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Parallel FactorAnalysisin SensorArray Processing
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Abstract—This paper links multiple invariance sensor array
processing (M1-SAP) to parallel factor (PARAFAC) analysis, which
is a tool rooted in psychometrics and chemometrics. PARAFAC
is a common name for low-rank decomposition of three- and
higher way arrays. Thislink facilitates the derivation of powerful
identifiability results for MI1-SAP, shows that the uniqueness of
single- and multiple-invariance ESPRIT stems from uniqueness of
low-rank decomposition of three-way arrays, and allows tapping
on the available expertise for fitting the PARAFAC model. The
results are applicable to both data-domain and subspace M1-SAP
formulations. The paper also includes a constructive uniqueness
proof for a special PARAFAC model.

. INTRODUCTION

IRECTION-of-arrival (DOA) estimationis akey problem
in radaraswell asin emitterlocalizationin mobile wire-
less communicationsin the latter DOA estimationenables
beamformindor interferencesuppressioandusersignalsepa-
ration,andit is alsousefulin emegeng (911)situations DOA
estimationis centralto the sensorarray processingproblem,
and it has sparked considerableresearchinterest for more
than two decadeq19]. Sensorarray processingtools range
from nonparametrid-ourier-basednethodsand corventional
beamformingto parametrichigh-resolutiondirection finding
techniquedike MUSIC [26] andESPRIT[25].
Thesingle-parametdgazimuthonly) caseis simplerthanthe
multiple-parametetaseg.g.,azimuthandelevationor evenad-
ditionalparametersuchasfrequeng andpolarization ESPRIT
is particularlyappealingn the single-parametecase whereit
provides a solution basedon eigervalue decompositionThe
basicideabehindESPRITappliedto directionfindingis to de-

ploy two identicaldisplacedbut otherwisearbitrary)subarrays.

Thisinducesotationalinvariancein thebasebandatathatcan
be exploited to recover the sought-afteDOA’s. An important
featureof ESPRITis thatit doesnot requiresubarraycalibra-
tion information.Obtainingarray calibrationdatais an expen-

Manuscriptreceved January21, 1999;revisedMarch 27, 2000. Part of this
papemwas presente@tthe 32ndAsilomarConferencen Signals Systemsand
ComputersNovemberl-4,1998,Montergy, CA. This work was supportecby
NSFCAREERCCR9733540NSF CCR9805350the Nordic Industry Foun-
dation ProjectP93-149,andthe FOTEK FoundationthroughProf. L. Munck.
The associateditor coordinatingthe review of this paperandapprwing it for
publicationwas Dr. Alex B. Gershman.

N. D. Sidiropouloswas with the Departmenbf ElectricalEngineeringUni-
versityof Virginia, Charlottesville VA 22903USA. Heis now with the Depart-
mentof Electricaland ComputerEngineeringUniversity of Minnesota,Min-
neapolisMN 55455USA (e-mail: nikos@ece.umn.edu).

R. Bro is with the Chemometricssroup, Food Technology Departmenif
Dairy and Food Science Royal Veternaryand Agricultural University, Fred-
eriksbeg, Denmark.

G. B. Giannakisis with the Departmenbf Electricaland ComputerEngi-
neering,University of MinnesotaMinneapolis MN 55455USA.

Publishertem Identifier S 1053-587X(00)05989-4.

sive proposition anddrifts canrenderthe collecteddataunreli-
able.

In the multiple-parametecase thingsbecomeconsiderably
morecomplicatedln effect, oneneedsanarraywith displace-
mentstructurein morethanonedimension,andapplying ES-
PRIT separatelyn eachdimensionleaves muchto be desired.
Ontheonehand,evenif azimuthandelevationparametersre
independentlyresohed, the associatiorproblem(i.e., pairing
correspondin@zimuthandelevation estimatesjemains More
importantly this approachdoesnotfully capitalizeonthe mul-
tidimensionalinvariancestructurepresenin thedata.

Several authorshave consideredways aroundthe associa-
tion problem,seee.g.,[36] and[42]. The weightedsubspace
fitting (WSF) viewpoint of Viberg and Ottersten[37] led to
thesingle-parametenultiple-invariancesubspacéitting (SSF)
formulation of ESPRIT[32] andthento the multiple-param-
etermultiple-invarianceSSFormulationof ESPRITin [31]. In
parallel,severalauthorshave investigatedsuboptimabut com-
putationallyefficient solutionsfor the multiple-parametemul-
tiple-invariancecase(see,e.g.,[12] and[41]).

ESPRITideashave revolutionized sensorarray signal pro-
cessing.nterestingly a generalprinciple underlyingESPRIT
has flourished independentlyin other scientiic fields and
disciplines, where it is commonly referredto in a variety
of ways, including parallel proportional profiles, trilinear
decompositioncanonicaldecompositionand parallel factor
(PARAFAC) analysis.PARAFAC hasbeenfirst introducedas
adataanalysistool in psychometric$, whereit hasbeenused,
e.g.,for “individual differencesnultidimensionalscaling” but
in phonetics,exploratory data analysis, statistics, arithmetic
compleity, and otherfields and disciplines.R. A. Harshman
[14]-[16], andCarollandChang[7] developedthe PARAFAC
model. Nowadays,much of the researchin the areais con-
ducted in the context of chemometricg, where it is used
for spectrophotometricchromatographicand flow injection
analysesThis body of work includestools and conceptgthat
arevery usefulin derving identifiability resultsplusdecadesf
expertiseonthealgorithmicsideof things.ThetermPARAFAC
is widely adoptedin chemometricsand we adoptit hereas
well.

In an earlier paper[29], we have linked PARAFAC to the
DS-CDMA blind multiuserdetectiorproblem.In thispaperwe
wed PARAFAC ideasto multiple-invariancesensorarray pro-
cessingwith emphasi®nidentifiability results Relatveto the
CDMA problemin [29], arrayinvariancereplacespreadings
thethird dimensionandtheinformation-bearingourcesignals
cannow be uncoded.

IThefirst seedof PARAFAC ideasappearedsearly as1944in a paperby
R. B. Cattellin Psydhometrika[9].

2Dataanalysisandits applicationsn chemistry
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PARAFAC is a commonnamefor low-rank decomposition
of three-and higherway arrays.As such,it falls undermul-
tiway analysisor linearalgebrafor multiway arrays.Multiway
analysishasalsobeenusedin the contet of higherordersta-
tistics (HOS)-basedndependentomponentnalysis(ICA) of
non-Gaussiasourcemixtures[10], [22]. Our approachherein
is deterministicjt requiresneitherstatisticalindependenceaor
non-Gaussianity

A. Organization

The rest of this paperis structuredas follows. Sectionll
contains the MI-SAP data model and provides necessary
MI-SAP preliminariesalong with a summaryof previously
known MI-SAP identifiability results Sectionlll introduceghe
PARAFAC modelandexplainshow it arisesin the contet of
MI-SAP. SectionlV containghecorecontrikutionsof thispaper
which arein termsof MI-SAP identifiability results.SectionV
discussesalgorithmic issues, whereas Section VI presents
simulationresults Conclusionsaredravnin SectionVIl.

Il. MI-SAP PRELIMINARIES

Considera sensorarray consistingof I elementsreceving
signalsfrom M narrovbandsourcesn the far field. The dis-
crete-timebaseband-equialentmodelfor the noisy array out-
putscanbe written asfollows:

z(t) = Gs(t) + v(¥) @)

where G is the I x M array responses(t) isan M x 1
vectorof sourcesignals,andv(¢) modelsmeasurememoise.
Throughoutwe assumehat G is tall ({ > M) andfull rank,
whichis necessarfor identifiability. Collecting /N snhapshots,

)

whereS isthe M x N sourcesignalmatrix,andV isthel x ¥
noisematrix. Supposehat the array containsP displacedbut
otherwiseidenticalsubarrayof K sensorgach(anextension
of the usualESPRITscenariowhich correspond$o P = 2).
LetJ, denotea K x I selectiormatrixthatextractsthe K rows
correspondingo the pth subarray;then (see,e.g.,[12], [31],
[32], [41])

Z=GS+V

Xo Jo AP,
X4 J1 A,
) = ) GS = ) S 3)
Xp_1 Jp_1 Adp_,
and
XO JO XO VO
X1 Ji X1 Vi
o= | Z= 0 | (4)
Xpo1 N Xpo1 Vp_1
where
A K x M subarrayresponse;
b, M x M diagonaldependingn sourceparam-
eters,pth subarraydisplacementandframe of

reference;
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V, =J,V measurememntoisefor the pth subarray
Throughouthis paper denotesioisydata.Notethatin general,
K+ P—-1< 1< KP,with left equalityfor subarrayghat
shareK — 1 elementsandright equalityfor subarrayghatdo
not overlap.

As anexample,considera 5 x 5 uniform squarearraywith
interelemenspacing\/2 in bothdimensionsM = 3 sources,
and P = 4 squaresubarraysorrespondindo the bottom-left
(p = 0), bottom-right(p = 1), top-left (p = 2), andtop-right
(p = 3) 4 x 4 blocks(K = 16). Then,assuming = 0 is the
referencesubarray[31]

&, =1

A —jrsinéy,, _—jwsinbs, _—jwsinbs,
&, =diage ,€ ,€ )
452 :diaqc—]ﬂ'cosOLa Sln011676—]77(‘,05021a sinfy ¢

B efjﬂ' cos 83 , sin 0376)

D3 =919,

wherel denoteshe M x M identitymatrix,and6; ,, 62 4,034,
andé, ., 0. ., 05 . arethe azimuthandelevation anglesfor the
threesourceqin rads).

The coreproblemthatwe dealwith in this papercannow be
statedasfollows.

PROBLEM: Given Z, M, find (estimate)A, &,,p =
0,1,---,P —1,andS.

Returningto (1) andassuminghatv(¢) is spatiallywhite

R..:= E{z(t)z" (#)} = GR,,G" +5°T

where

E{-} expectationoperator;

H Hermitiantranspos€* is resenedfor conjugation);

R,. emittersignalcovariance;

o2  noisevariance.
If R, is full rank (M), then[26] spa{G) = spaiE), where
E is an I x M matrix whosecolumnsare the M eigervec-
torsof R, correspondingo the M largesteigervaluesHence,
E = GT, whereT is M x M nonsingularThis is the basis
of subspaceapproacheto signalparameteestimationFor the
multiple-invariancestructureat hand,(3) impliesthat[32]

Eq Jo Ad,
E; J1 AP,
N I T ©)
Ep_4 Jp_1 Adp_,

which meansthat the signal subspacenherits the invariance
structurepresenin theraw data.In practice R... is estimated
using

N
B _ 1 H _ 1 H
R.. =+ ; 2(tn)a’ (t,) = 22",

An estimgteﬁ) of E is obtainedfrom the eigervaluedecompo-
sition of R, or, equivalently, thefirst M left singularvectors
of Z. In thenoiselessase

1

.. = —GSSHGH,
N

R
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Let E denotethe correspondingnoiselessfinite-sample)esti-

SUBARRAY 0
mateof E. If Sisfat (N > M) andfull rank,thenspafk) = o ® /
spar{G); else,if S istall/losesrank,thenspafE) C spafG), (o ¢ ® SUBARRAY®
andE = GT, butnow, Eis I x rg, andT is M x rg of rank ° / SUBARRAY | SUBARRAY 1
rg. Hence b SUBARRAY 2 \ e o o o
. b e 0 o e
Eg Jo Ad, SUBARRAY 2 ¥ PR E
El Jl ~ A@l ./ g . o o o E
. = : E = : T. (6) ° Y [
L . . o ° e o o o
Ep— Jr-1 APp_ NON-OVERLAPPING OVERLAPPING
(identical elements)

In thenoisycase E = E + E, and
Fig. 1. Linearly anduniformly displacedsubarrays.

Eo T Jo
E, Jo| .
= _ E  Asstatedearlier G tall (I > M) andfull rankis neces-
. . saryfor identifiability [40].
Ep_, LJp1 e P = 2(single-invariance ESPRIT): K > M, N > M,
T Adg Jo full rank A, S, anddisplacemenk A/2 arerequiredfor
| A Ji | - identifiability (e.g.,cf. [27] and[38]).
- : T+ : E. ) e Plinearly and uniformly displaced subarrays
LA®p_, Jp_1 N A
A specialcasewill be of interestaswell. For linearly anduni- E, . AP, T
formly displacedsubarraysasthosedepictedin Fig. 1, it holds : o :
that®, = @% (usingthezerothsubarrayasreference). Epr_; A@{’—l
Both data-domain(4) and subspacenodels(7) incorporate
errors. Assuming Gaussiamoise, the least squares/weighted and
leastsquaregrinciple is appropriateleading,e.g.,to data-do- - B - A -
main leastsquareditting ) o AD,
~ Ey = = . T =: AT
XO Adso o .
min || 5 |- i s ® Eroa: Ag .
2, - T By - L
Xpo1 Adp_, . ) B, A
and the correspondingweighted subspacefitting (WSF) €= : = : T=AsT. (10
problem[31], [32], [37], [39] oy A9l ]
E, Ay 2 If A is alreadytall/full rank, thenthe single-irvariance
Jnin_ : w2 — : T 9) ESPRITresultapplies[32, p. 874]. However, A maywell
- Ep_; Adp_; h betall/fL_JII rankev_gnlf A is not,resgltlngln significantly
relaxedidentifiability conditions.This hasbeenleft open
whereW/2 is a weightingmatrix, and# holdsall the diago- in [32]. We will fill this gap in the sequel.
nals.The pr0b|emsin (8) and(g) have commonstructurefrom » General case: Identifiability resultsfor thegenerakcase
aregressionviewpoint. Dependingpn the particularproblemat of arbitrary displacemenstructureare missingfrom the
hand constraint®nsomeor all of thematricesmaybeimposed, literature.We will provide suchgeneraresultsherein.
e.g..known displacemenstructure fraining symbols etc. As alludedtoin theintroduction thetoolswe will usetoward
ourstatedjoalscomefrom parallelfactoranalysisHow parallel
A. Previousldentifiability Resultsfor MI-SAP factoranalysisrelatesto multiple-invariancesensorarray pro-

It is helpfulto clarify thatby identifability, we meanunique- C€SSINgs explainednext, includingthe necessarpackground.

nessof all spatialsourceparameteraswell astemporalsource

signalsgiven afinite setof sensomeasurements theabsence 1. PARALLEL FACTOR ANALYSIS

of noiseandup to inherentlyunresolable sourcepermutation  we introducesomenotationthatwill beusefulin thesequel.
andscalingambiguitiesOthernotionsof identifiability arepos- | et® bethe P x M matrixwhose(p + 1)strow isthediagonal
sible, e.g.,[18] definesidentifiability in the senseof distribu-  of &, andlet D,,(®) denotethe diagonalmatrix containingthe
tions (i.e., distinctmodelparameterizationgive riseto distinct  (p 4- 1)strow of &: D,,(®) = &, and

distributionsof themeasurementsyhichis differentfromwhat

is meantherein. X, =AD,(@®)S,p=0,---,P—1. (12)
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Letting «x ., ,, standfor the (k, n) elementof X,, (thesignal
partof the outputof the kth antennaof the pth subarrayattime
n), we have

M-1

Lhnp = Z Ae,mPp,mSm,n

m=0

12

whereay, ,,, standsfor the (k, m)-elementof A, andsimilarly
for theothers Equation(12) expresses;y ,, , asasumof triple
products;it is variably known asthe trilinear model, trilinear
decompositiontriple productdecompositionganonicatlecom-
position,or parallel factor (PARAFAC) analysisof =, ,, p.
Definea K x N x P three-wayarray X with typicalelement
Zr n p- A rank-1three-vayarraye is the“outerproduct”of three
vectorsa, ¢, s; its typical element, ,, , canbewritten as

€knp = ak(/)psn-

Equation(12) is an M-componentriple productdecomposi-
tion of X. Therankof X is defined asthe minimum number
of rank-1three-vay componentfieededo decompos& [20].
The aborve definition is consistentvith matrix (two-way array)
rank,whichis theminimumnumberof rank-1matricesneeded
to decompose given matrix.

Notice how the assumedshift invarianceis crucialin estab-
lishing trilinearity of the MI-SAP model;hoppingthroughcor-
respondingsubarrayelementsnvolvespicking up afactorthat
dependn the chosersubarraysandsourceazimuth/elgation
parameterdut not the particularsubarrayelements k). In the
absencef shift invariance the three-vay datain X no longer
obey a PARAFAC modelof rank M.

Equation(11) canbeviewedas“slicing” the 3-D arrayX in
a seriesof “slabs” (2-D arrays)perpendiculato the invariance
dimension,i.e., X, = [z..,], thatis, the K x N 2-D slice
of X correspondingo the given p. Two additionalslicingsare
possibleandusefulin understandintheregressioralgorithmin
SectionV.

Y. =STDy(A)P  k=0,1,--- K -1 (13)
wherethe N x P matrix Yy, := [z . .]. Similarly
Z,=®D,(S"HAY n=0,1,---,N -1 (14)

wherethe P x K matrixZ,, := [z. ,, ].

IV. IDENTIFIABILITY

We will needthe following definition.

Definition 1: Considera matrix B € CI*7. If rg =
rank(B) = r, then B containsa collection of r linearly
independentolumns.Moreover, if all £ < J columnsof B
arelinearly independenbut thereexists a collectionof £ + 1
linearly dependentolumnsof B (or £ = J), thenB has
Kruskatrank (k-rank) kg = 4.

The conceptis implicit in the work of Kruskal[20], but the
termwas later coinedby HarshmarandLundy [17]. Notethat
unlikeregularmatrixrank,theconcepof k-rankis asymmetric,
asit pertainsto columns:A fatmatrixB € C/*/, I < .J may
have full rank! (= row rank=columnrank) but k-rank oneif
it containstwo colinearcolumnsor even zeroif it containsan
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all-zerocolumn.On the otherhand,the k-rank of BY will be
full (= I) inthiscase A square/talfull-rank matrix hask-rank
equaltoits rank.In generaljp < rank(B), VB.

PARAFAC uniqueneskasalong history[14]-[16],[27], but
Kruskal'sresult[20], [21] is the deepest.

Theoem 1 [20]: Consider the set of P matrices
X, = AD,(®)S,p = 0,1,---, P — 1, whereA € R**M
& ¢ RV 's ¢ RV*N, and M denotesthe common
dimension If

ka + kg + kgr > 2M + 2 (15)

thenA, @, andS? areuniqueupto permutatiorandscalingof

columnsmeaningthatary othertriple A, @, S thatgives rise
tothedataX,,p =0,1,---, P — 1l isrelatedto A, ®, ST via

A=AllA,, ®=®lIA, S'=8"IIA; (16)
where II is a permutationmatrix, and A, » 3 are diagonal
scalingmatricessatisfying

A1 AA; =1 a7
Theresultholdsfor A = 1, irrespectve of condition(15), as
long as X doesnot containanidentically zero2-D slice along
ary dimension. [ |

Radar and communication systems employing
in-phase/quadrature processing lead to discrete-time
baseband-equélent models involving complex arrays.
Kruskal, in [20], statesand proves his uniquenes®f trilinear
decompositiomesultsexplicitly undertheworking assumption
of real-valuedarrays. Splitting into real and imaginary parts
destrys trilinear structure, and three-vay array rank is
sensitve to the domainof numbersusedin the decomposition
[21]. Care should therefore be exercised in treating the
comple case.The proof of the following resultcanbe found
in our earlierpaper[29].

Theoem2[29]: GivenX, = AD,(®)S,p=0,1,---,P—
1, A e CK*M @ ¢ CP*M andS € CM*N | if

kA+/€45+kST22M+2 (18)
thenA, @, andS” areuniqueup to permutatiorand(complex)
scalingof columns. [ |

Asit standstheconditionapplieso thedata-domaiMI-SAP
formulation(3). Thefollowing resultshavs thatnothingis lost
in termsof identifiability by going to the correspondingub-
spaceformulation(6).

Propositionl—Subspacklentifiability: If ks +kg+ksr >
2M + 2, thenthe subspacemodelin (6) is identifiable, i.e.,
givenE,, p = 0,1,---,P — 1, A, &, andT? areuniqueup
to permutatiorandscalingof columns. [ |

Proof: LetZ = EXUH bethe SVD of Z, whereE is
Ixrg, Xisrg xrg diagonakontainingthers nonzercsingular
valuesof Z, andU is N x rg. Now, E = GT, andZ = GS,
from which it follows that GS = GTXU". with G tall/full
rank, thisimpliesthatS = TXUH or ST = U*XT7. Since
U is tall/full rank, Sylvester'sinequalityimpliesthatrr = rg;
furthermoresinceeverym columnsof S ariseoutof thecorre-
spondingm columnsof T7, Sylvester’'sinequalityshows that
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ary m columnsof ST arelinearly independentf andonly if
the correspondingrn columnsof T? arelinearly independent;
hence ktr = kgr. The k-rank of T7 is inheritedfrom S7.
Theresultthenfollows by applyingTheoren® to (6). Notethat
S canberecoveredup to permutatiorandscalingof rows from
T andtherow subspacef Z. [ |

Carrolletal. [8] have in factconsideredhe relationshipbe-
tweenthe datadomainandsubspacéitting problemsfor what
amountsto the specialcaseof nonoverlappingsubarraysex-
tractedfrom G, without referenceo identifiability, however.

Thereexists a very interestinglink betweenk-rank andthe
conceptof rank ambiguitythat appearsn the study of sensor
arrays(e.g., cf. [34], [35], and referencegherein). It is well
known [40] thatin orderto uniquely determinethe DOA's of
v uncorrelatedsourcedrom the arrayoutputs,onerequiresan
arraymanifoldthatis free of rank+ ambiguitiesmeaningthat
everyr + 1 steeringvectors(correspondingo distinct DOA’s)
drawvn from the manifoldarelinearly independent_et 7 bethe
maximumsuchy for agivenmanifold theassociate@ntenna
arraycanresohe up to7 uncorrelategourcesLet v, 74 be
the resohability boundsfor the subarraymanifold andthe dis-
placementmanifold, respectiely. Clearly

ka >Tsuo +1, kg > Vais + 1.

Now, supposehatthe sourcesignalmatrix S is fat (N > M)
and full rank (M). Then,the k-rank identifiability condition
(18) becomes

ka +ke > M+ 2

which is guaranteeda fortiori if the DOA’s of the different
sourcesaredistinctand

Vsub + Vdis 2 M.

Thelatterinequalityis anintuitively pleasinggubarray synthesis
result; the resolving power of the referencesubarrayand the
displacemergubarrayaddup.Sed34] for adiscussiorof issues
relatedto the designof antennaarrayswith a specifed 7.

A randommatrix whosecolumnsare dravn independently
from an absolutelycontinuousdistribution hasfull rank with
probabilityone.Interestinglyit alsohasfull k-rankbecausary
combinationof columnscanbe thoughtof asanotherrandom
matrix with columnsdrawn independenthffrom an absolutely
continuoudistribution. This holdsevenif the elementsacross
agivencolumnaredependentandomvariablesIn our present
contet, for sourcce-wiseindependensourcesignals, kgr =
min(M, N), andtherefore(18) becomes

ka + kg +min(M,N) > 2M +2

which impliesthat M sourcesanbeidentified with asfew as
N = 2 snapshotgyrovided K > M, P > M, andthesubarray
anddisplacemenmatricesarefull rank (A1).

A. DOA Recwery Consideations

Thusfar, wehaveignoredtheissueof DOA recoveryfromthe
matrix estimateslf thereferencesubarrayis uncalibratedasis

37 dependon arraygeometryandotherantennalesignfactors[34], [35].
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usuallyassumedn ESPRITapproacheghenonereliesonthe
structureof @ to recover azimuthandelevation estimatesUn-
like DOA determinatiorfrom array outputs unambiguousz-
imuth/elesation recovery from the columnsof @ requiresonly
mild conditionson the displacemenstructure,which can be
easily satisfed by arraydesign.This is bestillustratedby ex-
ample In thecaseof the A/2 uniformsquarearrayin Sectionll,
the displacemensteeringvectorhasthefollowing structure:

1
efjﬂ' SN 6y, o
ijﬂ' CO8 8y o SING,, e

e—jﬁ sinf,, o e—jﬁ o8 01y 0 SIN G, o

which meansthat unambiguousazimuth/elgation recorery
from the columns of @ is possible, provided the sources
are confined within plus or minus 90° in both azimuth and
elevation. In particular this doesnot requirethat P > M,
which is requiredfor unambiguoudDOA determinationfrom
displacemensubarrayoutputs.

If thereferencesubarrayis calibrated thenthe steeringvec-
torsfromboth A and® canbeusedo recover azimuth/eleation
estimates.

B. OneAnglein Common

It is interestingto investigatewhethertheidentifiability con-
dition (18) canhold in the presenceof two sourceswith one
anglein common.Considera 3 x 3 uniform squarearraywith
interelementspacing/2, and P = 4 squaresubarrayscor-
respondingo the bottom-left(p = 0 reference)bottom-right
(p = 1), top-left (p = 2), and top-right (p 3) 2 x 2
blocks (K = 4). Let therebe M = 2 sourcesat the same
azimuthbut differentelevations.Let ¢, := ¢ /7500 4, =
e—jﬁcos [ sin@lﬁe’ andd)3 .— e—jﬁcos 8, sin by ¢ .Then

1 1

s | ¥ P1

A=e= P2 ?3
P12 P13

If 3 # @2, thenthefirst andthethird row arelinearlyindepen-
dent,andtherefore A and® arefull rankaswell asfull k-rank:
ka = kg = 2. For S fat andfull rank,ka + kg + kg =6 =
2 x 2 + 2, andhence (18) s satisfed, anduniquenesss guar-
anteed.

C. Rayarding Coheence

For coherentsourceqrank-defcient sourcecovariancema-
trix), the Caucly—Schvartz inequalityimplies that the sample
pathsarecolinearwith probability one.The k-rank of a matrix
with colinearnonzerocolumnsis one,which implies that the
sumof k-ranksin (18) cannever exceedtwo timesthe number
of sourceolus two; hence,PARAFAC uniquenesspparently
fails. However, we have thefollowing.

« A recentpartial uniquenessesult of Bro et al. [3] (in
the context of applicationsin chemistry)canbe applied
to shaw thatthe coherentsourcesignalsarestill identifi-
able (albeitundermorerestrictive conditions).However,
thereis partial rotationalfreedomfor bucketsof columns
of thesubarrayanddisplacementnatricesassociatedvith
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thecolinearsourcese.g.,a pair of steeringvectorscorre-
spondingto two coherentsourcescanbe rotatedwithout
affectingthe data.

« Full uniqguenessanberestoredor fully coherensources
if Vandermondestructureis availablein eitherthe sub-
array or (by symmetry)the displacemenmatrix, using
smoothingideas. This requiresseveral new resultson
the k-rank of certain structured matrices, as well as
optimizing the smoothingfactor from the identifiability
perspectie. The final results include improved iden-
tifiability conditions for PARAFAC models exhibiting
Vandermondestructurealong one or two modes;these
arereportedin [30].

D. Subaraysof Different Sizes

Onelimitation of the PARAFAC approachs thatit cannot
handlesubarray®f differentsizes.This situationcanarise,for
example,if thefull arrayis uniformrectangulaxith morerows
thancolumnsandoneextractstwo maximalrow-overlapsubar-
raysandtwo maximalcolumn-oerlapsubarray$11].

E. Linearly andUniformly DisplacedSubarays

Letusnow returnto thespeciakaseof linearlyanduniformly
displacedsubarraysn (10). It is of interestto determinerelaxed
conditionsunderwhich the matrix A is full rank. We have the
following result.

Lemmal: (Full Rankof Khatri-RaoProduc). Consider

ADo(®)
AD,(9)
POA = ®ay, ,¢y Qay] = :

ADp_1(®)

whereA is K x M, ®is P x M, @ standdor the Kronecler
product,® standdor the Khatri-Rao(column-wiseKronecler)
productande,,, a,, arethecolumnsof @ andA.. If ka + kg >
M +1,then® ® A isfull columnrank/. [ ]

Remarkl: NotethatK > ka, andP > kg; hence, ka +
kg > M +1impliesK +P > M +1= KP > M;therefore,
the conditionincludestherequirementhat® ® A is tall.

Proof: Define E := @ ® A for notationalsimplicity, and

assumehecontraryi.e.,thatthecolumnsof E are,in fact,lin-
earlydependentThen,thereexist 1, - - -, 137 Dot all equalto
zerosuchthat

pi€y + -+ pméy = Orpsa

where¢,, is themth columnof Z. Throughalgebraicmanipu-
lation, it canbe shawvn thattheabove canberearrangedhto the
following morecorvenientform:

20 0

A T = 0 xp. (19)

0 157}

Let us supposethat w < M of the x’s are nonzero.Let A
be constructedout of the correspondingw columnsof A,
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andlet ' be constructedut of the correspondingy rows of
diag([; - - - pas] )% . Then

o1 0

A 7

7 = rank
0 157,
= rank(AD") > rank(A) + rank(®”) —w  (20)

by Sylvester’sinequality However, by definition of k£-rank

rank (A)

rank (P)

(w’ kA)a
(w, ]{}45)

Therefore from (20) and(21), we obtain

> min
> min

(21)

7 > min(w, ka) + min(w, kg) — w.

We have thefollowing cases.

1) w < min(ka, kg): = 7 > w.

2) min(ka,kgp) < w < max(ka,kg) = v >

min(ka, kg)-

3) w> max(ka,kg): =7 2> ka+kp—w>M+1—w.
Notethatka + kg > M + 1 = min(ka,kg) > 1. For 1 <
w < M, all casesabove leadto » > 1, but r is therankof the
matrixin (19);thereforey = 0. Thisconstitutesacontradiction,
andthus,theproofis complete. [ |

Lemmal istheheartof the following theorem.

Theoem 3—RARARC/VandermonddJniquenes<onsider
the datamodel

X, =AD,(®)S,p=0,1,---,P— 1 (22)
and supposethat® € CI>*M js Vandermondewith distinct
nonzerogeneratorandthatS € CM*¥ is fat andfull rank. If
ka+min(P—1, M) > M +1,thenA, &, ST areuniqueupto
permutatiorandscalingof columnsUnderthesameconditions,
thecorrespondingubspacenodelin (10)is alsounique. =

Proof: We prove it for the subspacenodelin (10); the
proof for the data-domairmodel follows along similar lines.
RecallthatS € CM*¥ fat andfull rankimplies T squareand
full rank,andconsider

&)= AT, & =A® T

with A = "~V o A, whered"~Y containghefirst P — 1
rows of @. # Y is Vandermondaevith distinctnonzerogen-
erators(thediagonalelementsf @,). It is shavn in [30] thata
Vandermondenatrix with distinct nonzerogeneratorgasfull
k-rank,i.e., kdg(pfl) = min(P — 1, M). Then,the condition
ka + min(P — 1,M) > M + 1 andLemmal imply that. A
is tall andfull rank. This bringsusbackto the familiar caseof
single-invarianceESPRIT([25], [27], at which point, different
routescanbetaken.Oneway to obtain A, @, , T is asfollows.
Define

COO = ééféo == TH.AH.AT
C()l :Iég’él = TH.AH.A@lT.
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TABLE |
DATA DOMAIN RECOVERY

Data Domain : Eqn. (22)
AZ X, (TsRe0)'
STERL T

®,T'yRoo =T'yRor  (GED)

Rgo = Xéq.;\fo

Ry = X2,
Xo:=[XZ,--,X5_,] = AS
Xy = [XT, -, X517 = A8

A=3FToaA

Thematrix TH A7 Ais squareandfull rank.Let I", denoteits
inverse.Then

QSIFSCOO = FSCOI-
Cqyo (andCyqy) is M x M, of rank M/, andhence
&I, = I',CyCyy .

Therows of I", canthereforebe determinecup to permutation
andscalingfrom theleft eigervectorsof Cy,; Cgol. FromI’,, T
canberecoreredasT? £ CI,I'", whereasA canbe recor-
eredasA Z &,(I",Co)~ ", whereZZ meansequalup to per-
mutationandscalingof columns.A canthenbe recoreredup
to permutatiorandscalingof columnsfrom A = #("~1 & A.
The computationaktepsare summarizedn Tablesl andll. In
the presencef noise the estimatecanberefinedusingtheal-
gorithmdescribedn the next section. [ |

Remark2: If aULA isemplo/edasreferencesubarraythen
A is Vandermondaswell, andtherefore ko = min(X, M),
assuminglistinctgeneratorsin this case the k-rank condition
in thestatemenof TheorenB becomesnin(X, M )+ min( P —
1,M) > M+ 1.

V. TRILINEAR ALTERNATING LEAST SQUARES REGRESSION
(TALS)

Let us now returnto the leastsquareditting problemin (8)
and(9). Without lossof generality let us considerthe data-do-
mainformulationin (8).

We are given the noisy dataX andwish to estimateA., &,
and S. Using Khatri-Raoproductnotationand letting X :
XoT, -+, Xp_1 7%, whereX,,, p = 0,1,---, P — 1 arethe
noisy slabsalongthe invariancedimension(8) canbe written
as
(@0 A)S||F. (23)

min ||X
ADS

It follows that the conditionalleastsquaresupdateof S given
interim estimatesA, @ is given by

Scrs = (QAS ® A)TX (24)
where(-)" standgor pseudo-inerse Stackingthedatamatrices
in (13) leadsto thefollowing equivalentway of writing (8):

min ||? —

min Y - (A 080"} (@5)
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TABLE I
SuBSRCE DOMAIN RECOVERY

Subspace Domain : Eqn. (10)
AEE)(T,Coo) "
T E L r!
&, T, = FSCOICO‘OI (EVD)

~H ~
Coo: =€y &0

~H ~
C(]l = 80 81
~ ~ T
&= [B],- - Bp,| =aAT
21 = [El"“iEP-l] ZA(I>1T

A=3"Toa

whereY = [YOT, BRI Y[(,lT]T, andYk, k= 0,1,--- ,K—
1 arethe noisy slabsalongthe subarrayelementdimension.It
follows that

QASCLST = (A ® gT)TY. (26)
Finally, stackingthe datamatricesin (14)
AcisT = (8" 0d)Z (27)

whereZ = [Zo", -, Zny_,"]" andZ,,,n =0,1,--- ,N — 1
arethe noisy slabsalongthetemporaldimension.

TALS maybeinitialized by single-irvarianceESPRITwhen
applicableor randomlyotherwiseln thepresentontext, TALS
may alsobe initialized using ary suboptimalmultiple-param-
etermultiple-invariancealgorithm,e.g.,[12], [31], [41]—there
are clearly mary possibilities.Given initial estimates TALS
proceedsby updatlngA @, and S in a round-robinfashion
using(24), (26), and(27). Note that the conditionalupdateof
ary given matrix may eitherimprove or maintain,but cannot
worsen,the currentfit. Global monotonecorvergenceto (at
least)alocal minimumfollows directly from this obsenation.

Many algorithmsbasednthe ALS principle have beenpro-
posedin the signal processinditeratureand aimedat solving
a wide variety of estimationproblems.The so-calledILSE al-
gorithmis onewell-known example[33]. All algorithmsof the
ALS genrebuild on the samebasic“piecemeal”optimization
approachAside from global monotoneconvergence different
ALS algorithmshave differentproperties gspeciallyregarding
whetherthe global minimum is reachedyate of corvergence,
andcomplity. ILSE, for example,utilizes a computationally
demandingenumeratiorstep,which is the fundamentakcom-
plexity bottleneckILSP [33] is actuallynotan ALS algorithm
becausédt usesatwo-stepfinite-alphabetipdateprocedurehat
is not optimalin the conditionalLS senseandhence conver-
genceis not guaranteed.

The per-iterationcompleity of TALS is equalto the cost
of computinga matrix pseudo-imerse.Overall compleity de-
pendson the numberof iterations,which variesdependingon
problem-specit parameterandthe given batchof data.Typ-
ical runtimefor the problemsconsideredhereinis betweer0.01
s andafew seconds.

TALS was first utilized to fit the PARAFAC model by
Harshmarj14]-[16] andCarollandChang[7]. Thebare-bones
TALS algorithm outlined abore doesnot take adwantageof
the structureof &. Other structuresmay also be available,
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e.g., finite-alphabetor constant-moduluof the elementsof
S, training symbols embeddedin S, knovn DOA for one
or more sourcesgetc. If one hasan algorithmthat solves the
vector regressionproblemminycc ||y — x||3, for arbitrary
constraintset C, then one can enforceC on the columnsof
ary oneof the threematrices(A, @, ST) in a LS fashion[4],
therebymaintainingmonotonecorvergence.Hence,arbitrary
parametricor nonparametricsouice-wise constraintscan be
easily incorporated,and this is one of the nice featuresof
ALS (cf. [4] for atreatmenbf unimodalityandnon-ngativity
constraintsn the context of TALS). Anotherfeatureof ALS is
its conceptuakimplicity andthe fact that thereis no needto
tune parameterg¢o guaranteeorvergence.Finally, TALS can
be extendedto fit quadrilinearand more generallymultilinear
models.

TALS canbe usedto fit the data-domairproblemin (8) or
the WSF problemin (9). The Gauss—Ne&ton (GN)-type algo-
rithms of [31] and[32], which were developedfor the WSF
problem, may also be appliedto (8). A GN approachfor fit-
ting the PARAFAC modelhasfirst beenproposedn [13]. The
questionof which algorithmic approachis the most efficient
hasnot yet beenthoroughlyinvestigated and further depends
onthecharacteristicef the problemandthe particularbatchof
dataat hand.We usethe COMFAC implementationof TALS
describedn [29]. COMFAC is basicallya fasterimplementa-
tion of TALS thatemplgys datacompressiomsingthe Tucker3
three-vay model.

VI. SMULATION

Given thatour identifiability resultsandalgorithmsapplyto
both datadomainand subspaceroblemformulations,anim-
portantquestionis which formulationto choose A secondary
considerationis which algorithm to choose.Since the latter
dependson mary factors, including data conditioning and
whether/whichconstraintsare enforcedduring the iterations,
we confine oursehesto the following two goals:i) to illustrate
identifiability resultsandii) to reportour experimentafindings
onthe datadomainversussubspacéssue.

The permutatiorandscaleambiguityis inherentlyunresolv-
ablefrom outputdataonly anda commondenominatotto all
blind identification/sourceseparatiormethods.In the present
sensofarrayprocessingontet, recoveringthe sourcesymbol,
direction finding, and subarrayresponsematrices within a
common permutationmatrix ambiguity simply amountsto
shufling the sourceslf signalcopy is the ultimate objective,
then the permutationambiguity can be resohed by resorting
to a priori or embeddedinformation, e.g., knovn DOA’s
or userID bits, respectiely. The (generallycomple) scale
ambiguityis relevant for digital communicationsapplications,
but it can be resohed using automaticgain control (AGC)
and differential encoding/decoding24, p. 187] or phase
estimation. Note that column-wise scale ambiguity in the
estimated? is irrelevantbecausehe extractionof azimuthand
elevation information involves normalizationwith respectto
the referencesubarraywhich effectively amountsto dividing
the elementsacrossone column with the top element.For
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the purposeof performanceevaluationonly, the permutation
ambiguity is resohed using a greedyleast squaresmatching
algorithm.SNR is defined in termsof the obsenation model
in (2) as10log10(||GS||%/||V||%). Complex Gaussiarsource
signalsareusedthroughout.

Thefirst experimentis designedo illustrate performancen
a high SNR scenario Figs. 2 and 3 presentazimuth-eleation
scatterdiagramsfor A = 4 sourceswith (azimuth,elevation)
equalto (10,25),(15,20),(20,15),and(25,10¥ , usingdata-do-
mainLS fitting asin (8) onas x 5 uniform squarearray A/4
sensorspacing,three maximal-oserlap six-elementsubarrays,
N = 100 symbols,and SNR = 54 dB. Figs.4 and5 present
thesamefor a10 x 10 array threemaximal-overlap81-element
subarrays/N = 300 symbols,andSNR= 12 dB.

In orderto comparedatadomain(8) versus(weighted)sub-
spacefitting (9), we simulatedthe experimentalsetupin [31,
ex. 1]. This exampleentailsd/ = 2 uncorrelatedsourceswith
(azimuth,elevation) equalto (—10,10),(—5,7f, a5 x 5 uni-
form squarearray P = 4 maximal-werlap 16-elementsub-
arrays,\/2 sensorspacing SNR of 13 dB (10 dB persource),
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RMS Error for Elevation Estimates: M=2 sources, SNR=13
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Fig.7. ElevationRMSE:Two uncorrelatedources(—10°, 10°), (—5°,7°),
SNR= 13dB.
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Fig.8. AzimuthRMSE:Two 0.8-correlatedources(—10°,7°), (—=5°,7°),
SNR= 30dB.

250Monte-Carldrials,andN = 25,50,100,250symbolsnap-
shots.The WSFweightingmatrixin (9) was choseraccording
to [31]; seealso[23], [37], and[39]. No weightingwas used
in (8). Single-irvarianceESPRIT was usedto initialize both
(8) and(9). Theresultsarereportedin Figs.6 and7 in terms
of azimuthand elevation root meansquareerror, respectiely,

for both (8) and (9) versussamplesize. A more difficult sce-
nario involving two correlatedsourceswith correlationcoefi-

cient0.8,commonelevationof 7°, andSNR of 30 dB was also
simulated.The remainingparameterare identical to thosein

Figs.6 and7. Theresultsarereportedn Figs.8 and9. Notethat
(8) and (9) provide comparableresults,evenin the relatively
difficult scenarioof Figs.8 and9. However, the situationcan
changeuitedrasticallyin toughcasesFor the samesetupasin

Figs.8 and9, but thistime takingSNRdown to 23 dB, data-do-
main fitting behaes considerablyworsethan WSF, as shavn

in Fig. 10. Theerraticbehaior of thedatadomainLS curveis
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SNR= 30dB.
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Fig. 10. Azimuth RMSE: Two 0.8-correlated sources, (—10°,7°),
(—=5°,7°), SNR= 23dB.

a manifestatiorof badrunsleadingto local minima. This can
happenn toughcasesnvolving a combinationof close-to-co-
linear sourcesand/orlow SNR and/orclosely spacedDOA'’s.
ThedifferencebetweerdatadomainLs fitting andWSFcanbe
attributedto thedifferencebetweerdeterministiandstochastic
ML [39], to whichWSFis asymptoticallyequialentfor proper
‘W. Ourexperimentatesultsareconsistentith [39], especially
[39, Fig. 5(a), p. 2445]. Althoughwe do not pursuethis thread
herein,notethat weightingcanalsobe appliedin the datado-
main to improve performanceand a few reinitializationscan
help alleviate problemswith local minima (but at the cost of
runtime compleity).

Thelasttwo simulationexperimentaremeanto illustratethe
validity of theidentifiability conditionsof Theorem2/Proposi-
tion 1,andTheorenB. TheorenBisfirst. Fig. 11 depictssource
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signalestimatiorresultsfor K = 4, P = 4 nonoverlappingsub-

arrays,N = 5 snapshotsand M = 5 sourcesusingrandomly
dravn complex GaussiamA, S, ¢, andV for atotal of 1000

Monte Carlotrials. Both eigendecompositioanddata-domain
LS resultsaredepicted OutputSNRimproves roughlylinearly

with increasinginput SNR, and acceptablesstimationresults
canbe obtainedevenwith thesesmall samplesizesin all three
dimensionsprovidedinput SNRis high enough—aclearman-

ifestationof identifiability. Of course betterresultscanbe ob-

tainedby increasingk, P, or N.

Taking N down to 4 < M meansthat Theorem3 is no
longerapplicable put Theorem? (andPropositionl) is. Fig. 12
depictssourcesignalestimationresultsfor K = P = N = 4
and,otherwisethesamesetupasFig. 11. Thistimedata-domain
LSisrandomlyinitialized. Theresultsareohbviouslyworsethan
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Fig. 11 but still consistentvith increasingSNR,which provides
experimentalvalidationof Theorem2.

VIl. CONCLUSIONS

This paper has establisheda link betweenMI-SAP and
PARAFAC analysisWhatPARAFAC bringsto thetableis pri-
marily in theform of strongidentifiability results Conceptually
thelink highlightsthe factthatsingle-andmultiple-irvariance
ESPRITuniquenesstemsrom theuniquenessf low-rankde-
compositionof three-vay arrays.Interestingly the link works
both ways: Theorem3 was motivated by multiple-irvariance
single-parameteESPRIT andit is thefirst constructve proof
of PARAFAC uniquenesghat is applicablewhentwo of the

threemodesare smallerthanthe numberof factors(sources).
Propositionl alsoshaws that uniquenesgxtendsto subspace

modelsin alosslesdashion.
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