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Abstract— We consider a two transmitter two receiver channel
where independent data is sent on each communication link of the
system. We consider a three-link system, termed the “Z” channel,
in which one transmitter is connected to both receivers while
the other transmitter is only connected to one of the receivers.
Thus, the “Z” channel has a three dimensional capacity region.
We characterize the capacity region of a special class of degraded
“Z” channels and establish an achievable region for the Gaussian
“Z” channels. Finally, we use genie-aided techniques previously
used for the interference and broadcast channels to obtain an
outer bound for general “Z” channels.

I. INTRODUCTION

Historically, the study of information theory has been pri-
marily motivated by wireline systems and cellular systems.
Since interference channels are a common occurrence in such
systems, they have been the primary two transmit two receive
systems investigated in the past [1], [4], [5]. As the importance
of non-centralized (“ad-hoc”) wireless networks increases,
there are many new multiuser channel configurations that are
of increasing importance. In this paper, we define the two
transmitter, two-receiver “Z” channels that is relevant in the
ad-hoc wireless network scenario. We obtain the capacity re-
gion of the “Z” channel for the degraded, discrete-memoryless
“Z” channel and we establish an achievable region for a special
case of the Gaussian version of this channel. Lastly, we find
an outer bound on the capacity region of the general, non-
degraded “Z” channel.

II. SYSTEM MODEL

The “Z” channel has two transmitters, labeled 77 and 75,
and two receivers RR; and R,. The channel is characterized
by input alphabets X; x X, channel p.d.f.s p(y1|z1,22) and
p(y=2|x2), and output alphabets Y x Y5, where x1 and x5 are
transmitted from 77 and 7% respectively, and y; and y, are
received at the receivers Ry and Rs.

An ((2nfin onfizr onlez2) n) code for a two user chan-
nel consists of three sets of message indices i,j,k, i €
1,2,..., 200 51,2, 2 g e 1,2, ... 2nF22 two
encoding functions z7(i) and z%(j,k), and two decoding
functions (i,7) = ¢1(y?) and k = g2(y%). An error is made
if any of i # 14, j # j, or k # k.

The capacity region for this “Z” channel is a three dimen-
sional region, which contains the capacity region of the “Z”
interference channel, the broadcast channel and the multiple
access channel as some of its bounding planes. The “Z” chan-
nel is a special case of the “X” channel. In the “X” channel,
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Fig. 1. The “Z” Channel

a1 affects both y; and ys, and there is a message from 7} to
R corresponding to R». For simplicity, we consider only the
“Z” channel in this paper. Note that similar to the broadcast
channel, the capacity region of both the “X” and “Z” channels
depends only on the marginals p(y;|z1,z2) and p(yz|z2), and
not on the joint channel distribution p(y1, y2|z1, 2).

III. DEGRADED “Z” CHANNEL

We consider a discrete memoryless “Z” channel in which
the received signal at Ry is a degraded version of the received
signal at R;. This degraded condition must be satisfied for all
input distributions p(z1) at transmitter 1, i.e. for every p(z1),
p(y2|22) equals > p(yi|z2)p(yzly:) for some p(yaly:). We
term such a “Z” channel a degraded “Z” channel. For this
case, the capacity region is the closure of the convex hull of
all (R11, Ro1, Ra2) satisfying

R < I(X1;Y1]Xo)

Ry < I(Xo;M1|U, Xy) (D
Rii + Ry < I(Xy1, Xo;11|U)

Ryy < I(U;Ya).

for some distribution p(z1)p(u)p(x2|u). Achievability of this
region is described in Appendix A and the converse is pre-
sented in Appendix B.

The degraded nature of the channel allows R; to decode
the signal intended for Rs. Thus, the rates of transmission
to ; must lie in the multiple-access capacity region (given
the message for Ry, which is the auxiliary random variable
U) defined by p(y1|z1,22). The structure of these equations
is quite similar to the degraded broadcast channel capacity
region, but the channel corresponding to the stronger user (R1)
is a multiple-access channel instead of a single-user channel.
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As a special case, we can also obtain the capacity region
of the interference channel embedded in the degraded “Z”
channel as

R
Ra»

I(X1; V1] X2) 2

<
< I(X9;Ya).

for some distribution p(z1)p(x2). Again, the degraded nature
of the channel allows R; to decode the intended for R,. The
two pairs 717, Ry and T5, Re thus act as independent parallel
channels, with the resulting capacity region given by (2).

IV. GAUSSIAN “Z” CHANNEL

The “Z” channel can be simplified in the Gaussian case
and represented as in Figure 2 with power constraints P;
and P, on the two transmitters. When o > 1 + P;, the

nle(O,l)
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-
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Fig. 2. The Gaussian “Z” Channel

channel is degraded for Gaussian inputs. In this special case,
an achievable region can be obtained by using Gaussian inputs
and successive decoding at R,. Transmitter 2 generates two
independent Gaussian codebooks, one intended for R; with
average power 3P, and one intended for R with average
power (1—[3) P,. Transmitter 2 chooses a codeword from each
codebook and sends the sum of these codewords. Transmitter
1 generates one Gaussian codebook with average power P;.
Receiver 2 decodes its intended message while treating the
codeword intended for R; as noise. Due to the degraded nature
of the channel, R; can also decode the message intended for
Ry while treating all other signals as noise. Receiver 1 then
subtracts this message off, leaving a Gaussian multiple-access
channel from T; (with power P;) and 75 (with power 5P5).
The corresponding achievable region is:

Ry < C(P)
Ry < ClafPy)
Ri1 +Ro1 < C(P1 + OZ/BPQ)
(1- 5)P2)
R < C|———=
22 ~ < BPQ + 1 )

for 8 varying between 0 and 1.
Note that this region is simply that of (1) with Gaussian
inputs. The achievable region is a combination of a Gaussian
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Fig. 3. Achievable Region for the Gaussian “Z” channel

broadcast channel (between R, and Rgs) and a Gaussian
multiple-access channel (between Ri; and Ro1). When Ry =
0, the channel becomes a “Z” interference channel. The con-
ditions o > 1+ P; corresponds to the very strong interference
case. This is why both R;; and Ry, can simultaneously
achieve their single-user capacities (when 3 = 0).

The achievable region for a Gaussian “Z” channel with P} =
P, =1 and a = /3 is illustrated in Figure 3. The optimality
of Gaussian inputs is still an open problem. It can easily be
seen that « > 1 + P; is a necessary condition for the “Z”
channel to be degraded, but a sufficient condition is not yet
known.

V. GENIE AIDED OUTER BOUNDS FOR THE “Z” CHANNEL

Along the lines of the outer bounds for the interference
[8] and the broadcast channels [9], we can obtain genie
aided bounds for the non-degraded ‘“Z” channel. In this outer

Ry
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Fig. 4. The “Zypper”” Channel

bound, the channel output of receiver 2 y, is made available
to receiver 1, as seen in Figure 4. Thus, we obtain a new
“Z” channel (which we call the “Z,pe.” channel), where the
received word at receiver 1 is a vector [y; y»] while that at
receiver 2 is y2. The “Zyppe;” channel clearly is degraded for
every choice of p(x1). Thus, from our earlier results we know
that the capacity region of “Z,per” is given by the closure of
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the convex hull of:

Ry < I(X13Y|X3)

Ry < I(X;11,Ys|U, Xy)
Ri1+ Ry < I(X1, X2 Y1, Y2|U)

Ry < I(U;Y2).

over distributions p(z1)p(u)p(xs|u).

As mentioned earlier, the capacity region of the “Z” channel
depends only on the marginals and not on the joint distribution
of the channel p(y1,y2|x1,x2). However, the capacity region
of the “Zupper” channel depends on the joint distribution.
Thus, we can tighten this upper bound by minimizing over
all joint distributions while retaining the same marginals
p(y1|x1,22) and p(ys|ze). An achievable region for the
general “Z” channel can be constructed by extending the
arguments of Marton [6], [7], but we defer this to a later paper.

VI. CONCLUSION

In this paper we defined a new two transmit, two receive
channel - the “Z” channel. We find the capacity region of
the degraded ‘“Z” channel and we use this capacity region
to construct an outer bound to the general “Z” channel. We
also considered the Gaussian version of the Z channel and
established an achievable region which is a combination of
broadcast and multiple-access channel capacity regions.

APPENDIX
A. Achievability of (1)

Fix p(u)p(ws|u) and p(z1). Generate 2711 independent
codewords of length n, x7(wiy), according to p(x1), and
2nft22 independent codewords of length n, u? (ws2), according
to p(u). For each codeword u™ (wsz), generate 2”121 indepen-
dent codewords % (wa1, wae) according to p(za|u(waz)).

Decoding: Receiver 1 declares (w11, w1 ) to be the received
message if it, along with some W is the only set such that
(u™(Wag), xf (W11), 2% (a1, Wwaz), y7) is jointly typical.

Receiver 2 declares w9y was sent if there exists a unique
oo such that (u™(wa2), y%) is jointly typical.

Let us define the events:

Ey; {(U"(),Yy") € A7}
By = {(U"(),Y") € AT}
By = {(U"(), X3 (j,9), X7'(k),Y7") € A7}

As usual, we assume ¢ = j = k = 1 was sent. Similar to
the degraded broadcast channel achievability, Ras < I(U;Y3)
implies that the probability of error at receiver 2 goes to zero.
Notice that

P < P(B§y) + Y P(E) + Y P(E)
i£1 j£1
JrZP(Enm)Jr Z P(E11k)
k£l G£L kAL

since E'y;j, implies Ey;. The first term goes to zero by the
A.E.P. and from degradedness we have I(U;Y7) > I(U;Y2)
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for all p(x;), and thus the second term goes to zero. Thus,
we need to concentrate only on the events Fqq1x, E1151, and
Eq1i for j #1 and k # 1. Now,

P(Elllk) = P{(U”(l),X%’(l,1),X{l(k),Y1n) €AY
= Z p(a:’f)p(u",xg,y?)

(u™a} @8y ) EA

Q—H(H(Xl)+H(U7X2,Y1)—H(U~,X17X27Y1)—3€)

IN

2—nI(X1;Y1,X2,U)—3€

27711(X1;Y1|X2,U)736

Thus if R11 < I(Xl;Y1|X2, U), Zk#l P(Elllkr) — 0.
Similarly,

P(E1j1) P{(U™(1),X3(j,1), X{"(1),Y{") € A7

(un af o7,y EAL
9—n(H(X1,U,Y1)+H(X2|U)—H(U,X1,X2,Y1)—=5¢)

p(ay,u”, yr)p(zy |u”)

— 2777,(H(Y1|X1,U)+H(X2|X1,U)7H(Y1,X2|X17U)756)

27?7,[(X2§Y1‘X1,U)756

Thus if R21 < I(XQ, Y1|X1, U), Zj;él P(Elljl) — 0. Lastly,
we have

P(Enjk) P{(U™(1), X3 (5, 1), X{'(k), Y)") € AL
> p(at)p(zsu)p(u™, yt)
(u”,m{",mg’,y{”)eAgn)

9—n(H(X1)+H(X2|U)+H(U,Y1)—H(U,X1,X2,Y1)—5¢)

2771(H(X1,X2‘U)+H(Y1 |U)7H(X1,X2,Y1 |U)75E)

INIA

9—nl(X1,X2;Y1|U)—5¢

Thus if Ri1 4+ Ro < I(Xl,XQ;Y1|U),
> jz1kz1 P(Erijk) — 0. As usual, time-sharing allows for
achievability of the convex hull.

B. Converse for (1)

In this section we prove that the region given in (1) is the
actual capacity region for the “Z” channel where for all input
distributions p(x1) the output ys is a stochastically degraded
version of the output y;.

By Fano’s inequality we clearly have the following:

HWn|Y") < nen
H(W21|Y1") < neg
H(WalY3") < neao.

We first bound R;; using the same argument as used in the
MAC converse proof. Following the MAC converse proof in
[2, p. 400] where we replace Xo(Ws) with Xo(Waa, Wa1),
we get

nRi < ZI(X11;Y1¢|X2¢) + nerp
i=1
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We bound Ry; + Ro; by Note that I(Ws1;Y") can be bounded above by

I(Wap; YT W)
< I(XZ;Y"|W
n(Ru + R21) :H(W11;W21) : I{((;n|‘;/| )ZZ)H(XW,|W Yn)
= [(W117W21;Y1n) +H(W11aW21|}/1n) ; H(X21L|W22 Xn) ;(X2n2|7‘/1/1 yn Xn) (5)
S I(Wll,WQl;Yln) 4 negy : I(X 2Yn|212/{/ ].Xn) 2 22,11, 1
< I(Wir, War; Y7 [Waz) + nea B 2oL e . oo
n ] = H(Yl |X1,W22)7H(Y1 |W227X1»X2)
= I(W117W21;Y11'|W22,Y1_1) + negy n o
; ' = ZH(YMYf L Wag, XT)
n =1
= I(Wll,ng;Y1'|U‘)+TL€21 n .
; o = H(Yy|Yi T Wy, X7, XT)
n i=1
< I(X 13, Xog, Wiy, Wor; Y3 |U;) + ne " - ,
; ( 1 2 11 21 1 | ) 21 _ ZH(}/&AU“XIL) _ ZH(Y]'L‘U“XIL,XQH)
n i=1 i=1
= I(X14, X3 Y1i|Us) + nea 3) 2 -
; = Y HYulUs X7) =Y H(Y4i|Us, X15, Xai) (6)
i=1 i=1
, < ZH(Y1i|Ui>X1i)_ZH(Yli‘UileivXQi)
where U; = (Waa, Yf_l), and we get (3) from the memoryless i—1 i—1
nature of the channel. n
= ZI(X2i;Y1¢|Ui,Xu)

Now we bound Rss by the following: =

where (5) follows from the independence of X3 and X', and
(6) follows from the memoryless nature of the channel.

nRyy = H(Wj) Thus, we have

= I(Wa;Yy') + H(WaslY3") n

< T(Wag; Y3') + negs nlky; < Z I( X145 Y14 Xo2i) + nen
n =1

= I(WQQ; Y2i|Y2i_1) + Ne€29 n
; nRy < ZI(X2i§Y1i|UiaX1i) + negy
n =1

= > (HYailY3™h) = H(Yail V3™, Was)) + neas -
= n(Ri1 + Ra1) < ZI(X1i>X2i§Y1i|Ui) + neay
n =1

< Z(H(Y2z) — H(Yoi V{71, Y571, Waa)) + neas

nRyy < Y I(Ui;Yai) + nen
i=1

1=1
= H(Ya;) — H(Yo;|Yi7Y, Was)) + 4 4
Z( (¥2:) (Yail ! 22)) + nex @) with U; = (ng,Yf‘l), which satisfies the property that

Zil U — X5 — (Y1,Y3) be a Markov chain. Using a time-sharing
= Z I(Uy; Ya;) + neay variable () (similar to the MAC converse), we finally get
= Ry < I(X1;71]X2,Q)
Ry < I(X2;Y1|U, X1,Q)
where we used the degraded property of the channel to get Ri1+ Ry < I(X1,Xo;11|U,Q)
). Ryy < I(U;Y2|Q)

We bound 2, by for some p(g)p(ulg)p(a1]g)p(a2]u, q).
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