(Gj)7 R(G5)) for the
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users in set G; (treating signals from users in Uj<;<;—1G;
as background noise). Since we have already shown how
to obtain a regular point on the boundary surface of region
APV, (Pr*,R) for an M-user system, the regular point
P of region APV, (Pr*<Gj)7R(Gj)) for a |Gj|-user
system can be similarly derived.

Therefore, for each given pair (A, £) with £ # {G}, we can
obtain the corresponding boundary average power vector. Such
boundary vectors are the extreme points on the boundary sur-
face of APV, (Pr”, R), and we can obtain all extreme points
explicitly by varying (X, £) with A € R} and £ # {G}.

ACKNOWLEDGMENT

The authors wish to thank the Associate Editor, Shlomo
Shamai, and the anonymous reviewers for their very helpful
suggestions and comments, which greatly improved the quality
of the manuscript.

REFERENCES

[1] A.J. Goldsmith and P. P. Varaiya, “Capacity of fading channels with
channel side information,” IEEE Trans. Inf. Theory, vol. 43, no. 6, pp.
1986-1992, Nov. 1997.

[2] D. N.C. Tse and S. V. Hanly, “Multiple-access fading channels: Part
I: Polymatroidal structure, optimal resource allocation and throughput
capacities,” IEEE Trans. Inf. Theory, vol. 44, no. 7, pp. 2796-2815, Nov.
1998.

[3] L. Li and A. J. Goldsmith, “Capacity and optimal resource allocation
for fading broadcast channels: Part I: Ergodic capacity,” IEEE Trans.
Inf. Theory, vol. 47, no. 3, pp. 1083-1102, Mar. 2001.

[4] W.Yu, W. Rhee, and J. Cioffi, “Optimal power control in multiple access
fading channels with multiple antennas,” in Proc. Int. Conf. Communi-
cations (ICC’01), vol. 2, Helsinki, Finland, Jun. 2001, pp. 575-579.

[5] W. Yuand W. Rhee, “Degrees of freedom in multi-user spatial multiplex
systems with multiple antennas,” IEEE Trans. Commun., submitted for
publication.

[6] S.V.Hanly and D. N. C. Tse, “Multiple-access fading channels: Part II:
Delay-limited capacities,” IEEE Trans. Inf. Theory, vol. 44, no. 7, pp.
28162831, Nov. 1998.

[7] L. Li and A. J. Goldsmith, “Capacity and optimal resource allocation
for fading broadcast channels: Part II: Outage capacity,” IEEE Trans.
Inf. Theory, vol. 47, no. 3, pp. 1103-1127, Mar. 2001.

[8] G. Caire, G. Taricco, and E. Biglieri, “Optimum power control over
fading channels,” IEEE Trans. Inform. Theory, vol. 45, no. 5, pp.
1468-1489, Jul. 1999.

[9] J.Luo, L. Lin, R. Yates, and P. Spasojevic, “Service outage based power
and rate allocation,” IEEE Trans. Inf. Theory, vol. 49, no. 1, pp. 323-330,
Jan. 2003.

[10] J. Luo, R. Yates, and P. Spasojevic, “Service outage based power and
rate allocation for parallel fading channels,” in Proc. IEEE Global Com-
muications. Conf. (GLOBECOM’03), vol. 2, San Francisco, CA, Dec.
2003, pp. 1003-1007.

[11] N. Jindal and A. Goldsmith, “Capacity and optimal power allocation
for fading broadcast channels with minimum rates,” IEEE Trans. Inf.
Theory, vol. 49, no. 11, pp. 2895-2909, Nov. 2003.

[12] C. Ng and A. Goldsmith, “Capacity of fading broadcast channels with

rate constraints,” in Proc. 42nd Allerton Conf. Communication, Control,

and Computing, Monticello, IL, Oct. 2004.

(2004, Oct.) NIST/SEMATECH e-Handbook of Statistical Methods.

[Online] Available: http://www.itl.nist.gov/div898/handbook/eda/sec-

tion3/eda361.htm

S. Verdid and T. S. Han, “A general formula for channel capacity,” IEEE

Trans. Inf. Theory, vol. 40, no. 4, pp. 1147-1157, Jul. 1994.

S. Boyd and L. Vandenberghe. (2001) Introduction to Convex Optimiza-

tion With Engineering Applications. Course Reader. [Online]. Available:

http://www.stanford.edu/class/ee364/

[16] N.lJindal, S. Vishwanath, and A. Goldsmith, “On the duality of Gaussian
multiple-access and broadcast channels,” IEEE Trans. Inf. Theory, vol.
50, no. 5, pp. 768783, May 2004.

[17] D. Bertsekas, Nonlinear Programming. Belmont, MA: Athena Scien-
tific, 1995.

[18] R.Rockafellar, Convex Analysis.
1970.

[13]

[14]

[15]

Princeton, NJ: Princeton Univ. Press,



	toc
	Outage Capacities and Optimal Power Allocation for Fading Multip
	Lifang Li, Nihar Jindal, Member, IEEE, and Andrea Goldsmith, Fel
	I. I NTRODUCTION
	II. T HE F ADING M ULTIPLE -A CCESS C HANNEL (MAC)
	III. O UTAGE C APACITY R EGIONS
	A. Common Outage Capacity Region
	Definition 3.1: A rate vector $\mmb{ R}$ is in the common outage
	Proposition 3.1: $${\cal C}_{\rm out}({\overline { \mmb{ P} }}, 
	Proof: See Part A of the Appendix . $\hfill\square$

	Proposition 3.2: The common outage capacity region defined in De
	Proof: See Part B of the Appendix . $\hfill\square$


	B. Individual Outage Capacity Region
	Definition 3.2: A rate vector $\mmb{ R}$ is in the individual ou
	Proposition 3.3: $$\displaylines {{\cal C}_{\rm out}({\overline 
	Proof: See Part C of the Appendix . $% \hfill\square$

	Proposition 3.4: The individual outage capacity region defined i
	Proof: See Part D of the Appendix . $\hfill\square$


	C. Boundary Characterization
	Definition 3.3: The boundary surface of ${\cal C}_{\rm out}({\ov

	D. Operational Meaning of Outage Capacity

	IV. O UTAGE P ROBABILITY R EGION
	Definition 4.1: The outage probability $Pr$ is in the common out
	Definition 4.2: The usage probability $Pr^{\rm on}$ is in the co
	Definition 4.3: The minimum common outage probability $Pr_{\min}
	Proposition 4.1: The common usage probability set is equivalentl
	Proof: The usage probability $Pr^{\rm on}$ is in the common usag

	Definition 4.4: The outage probability vector $\mmb{ Pr}$ is in 
	Definition 4.5: The usage probability vector $\mmb{ {Pr}^{\rm on
	Proposition 4.2: The independent usage probability set is equiva
	Proof: The usage probability vector $\mmb{ {Pr}^{\rm on}}$ is in



	Fig. 1. Outage capacity region and usage probability region.
	V. C OMMON O UTAGE C APACITY
	A. Minimum Common Outage Probability
	Lemma 5.1: The set ${\cal Q}_{C}(\mmb{ R})$ is convex.
	Proof: Convexity of the set is proven using a time-sharing argum


	B. Common Outage Transmission Policy
	C. Optimal Lagrangian Multipliers


	Fig. 2. Power region.
	D. Average Power Region
	E. Extreme Points
	VI. I NDIVIDUAL O UTAGE C APACITY
	A. Outage Probability Region
	Lemma 6.1: Both the usage probability region ${\overline {\cal O
	Proof: Convexity is proven using a time-sharing argument. See Pa


	B. Individual Outage Transmission Policy
	C. Optimal Lagrangian Multipliers


	Fig. 3. Three-user usage probability region.
	D. Extreme Points
	E. Average Power Region
	VII. M ULTIPLE -A CCESS AND B ROADCAST C HANNEL D UALITY
	VIII. A UXILIARY C ONSTRAINTS ON T RANSMIT P OWER
	IX. C ONCLUSION
	A. Proof of Proposition 3.1
	B. Proof of Proposition 3.2
	C. Proof of Proposition 3.3
	D. Proof of Proposition 3.4
	E. Proof of Lemma 5.1
	F. Description of Ellipsoid Algorithm
	G. Extreme Points of Average Power Region for Common Outage
	H. Proof of Lemma 6.1
	I. Extreme Points of Usage Probability Region for Individual Out
	J. Extreme Points of Average Power Region for Individual Outage

	A. J. Goldsmith and P. P. Varaiya, Capacity of fading channels w
	D. N.C. Tse and S. V. Hanly, Multiple-access fading channels: Pa
	L. Li and A. J. Goldsmith, Capacity and optimal resource allocat
	W. Yu, W. Rhee, and J. Cioffi, Optimal power control in multiple
	W. Yu and W. Rhee, Degrees of freedom in multi-user spatial mult
	S. V. Hanly and D. N. C. Tse, Multiple-access fading channels: P
	L. Li and A. J. Goldsmith, Capacity and optimal resource allocat
	G. Caire, G. Taricco, and E. Biglieri, Optimum power control ove
	J. Luo, L. Lin, R. Yates, and P. Spasojevic, Service outage base
	J. Luo, R. Yates, and P. Spasojevic, Service outage based power 
	N. Jindal and A. Goldsmith, Capacity and optimal power allocatio
	C. Ng and A. Goldsmith, Capacity of fading broadcast channels wi

	(2004, Oct.) NIST/SEMATECH e-Handbook of Statistical Methods . [
	S. Verdú and T. S. Han, A general formula for channel capacity, 
	S. Boyd and L. Vandenberghe . (2001) Introduction to Convex Opti
	N. Jindal, S. Vishwanath, and A. Goldsmith, On the duality of Ga
	D. Bertsekas, Nonlinear Programming . Belmont, MA: Athena Scient
	R. Rockafellar, Convex Analysis . Princeton, NJ: Princeton Univ.



