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Abstract—Frequency hopping (FH) signals have well-documented merits for commercial and military applications due to
their near-far resistance and robustness to jamming. Estimating
FH signal parameters (e.g., hopping instants, carriers, and amplitudes) is an important and challenging task, but optimum
estimation incurs an unrealistic computational burden. The spectrogram has long been the starting non-parametric estimator in this
context, followed by line spectra refinements. The problem is that
hop timing estimates derived from the spectrogram are coarse and
unreliable, thus severely limiting performance. A novel approach
is developed in this paper, based on sparse linear regression (SLR).
Using a dense frequency grid, the problem is formulated as one of
under-determined linear regression with a dual sparsity penalty,
and its exact solution is obtained using the alternating direction
method of multipliers (ADMoM). The SLR-based approach is
further broadened to encompass polynomial-phase hopping (PPH)
signals, encountered in chirp spread spectrum modulation. Simulations demonstrate that the developed estimator outperforms
spectrogram-based alternatives, especially with regard to hop
timing estimation, which is the crux of the problem.
Index Terms—Compressive sampling, frequency hopping signals, sparse linear regression, spectrogram, spread spectrum
signals.

I. INTRODUCTION
REQUENCY-HOPPING spread-spectrum signaling is
widely adopted in tactical communications due to its low
probability of detection and interception, agility, and robustness
to jamming [34]. Estimating and tracking the parameters of
multiple superimposed FH signals are important tasks with
applications in both military and civilian domains: from interception of noncooperative communications, to collision
avoidance and cognitive radio. The problem is particularly
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challenging when the hopping patterns of the constituent signals are unknown, and, in addition to dwell frequency, hop
timing is randomized as well for added protection. Maximum
likelihood (ML) estimation is practically intractable in this
context, which motivates the pursuit of alternative low- to
moderate-complexity solutions.
Starting from coarse channelization techniques based on the
spectrogram and related non-parametric time-frequency estimation tools, there is considerable literature on the subject of
FH signal parameter estimation and tracking. Non-parametric
methods based on the spectrogram are simple but suffer from
limited resolution and require further refinements [1], [29].
Time-frequency distribution techniques have been investigated
in [2] for acquisition of FH signals.
Parametric methods for FH signal estimation model the active
frequency as piecewise-constant and achieve improved estimation accuracy at the cost of higher complexity. The crux of the
overall problem is hop timing estimation: given the hop instants,
what remains is essentially a sequence of harmonic retrieval
problems. When the hops are periodic, the timing problem reduces to estimating the hopping period(s) and offset(s) [1], [2],
[29]. Hop timing estimators for the more difficult case of aperiodic hop timing have been developed based on dynamic programming (DP) [22], [23], and the expectation-maximization
(EM) algorithm [24]. The algorithms in [22], [23] and [24] require multiple receive antennas, and rely on the spectrogram for
coarse acquisition.
When only one FH signal is present, an effective particle filtering solution based on a stochastic dynamical system formulation has recently appeared in [36]. Different from [22], [23]
and [24], the approach in [36] allows for sequential processing,
and is robust to various sources of mismatch in the probabilistic
model adopted. The limitation of [36] is that it does not generalize to multiple FH signals, due to the curse of dimensionality:
the required number of particles grows fast with the dimensionality of the state-space. The complexity of DP-based approaches
[22], [23], on the other hand, increases rapidly also with the
number of temporal samples—thus only short data records can
be processed.
While sparse linear regression (SLR) has been advocated in
[10] and [16] for harmonic retrieval without carrier hopping, in
this paper a novel SLR-based technique is developed for multiple FH signals. Relative to [10] and [16], here we also take advantage of sparsity in terms of carrier hopping, which is effected
through a dual sparsity penalty. The developed estimator is also
generalized to handle polynomial-phase hopping (PPH) signals
that emerge in chirp spread spectrum communications [6], [21],
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[28]. A pertinent sparsity-aware optimization problem is formulated and solved using the alternating direction method of multipliers (ADMoM). Simulations illustrate that the developed technique is robust to model mismatch, and far outperforms spectrogram-based methods, especially with regard to hop timing
estimation.
Due to the non-convexity of the FH estimation problem, parametric techniques based on the likelihood function (such as the
EM algorithm) can be trapped in local minima if the initialization is far from a global minimum. Due to its low complexity
and high accuracy, the novel SLR-based estimator can be used
both as a stand-alone FH signal estimation algorithm, and as an
excellent initialization for iterative refinement algorithms, such
as the one in [24].
Interestingly, the closely related problem of identifying
the parameters of a piecewise-sinusoidal mixture model from
(generalized) samples has been studied in [5] using a finite-rate
of innovation (FRI) approach. SLR and FRI are different tools
dealing with similar problems; see also [9] for a tutorial on FRI
and its relation with SLR and compressive sampling. While
introducing interesting identifiability conditions and algorithms
for perfect reconstruction of the underlying continuous-time
signal, the approach in [5] is not directly applicable to the
present context. The switching instants (“hops”) in [5] are continuous variables, and the measurements are obtained through
analog pre-filtering with a properly chosen kernel waveform,
which may or may not be affordable. Since the hopping steps
are not instantaneous in practice [34], the present algorithm
(as well as all existing alternatives for acquiring FH signals
[22]–[24], [36]) do not attempt to localize the exact hopping
instants, but rather aim to detect hops. Also, PPH signals are
not considered in [5]. On the other hand, numerical simulations
suggest that a suitable modification of the SLR estimator for
the noiseless case can perfectly recover the sampled FH signals
as well.
The rest of this paper is structured as follows. Section II contains preliminaries, and the problem statement. The novel SLR
formulation is introduced in Section III, where sparsity tuning
and extensions to PPH signals are also presented. An efficient
solution based on the ADMoM is developed in Section IV. Simulations are presented in Section V, and conclusions are drawn
in Section VI.
Notation: Column vectors (matrices) are denoted with
lower-case (upper-case) boldface letters and sets with calligraphic letters;
stands for transposition,
for confor pseudoinverse;
jugate transposition, and
denotes the complex Gaussian probability density function
with mean
and variance
denotes the Kronecker
and
denote the real and imaginary part of
product;
, respectively;
is the -dimensional column vector
is the -dimensional identity matrix,
with all zeros and
while
denotes the
matrix with all zeros. The
(pseudo) -norm of is defined as the number of nonzero
-norms of
are
elements of . The -, -, and
defined, respectively, as
, and
.
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II. PRELIMINARIES AND PROBLEM STATEMENT
, which at time
Consider the noiseless signal
consists of
pure tones; that is
(1)

is the th system-wise hopping instant1 [22],
th system-wise dwell, and
are the complex amplitude and
frequency of the th tone in the th system-wise dwell, re, can also vary with ,
spectively. The number of tones,
due to emitter (de)activation or bandwidth mismatch [24]. The
. A noncooperative
entire observation interval is
asynchronous scenario is considered; hop timing is aperiodic,
and independent across transmitters. Our approach is geared toward slow FH signals, and offsets due to frequency modulation
can be accommodated as well. The measured continuous-time
is corrupted by additive circularly-symmetric
waveform
, i.e.,
complex white Gaussian noise
where

is the

(2)
Let
denote the total number of system-wise hops in
,
and
the period with which
is sampled
at the receiving end. The discrete-time FH signal can be written
as [cf. (1)]
(3)

where
, and
. Correspondingly, the discrete-time noisy observations are [cf. (2)]
(4)
where
Given

is white, and

.
, the objective is to estimate
, and
. Since ML estimation of FH
signal parameters is practically intractable, non-parametric estimators based on the spectrogram have been traditionally employed. These are outlined briefly in the next subsection in order
to establish notation and context for the novel approach we will
develop in Section III.
A. Spectrogram-Based Estimators
is the squared modulus of the
The spectrogram of
short-term Fourier transform defined as

(5)
1The set of system-wise hopping instants is the union of all individual emitter
hopping instants, splitting the time axis in system-wise dwells.
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for

, and
. Specifically, one splits the observed data into
overlapping segments, windows with
,
and computes the discrete Fourier transform (DFT) evaluated
frequencies. Parameters
, and the window
at
highly affect the performance of spectrogram-based FH paramyields improved frequency resolueter estimators. A large
tion, but poor temporal resolution which blurs hop timing. Small
blurs the frequency axis, and close-by hops become indistinguishable. This unyielding tradeoff is the major limitation
of spectrogram-based estimation, and it also affects parametric
techniques which employ the spectrogram for coarse acquisition. Two types of spectrogram-based techniques have been proposed in the literature for (aperiodic) hop timing estimation.
1) Entropy-based techniques [22]. The columns of the spectrogram matrix formed with entries as in (5) are normalized to sum to unity, and the entropy of each column is
denoting the sequence of
computed. With
entropies, FH causes spectral spreading that translates to
higher entropy. This suggests obtaining the hopping instants by picking the peaks of ; and
2) Gradient techniques [24]. After setting to zero the entries
which are smaller than a predefined threshold
(typically equal to the sample mean of the spectrogram),
the sum of the difference of consecutive columns is
,
evaluated, i.e.,
for
. The system-wise hopping
instants can then be estimated by picking the peaks of .
These estimates are subsequently processed for further refinement. Once hopping instants are acquired, the parameters
within each dwell are estimated via harmonic retrieval techniques [22], [24].
The method developed in the sequel can be used as an effective stand-alone solution that jointly recovers hop timing and
, dwell frethe remaining parameters of interest, namely
quencies, and amplitudes. Alternatively, the novel method can
be used to extract timing estimates, to be passed on to successive stages (e.g., those described in [22] and [24]) for further
refinement.

, and
. Observe that
represents
the amplitude and phase of the th frequency bin at
time . Since
, a few of the coefficients
, representing the active frequencies at each time,
, and
are nonzero. Letting
, the model in

where

(3) and (4) can be expressed in vector-matrix form as
(7)
, and
.
where
The FH signal parameters to estimate can be obtained from
, which obeys the linear regression model in (7). Matrix
represents the time-localized
frequency content of the signal, and is related to the spectrogram.
The key advantage of introducing the grid of candidate freis that the nonlinear parameter estimation task at
quencies
hand is converted to a linear one [cf. (7)]. This is possible by
increasing the problem dimensionality through the selection of
. Note also that as the
matrix
is fat,
the least-squares (LS) solution with minimum norm, namely
, does not yield an accurate estimate of
even when the signal-to-noise ratio (SNR) is high. Improved
alternatives are possible however, if one capitalizes on the fact
exhibits the following two sparsity
that the unknown vector
properties.
1) Active carrier-domain sparsity. Only a few of the coeffiare nonzero, which implies that
in (7) is
cients
sparse.
2) Differential time-domain sparsity (smoothness). Since FH
most of the time; hence,
is assumed slow,
each row of
is piecewise constant. This means that
adjacent row-wise differences are sparse.
matrix
Consider now the

(8)

III. ESTIMATION VIA SLR
Suppose that the true frequencies
in (3) belong to a
known finite set
with cardinality
. Note that this is not a limiting assumption for civilian
applications, provided that Doppler is negligible. In cases where
can be a dense grid
this information is not available, the set
such that the separation between two consecutive frequencies
is less than the desired resolution (in the same spirit of
in
[10], [16] for harmonic retrieval). Clearly, as the preselected
increases the density of the grid increases, and so does the
frequency resolution—what in the sparse linear regression parlance is referred to as super-resolution [16].
, the received noisy samples can be
With
rewritten as
(6)

where

, and the notation

represents the right cyclic shift of
positions. From
th entry of
contains the
the definition in (8), the
difference
; hence, as mentioned earlier,
is a
sparse vector.
Ideally, one would form a sparse and piecewise constant esby solving the following optimization problem:
timate of

(9)
The first term of the cost function in (9) takes into account the
and
control the
observed signal while the positive scalars
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intrinsic sparsity and smoothness of the estimate, respectively.
However, the problem in (9) is non-convex and NP-hard.
Motivated by recent advances in variable selection [33] and
compressive sampling [13], the -norm is relaxed with the
convex -norm. Hence, the advocated formulation becomes

(10)
effects smoothness. Since
, the second -norm
penalty in (10) captures the sum of total variation penalties.
A couple of remarks are now in order.
Remark 1. One motivation behind SLR-based harmonic retrieval in [10] and [16] is that non-uniform sampling can be
accommodated—a case of interest, e.g., in astronomy or when
observations are missing. Parametric and subspace-based highresolution algorithms (such as ESPRIT and MUSIC) can afford
non-uniform sampling only under suitable identifiability conditions (such as shift invariance); see e.g., [30]. Similar to [10],
[16], the novel FH parameter estimator in (10) remains operational even with non-uniformly sampled data, thanks to the grid,
based formulation. In this case,
denotes the acquisition time of the th sample.
where
, (10) is known as the least-absolute
Remark 2. If
,
shrinkage and selection operator (Lasso) [33]. With
the cost in (10) is similar to the one utilized by the fused Lasso
in [19].
The optimization problem in (10) is convex because the cost
comprises the sum of an -norm term and an -norm term,
both of which are convex by definition; hence, the cost in (10)
can be minimized via interior point solvers, which are computationally affordable for small-to-medium size problems [32].
Since the non-differentiable part in (10) is not separable coordinate-wise, convergence to a global optimum of coordinate-descent solvers [35] cannot be invoked for large-size problems.
An iterative algorithm to approximate the solution of the fused
Lasso is developed in [19]. On the other hand, a low-complexity
algorithm to solve (10) exactly will be derived in Section IV.
Before presenting this solution, it is of interest to explore useful
properties of the estimator in (10) as a function of the scalars
and .
Large

effects sparsity, and large

A. Guidelines for Choosing

and

Selection of the regularization parameters
affects
critically the performance of the estimator in (10). While underregularizing may not be sufficient to retrieve the signal of interest, over-regularization can result in poor and biased estimates. Of course, if the number of tones present can be provided a priori by other means, e.g., by inspecting the spectrocan be tuned accordingly by trial and error. But in
gram,
general, analytical methods to automatically choose the “best”
and
are not available. In essence, selecting the
values of
regularization parameters is more a matter of engineering art,
rather than systematic science.
In this subsection, heuristic but useful guidelines will be probased on rigorously established lower
vided to choose
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bounds of these parameters. To bound , we will rely on the
following result, which was derived in [25].
, then

Proposition 1. If
.

if and only if

Proposition 1 asserts that if
is greater than a threshold
specified by the regression matrix and the observations, and
, then (10) yields estimates that are identically zero. This
property of the Lasso has been exploited in [10] to select the
penalty parameter . In the present context of FH signal estimust be chosen strictly less
mation, the implication is that
than
in order to prevent the all-zero solution. Our extensive
equal to a small percentage
simulations suggest that setting
of , say 5%–10%, results in satisfactory estimates; see also
Section V.
deTurning our attention to bound the selection of , let
lower triangular matrix with all nonzero entries
note the
, and partition the matrix
equal to one. Define
into
and
, so
product
that
. Using these definitions, we have established the following property of the SLR estimator in (10); see
Appendix A for the proof.
, and

Proposition 2. If
with
if

has full column rank, then
, if and only
.

If
exceeds a threshold which is specified by the regression matrix and the observations, and
, Proposition 2
implies that the estimates in (10) are constant in time; that is, all
frequency bins are hop-free. To avoid this trivial (non-FH) somust
lution, the guideline provided by Proposition 2 is that
be chosen strictly less than . As with , the simulations of
Section V will demonstrate that setting to a small percentage
yields satisfactory estimation performance.
of
Remark 3. The scalars weighting the regularization terms
also affects the bias present in the estimators obtained as in (10).
biases towards zero, which
Specifically, note that
may render the complex exponential amplitude estimates unreliable. While the proposed back-off in selecting the regularization parameters relative to the bounds in Propositions 1–2 can
limit this bias, several strategies can be adopted to correct it. A
simple way for correcting the bias is to first acquire the hops (or
hops plus frequencies) via (10), and then solve a line spectrum
(correspondingly, amplitude) estimation problem for each dwell
in-between the detected hops. A drawback of this per-dwell approach is that it does not exploit the possible correlation present
across adjacent dwells [cf. Section V-C].
Another approach to correct the bias in sparse regression is
to retain only the support of (10) and re-estimate the amplitudes
via, e.g., LS. Notice that this approach is not directly applicable here because the number of non-zero entries of in (10)
is generally in the order of
, while the number of equations in (7) is ; that is, the resultant linear regression model
is still under-determined. However, one can take advantage of
the fact that the vector estimate is not only sparse but also
piecewise constant. To this end, summing the columns of
corresponding to the entries of that are equal, it is possible to
reduce the number of unknowns.
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An alternative approach to reducing the bias is through nonconvex regularization using e.g., the smoothly clipped absolute
deviation (SCAD) scheme [18]. SCAD reduces bias without
suffering from the inherent limitations of per-dwell processing.
Its limitation is that the cost is nonconvex, thus rendering exact
minimization problematic due to the presence of local minima.
A viable way for retaining the efficiency of convex optimization
while simultaneously limiting the bias due to the regularizing
term, is to resort to weighted norms [14], [37], [38]. Larger
weights are given to terms that are most likely to be zero, while
smaller weights are assigned to those that are most likely to be
, the weighted
norm
nonzero. Given an initial solution
is defined as
, where
is
a decreasing function of its argument (see [14], [37], [38] for
three different weight functions). LS, ridge regression, or the
(unweighted) estimator in (10) can be used for initialization.
B. Noiseless Case and Perfect Reconstruction
In this subsection, the SLR-estimator is tailored to the case of
noiseless data. Consider the model
(11)
For this noise-free model, the idea is to replace the LS part of the
cost in (10) with an exact constraint involving the linear system
of equations in (11). Specifically, the proposed modification of
(10) is

conditions on the columns of ; see [4], [11], [12] and references
therein. Having shown that (12) reduces to (14) establishes that
any scheme available for checking the RIP or incoherence conditions applies here too. In addition, the simulations of Section V
indicate that if the parameter is chosen properly, the formulation in (12) can perfectly reconstruct the true .
(and thus ) in cerIt is also worth stressing that matrix
tain applications is prescribed, and it is not up to the designer’s
choice. For these applications, one focuses on the -norm based
sparse recovery and the aforementioned equivalence as well as
the RIP and incoherence conditions are not an issue.
Nonetheless, when the designer has the freedom to select , it
is certainly interesting to know how the choice of affects these
sufficient conditions. With regards to checking their validity, it is
also pertinent to underscore that RIP analysis entails the nonzero
of the vector , as well as a “sufficiently small” consupport
. Hence, whether satisfies the RIP depends on the unstant
derlying and the chosen ; and this is NP-hard to check [12],
[13]. Checking the incoherence conditions is feasible in polynomial time, but even when the columns of are “sufficiently
incoherent,” the implied RIP (bounds) may yield values for
and , which may not be always practical [4].
Yet another major consideration constraining the choice of
in practice is the density of the grid points forming the entries
of . This density affects the attainable frequency resolution,
and the associated
which has to be balanced with the size of
complexity in solving the optimization problem (12).
C. Generalization to PPH Signals

(12)
is fat, the linear system
admits an infinite
Since
number of solutions. The rationale behind (12) is to select the
. The
solution that minimizes the cost
parameter is tuned to strike a desirable tradeoff between sparsity and smoothness. Indeed, the larger the the smoother the
solution, and the smaller the the sparser the solution.
coincides
The question that arises at this point is whether
with . Introducing an auxiliary variable,
, the
problem in (12) can be rewritten as

(13)
Defining
and

the optimization in (13) can be recast as a standard sparse signal
reconstruction problem, namely

(14)
Sufficient conditions ensuring equivalence of (14) with the
-norm based optimization for exact recovery are based either
on the restricted isometry property (RIP) or the incoherence

Signals described by (3) and (6) are encountered in many engineering applications. However, certain modulation types induce both continuous and abrupt frequency changes that do not
obey this model. The goal of this section is to broaden the scope
of the novel SLR-based FH estimation approach to polynomialphase hopping (PPH) signals.
Polynomial-phase models are very important in radar signal
processing, where relative velocity and acceleration are key parameters of interest; e.g., see [3], [20] and references therein. Due
to inertia, however, model parameters change slowly in radar applications. Instead of radar, the motivation for PPH comes from
chirp modulation, a digital communication technique originally
proposed during the 1960s. Various generalizations and applications of chirp modulation have appeared since, including chirp
spread spectrum multiplexing—see [6], [21], [28] and references
therein. Instead of using a windowed carrier as the basic pulse,
chirp modulation uses a windowed chirp, whose frequency is linearly swept up or down to represent a logical 0 or 1. Multiple
slopes (and offsets) can be used for -ary modulation, and/or
to multiplex different users. Chirp modulation has a number of
desirable properties relative to traditional FH, including robustness to Doppler and fading. In chirp modulation (multiplexing),
abrupt changes of the PPH parameters occur at the boundary between symbol periods (“dwells”).
The discrete-time model of a PPH signal can be written as

(15)
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Observe that the model in (15) coincides with (3) when
,
it includes also a linear-chirp hopping signal.
while for
is detailed next.
For simplicity in exposition, the case
Suppose that the parameters
and
in
(15) belong to finite sets
and
, respectively. Again, if this is
and
represent dense grids that apnot the case,
and
. If
proximate the true parameters
,
, the

(16)
At the receiver,
and observed as

is corrupted by additive noise
. Defining

with the equality conAssociating Lagrange multipliers
straints, the quadratically augmented Lagrangian of the problem
in (20) is

(21)

this is the case, define
, and
. Upon properly defining
with
discrete-time signal in (15) can be written as

5049

,

Selecting any positive number as well as arbitrary initial
, the ADMoM algorithm iterates
vectors
over the following steps:
(22)
(23)
(24)

, and letting
and
denote the observation and noise
vectors, the received vector becomes
(17)
. Again,
where
is sparse and piecewise constant. Letting
, and

(18)

(25)
With the auxiliary variables and the multipliers available from
st iteration, the wanted vector
at iteration
is
the
obtained as in (22). Because in (21) is linear-quadratic in ,
in Appendix B is shown that this convex minimization problem
accepts a closed-form solution, namely

(26)
Having found
and with the multipliers fixed from the
st iteration, the auxiliary variables
at iteration
are subsequently obtained as in (23). After neglecting irrelevant
terms, the pertinent minimization problem reduces to

the proposed SLR-based estimator for PPH signals is

(19)
with ,
Clearly, by simply replacing the regression matrix
the SLR estimator in (10) developed for FH signals carries over
to the wider class of PPH signals.

(27)

IV. EFFICIENT IMPLEMENTATION VIA ADMOM
A low-complexity algorithm is developed in this section to
obtain in (10). The crux of the advocated solver of the optimization problem in (10) is to show how the alternating direction method of multipliers (ADMoM) [8, pp. 243–253] can be
applied to the problem at hand.
Consider re-writing the minimization in (10) with the use of
auxiliary variables and , as

Clearly, the cost in (27) can be minimized separately in and
. Since the resulting minimizers w.r.t. and are found analogously, only the minimization over is detailed for brevity.
Noting that
, the minimization in (27) over can be solved coordinate-wise; that is,
, the problem to solve is
for each coordinate

(20)

(28)
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Albeit non-differentiable, the scalar convex cost in (28) can be
solved in closed form. Specifically, we show in Appendix B that
the solution of (28) is given by

(29)
which corresponds to the complex version of the soft shrinkage
operator in, e.g., [17]. Collecting the coordinate minimizers in
a vector, the closed-form solution of (23) can be compactly expressed using the vector shrinkage operator with entries as in
(29), namely

Fig. 1. Two hopping complex exponentials. (a) True time-frequency pattern;
(b) spectrogram; (c) sparse linear regression estimates; (d) entropy of the (normalized) spectrogram estimates, ; (e) sum of the difference of consecutive
j
0
j
columns of the spectrogram, ; (f)
.

(M = 2)

1

H

1

=

x

x

(30)
A. Noiseless Case
(31)
Furthermore, note that the Lagrange multipliers are subsequently updated as in (24) and (25), which are first-order, least
mean-square (LMS)-like iterations.
In a nutshell, the primal problem in (10) can be decoupled in
the minimization problems (22) and (23), which entail closedform solutions per iteration plus simple Lagrange multiplier updates implemented as in (24) and (25). Apart from simplicity in
implementation, this iterative algorithm for SLR-based FH parameter estimation is provably convergent to in (10), since
the ADMoM is guaranteed to converge to a global minimizer
for convex functions [8, p. 253]. Summarizing, we have established the following.

Similar to (10), the estimator in (12) admits an efficient implementation via the ADMoM. Indeed, mimicking the steps used to
solve the minimization problem in (10), the following holds true.

(32)
(33)
(34)

and
, the
Proposition 3. For any
iterates
in (26),
and
in (30) and (31), as well as
and
in (24) and (25), are all convergent. Specifically,
converges to the solution of (10); that is,
.
It is worth stressing at this point that the ADMoM solver of
the SLR problem in (10) and the associated convergence result
in Proposition 3 are not confined to the FH/PPH signal estimation problem dealt with here. In fact, they carry over to all problems that fused Lasso can be applied [19]. An extra attractive
feature of the ADMoM algorithm in (26)–(31) is that the matrix to be inverted in (26) remains fixed during the iterations;
hence, the matrix inversion in (26) can be performed off-line.
obtained off-line, the comWith
putational complexity per iteration is dominated by the multi. Furthermore, since the maplication in (26), that is
trix
is very sparse [cf. (7) and (8)],
solving (26) for large and can be facilitated via computationally efficient solvers of sparse linear systems of equations,
such as the conjugate gradient algorithm [7, p. 130]. In addition,
the ADMoM can afford a convergent distributed implementation which is also robust to noisy links [27]—a useful attribute
when estimation is to be performed using wireless sensor networks, where observations are spatially distributed.

the

Proposition 4. For any
iterates

(35)
(36)
(37)
converge to the solution of (12); that is,

.

V. SIMULATIONS
In this section, the developed algorithms are tested in several
scenarios.
A. Frequency Hopping and Hop Timing Estimation
The signal of interest in (3) and (6) consists of two hopping tones, while the grid of carriers is chosen to be
with
, and
. The first FH tone is
generated to be active on the 10th carrier in the interval [0, 9],
and then hops to the 20th carrier during the interval [10, 47]. The
second hopping tone occupies the 25th carrier in the interval [0,
29], and the 5th carrier in the interval [30, 47]. The two FH signals are in-phase and have equal amplitude.
The true time-frequency pattern of the signal of interest is depicted in Fig. 1(a). (Here and in what follows the squared modulus of the
entries is plotted.) The spectrogram obtained with
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M

Fig. 2. Two hopping complex exponentials. Probability of incorrect detection
= 2).
versus SNR (

, and using a rectangular window
is shown in Fig. 1(b) at
10 dB. In Fig. 1(c), the modulus of the estimate in (10) rear, is depicted for
ranged in matrix form, i.e.,
and
, with
as in Proposition 1
(correspondingly 2). Here and in what follows these scaling paare used unless specified otherwise. ADMoM
rameters
updates in (22)–(25) are terminated either after a fixed number
) iterations, or, by using the following stopping criof (here
. Observe that
terion:
is a far better estimate of the true time-frequency pattern than
the spectrogram.
Fig. 1(d) and (e) depicts, respectively, the entropy sequence
[22], and the gradient sequence
[24] versus time.
Notice that the peaks of these statistics provide estimates of
the system-wise hopping instants. In Fig. 1(f), the statistic
for
is
represents a better statistic than
plotted. Clearly,
and
to estimate the hopping instants.
Performance of the spectrogram- and SLR-based hop timing
estimators is next assessed via Monte Carlo simulations. The
signal of interest is the one in Fig. 1(a) and, for simplicity, the
is assumed known. The
number of system-wise hops
hop timing estimates are obtained by picking the
peaks of
, and
. To pick the peaks of those statistics, the
times: i) The maximum value
following steps are repeated
of the statistic is found; ii) its index is stored; and iii) the value
entries are set to zero. Correct
of this entry and the adjacent
acquisition (CA) corresponds to having each of the estimates
samples away from the
of the hopping instants less than
associated true hopping instants. Fig. 2 depicts the probability
versus SNR (averof incorrect acquisition
noise realizations) for the two spectrogram-based
aged over
and
estimators, and the novel estimator in (10) with
. Observe that the entropy-based technique outperforms
the gradient-based one, and the SLR estimator achieves the best
overall performance.
FH tones:
Next, the tested signal of interest comprises
the two of Fig. 1(a) plus a third one that occupies the 15th carrier in the interval [0, 19], and then hops to the 30th carrier in
the interval [20, 47]. With the parameters used in Fig. 1, the resulting signal together with the spectrogram, the SLR estimates
and the decision statistics are depicted in Fig. 3. Fig. 4 shows the
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Fig. 3. Three hopping complex exponentials. (a) True time-frequency pattern;
(b) spectrogram; (c) sparse linear regression estimates; (d) entropy of the (normalized) spectrogram estimates, ; (e) Sum of the difference of consecutive
=
j
0
j
columns of the spectrogram, 1; (f) 1
(
= 3).

H

M

x

x

M

Fig. 4. Three hopping complex exponentials. Probability of incorrect detection
versus SNR versus SNR (
= 3).

probability of incorrect acquisition versus SNR. Observe that
the performance of the entropy-based estimator degrades while
the SLR estimator achieves satisfactory performance.
So far, the true signal comprised a fixed number of complex
exponentials hopping only once. Next, a case is tested where the
number of complex exponentials varies across dwells and more
hops occur. The first complex exponential occupies the 10th carrier over the interval [0,9], then hops to the 20th carrier over [10,
34], and to the 30th carrier over [35, 47]. The second complex
exponential occupies the 15th carrier over [0,19] and then it disappears, while the third complex exponential occupies the 25th
carrier over the interval [0, 29], and the 5th carrier over [30, 47].
With the parameters identical to those used in Fig. 1, the resulting
signal along with the spectrogram, the SLR estimates, and the
decision statistics are depicted in Fig. 5. The selection strategies
advocated in Section III-A are seen effective also in this case of
multiple hops and a varying number of tones per dwell.
B. Robustness to Sources of Model Mismatch
In Section V-A the signal of interest was a superposition of
ideal complex exponentials that hopped within a known frequency grid. In this subsection, the estimator in (10) is tested in
the presence of various sources of mismatch between the model
in (3), (4), and (6) and the signal of interest. First, a carrier mismatch is considered.
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Fig. 5. Time-varying number of hopping complex exponentials. (a) True
time-frequency pattern; (b) spectrogram; (c) sparse linear regression
;
estimates; (d) entropy of the (normalized) spectrogram estimates,
(e) sum of the difference of consecutive columns of the spectrogram, ;
(f)
j
0
j .

1

=

x

x

H
1

Fig. 7. Mismatch due to B-FSK modulation: signal frequencies not within the
grid. True frequencies (top) and SLR estimates (bottom).

Fig. 6. Mismatch due to carrier shift: true frequencies are not within the grid.
Spectrogram (top) and SLR estimates (bottom).

It is first assumed that each carrier in Fig. 3(a) is shifted by
so that none of the actual frequencies is within the grid; instead,
they lie in the middle of two grid carriers. As a consequence, (6)
is not exact but only an approximation. Fig. 6(a) and (b) shows

the spectrogram and the SLR estimates for SNR = 10 dB, respectively. Notice that the SLR estimator picks the two closest
carriers. While the time and frequency resolution of the SLR estimator is still better than the spectrogram, increasing the density of the frequency grid can further improve performance.
Next, a mismatch due to frequency modulation is considered.
Each exponential signal in Fig. 3(a) is the carrier of a binary frequency shift keying (B-FSK) modulation, where each symbol
sampling instants, and the two symbols undergo
lasts
, which corresponds to
of the
a frequency shift of
carrier spacing. Despite the fact that the estimator in (10) may
recover such a signal if a frequency grid 10 times denser than
was adopted, the question considered here is whether the SLR estimator with can “filter out”
the modulation and recover the actual tones. Fig. 7(a) and (b)
shows the true time-frequency pattern along with the SLR estimate for SNR = 10 dB, respectively. It is clear that the SLR estimator recovers the carrier hops only, because frequency variations due to modulation are negligible relative to the grid spacing.
Next, a near–far scenario is considered. Wireless propagation may cause fluctuations of the received signal amplitude due
to time- and frequency-selective fading. Frequency selectivity
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Fig. 9. Evolution of the squared-error in the noise-free case.

Fig. 8. Mismatch due to fading. The complex exponential amplitudes are time
varying. True signal (top) and SLR estimates (bottom).

means that different tones are subject to different attenuation
and phase shift; time selectivity means that the attenuation and
phase shift of a given tone vary with time. If this is the case, exact
reconstruction of the signals of interest is impossible, because
the number of unknowns is much larger than the number of observations. In many cases, however, fading only induces relatively small fluctuations around a nominal amplitude. Indeed,
Fig. 8(a) and (b) depicts the signal of interest affected by timevarying fading, and its SLR estimate for SNR = 10 dB. The
nonzero time-varying amplitude coefficients in (6) are generated
as a first-order Gauss–Markov process, i.e.,
with
, and
.
Interestingly, the developed estimator is able to recover the true
time-localized frequency pattern, and “average out” small amplitude variations due to fading.
C. Noiseless Case
In this subsection, the noiseless reconstruction algorithm of
(12) is tested. The signal of interest is the one in Fig. 3(a). Fig. 9
shows the squared error (SE),
, versus the iteration
index
of the algorithm in Proposition 4 for
, and
various values of . Surprisingly, if properly tuned, the SLR
estimator in (12) can perfectly recover the signal .

Fig. 10. Evolution of the squared-error in the noise-free case (dwell-wise identifiability is not met).

Once hop timing is acquired, one can solve a set of harmonic
retrieval problems on a per-dwell basis to obtain refined frequency and complex amplitude estimates [22], [24]. This kind of
processing is clearly suboptimum, since it does not take into account observations of adjacent dwells—which contain information about the frequency content in the dwell of interest. Parameter identifiability for the per-dwell harmonic retrieval problem
goes back to Caratheodory [15]; see also [31]. Assuming distinct dwell frequencies, it turns out that identifiability of this
nonlinear problem boils down to counting equations-versus-uncomplex exponentials within the dwell, one
knowns: for
observations (length of the dwell).2
needs at least
Next, a case similar to Fig. 3(a) is considered except that the
first signal hops to the 20th carrier at time 18, so that only one
sample is taken during the second dwell. In this case, per-dwell
processing fails to recover the signal within the second dwell
even with perfect knowledge of the hop timing. Fig. 10 shows
the SE versus the iteration index (i) of the algorithm in Proposi. Observe that the SLR estimator is capable
tion 4 with
2There are three real unknowns per complex exponential, and two real equations per complex measurement.
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of recovering the signal of interest perfectly. This is possible because the estimator in (12) exploits the frequency smoothness
along adjacent dwells. Clearly, this does not constitute an identifiability claim; what it does demonstrate, however, is that the
SLR estimator is capable of perfect recovery in situations where
per-dwell processing unequivocally fails.
D. PPH Signal Estimation
In this subsection, the generalization of the SLR estimator to PPH signals is tested. A mixture of FH and
linear chirp hopping signals is considered. Specifically,
the chosen parameters are:
and
. The signal of interest is a super, and hopping chirp signals in
.
position of FH signals in
is not instrumental in any way
The particular choice of
other than allowing for easy visualization: it guarantees that the
instantaneous frequency of the chirp signals at every sample
.
point belongs to
The signal of interest was generated as the superposition of
two signals. The first occupies the 7th carrier in the interval
[0,24], and then hops to the 12th carrier in the interval [25, 47].
The second signal occupies the 15th carrier in the interval [0,
14], and then turns into a linearly decreasing chirp starting from
the 18th carrier in the interval [15,31], and finally to a linearly
increasing chirp starting from the 5th carrier in the interval [32,
47]. Fig. 11(a) and (b) shows the true time-frequency pattern
,
along with the SLR estimate for SNR = 10 dB,
. It is worth noting that since
the
and
assumption of Proposition 2 is not met. As expected, the SLR
estimator correctly recovers the frequency content of the signal
of interest.
VI. CONCLUSION
A novel technique was introduced to estimate FH signal parameters based on sparse linear regression. Earlier approaches
rely upon the spectrogram of the received signal, at least for
coarse acquisition. The estimation task was formulated here as
an under-determined linear regression problem with a dual sparsity penalty. Its exact solution was obtained using the ADMoM.
Guidelines were provided to select the regularization parameters, and the estimation approach was generalized to PPH signals. Simulations demonstrated that the novel technique outperforms spectrogram-based estimators by a significant margin,
especially with regard to hop-timing estimation. A modification of the novel estimator in the noiseless case revealed that
the SLR estimator can perfectly recover the signal of interest,
even when per-dwell identifiability fails—thus holding greater
promise than per-dwell processing approaches. The ADMoMbased algorithm developed here for FH/PPH signal estimation
can be ported to other problems, such as applications of fused
Lasso [19]. Interesting extensions of this work can be pursued
in slowly time-varying line spectrum estimation.3
3The

views and conclusions contained in this document are those of the authors and should not be interpreted as representing the official policies, either
expressed or implied, of the Army Research Laboratory or the U. S. Government.

Fig. 11. Estimation of polynomial-phase hopping signals. True signal (top) and
SLR estimates (bottom).

APPENDIX
A. Proof of Proposition 2
With

, the problem in (10) simplifies to
(38)

Recall that

, and let
(39)

Defining

, it holds that
(40)

and
(41)
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Hence, an equivalent form of (38) is
(42)
where
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In Section IV we have showed that (23) can be separated in
scalar problems of the form in (28). Next, we show that (28) admits the closed-form solution in (29). Because the cost in (28) is
convex but non-differentiable, the necessary and sufficient conto attain its minimum is [26, p. 92]
dition for

(43)
The necessary and sufficient first-order optimality condition for
to be the (unconstrained) minimum of
, is that
the subgradient of
evaluated at
contains the
zero vector [26, p. 92], i.e.,
(44)

(50)

Substituting
with the expression in (29), it is easy to verify
that the conditions in (50) are satisfied. This completes the proof
of the proposition.

Defining
REFERENCES
(45)
the subgradient of
pressed as

evaluated at

can be ex(46)
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