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Abstract—Frequency hopping (FH) signals have well-docu-
mented merits for commercial and military applications due to
their near-far resistance and robustness to jamming. Estimating
FH signal parameters (e.g., hopping instants, carriers, and am-
plitudes) is an important and challenging task, but optimum
estimation incurs an unrealistic computational burden. The spec-
trogram has long been the starting non-parametric estimator in this

Index Terms—Compressive sampling, frequency hopping sig-
nals, sparse linear regression, spectrogram, spread spectrum
signals.

I. INTRODUCTION

F REQUENCY-HOPPING spread-spectrum signaling is
widely adopted in tactical communications due to its low

probability of detection and interception, agility, and robustness
to jamming [34]. Estimating and tracking the parameters of
multiple superimposed FH signals are important tasks with
applications in both military and civilian domains: from in-
terception of noncooperative communications, to collision
avoidance and cognitive radio. The problem is particularly
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challenging when the hopping patterns of the constituent sig-
nals are unknown, and, in addition to dwell frequency, hop
timing is randomized as well for added protection. Maximum
likelihood (ML) estimation is practically intractable in this
context, which motivates the pursuit of alternative low- to
moderate-complexity solutions.

Starting fromcoarse channelization techniques based on the
spectrogram and related non-parametric time-frequency esti-
mation tools, there is considerable literature on the subject of
FH signal parameter estimation and tracking. Non-parametric
methods based on the spectrogram are simple but suffer from
limited resolution and require further reÞnements [1], [29].
Time-frequency distribution techniques have been investigated
in [2] for acquisition of FH signals.

Parametric methods for FH signal estimation model the active
frequency as piecewise-constant and achieve improved estima-
tion accuracy at the cost of higher complexity. The crux of the
overall problem ishop timing estimation: given the hop instants,
what remains is essentially a sequence of harmonic retrieval
problems. When the hops are periodic, the timing problem re-
duces to estimating the hopping period(s) and offset(s) [1], [2],
[29]. Hop timing estimators for the more difÞcult case of ape-
riodic hop timing have been developed based on dynamic pro-
gramming (DP) [22], [23], and the expectation-maximization
(EM) algorithm [24]. The algorithms in [22], [23] and [24] re-
quire multiple receive antennas, and rely on the spectrogram for
coarse acquisition.

When only one FH signal is present, an effective particle Þl-
tering solution based on a stochastic dynamical system formu-
lation has recently appeared in [36]. Different from [22], [23]
and [24], the approach in [36] allows for sequential processing,
and is robust to various sources of mismatch in the probabilistic
model adopted. The limitation of [36] is that it does not gener-
alize to multiple FH signals, due to thecurse of dimensionality:
the required number of particles grows fast with the dimension-
ality of the state-space. The complexity of DP-based approaches
[22], [23], on the other hand, increases rapidly also with the
number of temporal samplesÑthus only short data records can
be processed.

While sparse linear regression (SLR) has been advocated in
[10] and [16] for harmonic retrieval without carrier hopping, in
this paper a novel SLR-based technique is developed for mul-
tiple FH signals. Relative to [10] and [16], here we also take ad-
vantage of sparsity in terms of carrier hopping, which is effected
through a dual sparsity penalty. The developed estimator is also
generalized to handle polynomial-phase hopping (PPH) signals
that emerge in chirp spread spectrum communications [6], [21],

1053-587X/$26.00 © 2010 IEEE



ANGELOSANTEet al.: ESTIMATING MULTIPLE FH SIGNAL PARAMETERS VIA SLR 5045

[28]. A pertinent sparsity-aware optimization problem is formu-
lated and solved using the alternating direction method of multi-
pliers (ADMoM). Simulations illustrate that the developed tech-
nique is robust to model mismatch, and far outperforms spec-
trogram-based methods, especially with regard to hop timing
estimation.

Due to the non-convexity of the FH estimation problem, para-
metric techniques based on the likelihood function (such as the
EM algorithm) can be trapped in local minima if the initializa-
tion is far from a global minimum. Due to its low complexity
and high accuracy, the novel SLR-based estimator can be used
both as a stand-alone FH signal estimation algorithm, and as an
excellent initialization for iterative reÞnement algorithms, such
as the one in [24].

Interestingly, the closely related problem of identifying
the parameters of a piecewise-sinusoidal mixture model from
(generalized) samples has been studied in [5] using a Þnite-rate
of innovation (FRI) approach. SLR and FRI are different tools
dealing with similar problems; see also [9] for a tutorial on FRI
and its relation with SLR and compressive sampling. While
introducing interesting identiÞability conditions and algorithms
for perfect reconstruction of the underlying continuous-time
signal, the approach in [5] is not directly applicable to the
present context. The switching instants (ÒhopsÓ) in [5] are con-
tinuous variables, and the measurements are obtained through
analog pre-Þltering with a properly chosen kernel waveform,
which may or may not be affordable. Since the hopping steps
are not instantaneous in practice [34], the present algorithm
(as well as all existing alternatives for acquiring FH signals
[22]Ð[24], [36]) do not attempt to localize theexacthopping
instants, but rather aim to detect hops. Also, PPH signals are
not considered in [5]. On the other hand, numerical simulations
suggest that a suitable modiÞcation of the SLR estimator for
the noiseless case can perfectly recover the sampled FH signals
as well.

The rest of this paper is structured as follows. Section II con-
tains preliminaries, and the problem statement. The novel SLR
formulation is introduced in Section III, where sparsity tuning
and extensions to PPH signals are also presented. An efÞcient
solution based on the ADMoM is developed in Section IV. Sim-
ulations are presented in Section V, and conclusions are drawn
in Section VI.

Notation: Column vectors (matrices) are denoted with
lower-case (upper-case) boldface letters and sets with calli-
graphic letters; stands for transposition, for con-
jugate transposition, and for pseudoinverse;
denotes the complex Gaussian probability density function
with mean and variance denotes the Kronecker
product; and denote the real and imaginary part of

, respectively; is the -dimensional column vector
with all zeros and is the -dimensional identity matrix,
while denotes the matrix with all zeros. The
(pseudo) -norm of is deÞned as the number of nonzero
elements of . The -, -, and -norms of are
deÞned, respectively, as

, and

.

II. PRELIMINARIES AND PROBLEM STATEMENT

Consider the noiseless signal , which at time
consists of pure tones; that is

(1)

where is the th system-wise hopping instant1 [22],
is the th system-wise dwell, and

are the complex amplitude and
frequency of the th tone in the th system-wise dwell, re-
spectively. The number of tones, , can also vary with ,
due to emitter (de)activation or bandwidth mismatch [24]. The
entire observation interval is . A noncooperative
asynchronous scenario is considered; hop timing is aperiodic,
and independent across transmitters. Our approach is geared to-
ward slow FH signals, and offsets due to frequency modulation
can be accommodated as well. The measured continuous-time
waveform is corrupted by additive circularly-symmetric
complex white Gaussian noise , i.e.,

(2)

Let denote the total number of system-wise hops in ,
and the period with which is sampled
at the receiving end. The discrete-time FH signal can be written
as [cf. (1)]

(3)

where
, and . Corre-

spondingly, the discrete-time noisy observations are [cf. (2)]

(4)

where is white, and .
Given , the objective is to estimate

, and . Since ML estimation of FH
signal parameters is practically intractable, non-parametric es-
timators based on the spectrogram have been traditionally em-
ployed. These are outlined brießy in the next subsection in order
to establish notation and context for the novel approach we will
develop in Section III.

A. Spectrogram-Based Estimators

The spectrogram of is the squared modulus of the
short-term Fourier transform deÞned as

(5)

1The set of system-wise hopping instants is the union of all individual emitter
hopping instants, splitting the time axis in system-wise dwells.
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for , and
. SpeciÞcally, one splits the observed data into

overlapping segments, windows with ,
and computes the discrete Fourier transform (DFT) evaluated
at frequencies. Parameters , and the window
highly affect the performance of spectrogram-based FH param-
eter estimators. A large yields improved frequency resolu-
tion, but poor temporal resolution which blurs hop timing. Small

blurs the frequency axis, and close-by hops become indis-
tinguishable. This unyielding tradeoff is the major limitation
of spectrogram-based estimation, and it also affects parametric
techniques which employ the spectrogram for coarse acquisi-
tion. Two types of spectrogram-based techniques have been pro-
posed in the literature for (aperiodic) hop timing estimation.

1) Entropy-based techniques[22]. The columns of the spec-
trogram matrix formed with entries as in (5) are normal-
ized to sum to unity, and the entropy of each column is
computed. With denoting the sequence of
entropies, FH causes spectral spreading that translates to
higher entropy. This suggests obtaining the hopping in-
stants by picking the peaks of ; and

2) Gradient techniques[24]. After setting to zero the entries
which are smaller than a predeÞned threshold

(typically equal to the sample mean of the spectrogram),
the sum of the difference of consecutive columns is
evaluated, i.e., ,
for . The system-wise hopping
instants can then be estimated by picking the peaks of.

These estimates are subsequently processed for further re-
Þnement. Once hopping instants are acquired, the parameters
within each dwell are estimated via harmonic retrieval tech-
niques [22], [24].

The method developed in the sequel can be used as an effec-
tive stand-alone solution that jointly recovers hop timing and
the remaining parameters of interest, namely , dwell fre-
quencies, and amplitudes. Alternatively, the novel method can
be used to extract timing estimates, to be passed on to succes-
sive stages (e.g., those described in [22] and [24]) for further
reÞnement.

III. ESTIMATION VIA SLR

Suppose that the true frequencies in (3) belong to a
known Þnite set with cardinality

. Note that this is not a limiting assumption for civilian
applications, provided that Doppler is negligible. In cases where
this information is not available, the set can be a dense grid
such that the separation between two consecutive frequencies
in is less than the desired resolution (in the same spirit of
[10], [16] for harmonic retrieval). Clearly, as the preselected

increases the density of the grid increases, and so does the
frequency resolutionÑwhat in the sparse linear regression par-
lance is referred to as super-resolution [16].

With , the received noisy samples can be
rewritten as

(6)

where , and
. Observe that represents

the amplitude and phase of theth frequency bin at
time . Since , a few of the coefÞcients

, representing the active frequencies at each time,
are nonzero. Letting , and

, the model in

(3) and (4) can be expressed in vector-matrix form as

(7)

where , and .
The FH signal parameters to estimate can be obtained from

, which obeys the linear regression model in (7). Matrix
represents the time-localized

frequency content of the signal, and isrelated to the spectro-
gram.

The key advantage of introducing the grid of candidate fre-
quencies is that the nonlinear parameter estimation task at
hand is converted to a linear one [cf. (7)]. This is possible by
increasing the problem dimensionality through the selection of

. Note also that as the matrix is fat,
the least-squares (LS) solution with minimumnorm, namely

, does not yield an accurate estimate of
even when the signal-to-noise ratio (SNR) is high. Improved

alternatives are possible however, if one capitalizes on the fact
that the unknown vector exhibits the following twosparsity
properties.

1) Active carrier-domain sparsity.Only a few of the coefÞ-
cients are nonzero, which implies that in (7) is
sparse.

2) Differential time-domain sparsity (smoothness). Since FH
is assumed slow, most of the time; hence,
each row of is piecewise constant. This means that
adjacent row-wise differences are sparse.

Consider now the matrix

(8)

where , and the notation

represents the right cyclic shift of positions. From
the deÞnition in (8), the th entry of contains the
difference ; hence, as mentioned earlier, is a
sparse vector.

Ideally, one would form a sparse and piecewise constant es-
timate of by solving the following optimization problem:

(9)

The Þrst term of the cost function in (9) takes into account the
observed signal while the positive scalarsand control the
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intrinsic sparsity and smoothness of the estimate, respectively.
However, the problem in (9) is non-convex and NP-hard.

Motivated by recent advances in variable selection [33] and
compressive sampling [13], the -norm is relaxed with the
convex -norm. Hence, the advocated formulation becomes

(10)

Large effects sparsity, and large effects smoothness. Since
, the second -norm

penalty in (10) captures the sum of total variation penalties.
A couple of remarks are now in order.
Remark 1. One motivation behind SLR-based harmonic re-

trieval in [10] and [16] is that non-uniform sampling can be
accommodatedÑa case of interest, e.g., in astronomy or when
observations are missing. Parametric and subspace-based high-
resolution algorithms (such as ESPRIT and MUSIC) can afford
non-uniform sampling only under suitable identiÞability condi-
tions (such as shift invariance); see e.g., [30]. Similar to [10],
[16], the novel FH parameter estimator in (10) remains opera-
tional even with non-uniformly sampled data, thanks to the grid-
based formulation. In this case, ,
where denotes the acquisition time of theth sample.

Remark 2. If , (10) is known as the least-absolute
shrinkage and selection operator (Lasso) [33]. With ,
the cost in (10) is similar to the one utilized by the fused Lasso
in [19].

The optimization problem in (10) is convex because the cost
comprises the sum of an -norm term and an -norm term,
both of which are convex by deÞnition; hence, the cost in (10)
can be minimized via interior point solvers, which are compu-
tationally affordable for small-to-medium size problems [32].
Since the non-differentiable part in (10) is not separable coordi-
nate-wise, convergence to a global optimum of coordinate-de-
scent solvers [35] cannot be invoked for large-size problems.
An iterative algorithm toapproximate the solution of the fused
Lasso is developed in [19]. On the other hand, a low-complexity
algorithm to solve (10)exactly will be derived in Section IV.
Before presenting this solution, it is of interest to explore useful
properties of the estimator in (10) as a function of the scalars
and .

A. Guidelines for Choosing and

Selection of the regularization parameters affects
critically the performance of the estimator in (10). While under-
regularizing may not be sufÞcient to retrieve the signal of in-
terest, over-regularization can result in poor and biased esti-
mates. Of course, if the number of tones present can be pro-
vided a priori by other means, e.g., by inspecting the spectro-
gram, can be tuned accordingly by trial and error. But in
general, analytical methods to automatically choose the ÒbestÓ
values of and are not available. In essence, selecting the
regularization parameters is more a matter of engineering art,
rather than systematic science.

In this subsection, heuristic but useful guidelines will be pro-
vided to choose based on rigorously established lower

bounds of these parameters. To bound, we will rely on the
following result, which was derived in [25].

Proposition 1. If , then if and only if
.

Proposition 1 asserts that if is greater than a threshold
speciÞed by the regression matrix and the observations, and

, then (10) yields estimates that are identically zero. This
property of the Lasso has been exploited in [10] to select the
penalty parameter . In the present context of FH signal esti-
mation, the implication is that must be chosen strictly less
than in order to prevent the all-zero solution. Our extensive
simulations suggest that setting equal to a small percentage
of , say 5%Ð10%, results in satisfactory estimates; see also
Section V.

Turning our attention to bound the selection of, let de-
note the lower triangular matrix with all nonzero entries
equal to one. DeÞne , and partition the matrix
product into and , so
that . Using these deÞnitions, we have estab-
lished the following property of the SLR estimator in (10); see
Appendix A for the proof.

Proposition 2. If , and has full column rank, then
with , if and only

if .

If exceeds a threshold which is speciÞed by the regres-
sion matrix and the observations, and , Proposition 2
implies that the estimates in (10) are constant in time; that is, all
frequency bins are hop-free. To avoid this trivial (non-FH) so-
lution, the guideline provided by Proposition 2 is thatmust
be chosen strictly less than . As with , the simulations of
Section V will demonstrate that setting to a small percentage
of yields satisfactory estimation performance.

Remark 3. The scalars weighting the regularization terms
also affects the bias present in the estimators obtained as in (10).
SpeciÞcally, note that biases towards zero, which
may render the complex exponential amplitude estimates unre-
liable. While the proposed back-off in selecting the regulariza-
tion parameters relative to the bounds in Propositions 1Ð2 can
limit this bias, several strategies can be adopted to correct it. A
simple way for correcting the bias is to Þrst acquire the hops (or
hops plus frequencies) via (10), and then solve a line spectrum
(correspondingly, amplitude) estimation problem for each dwell
in-between the detected hops. A drawback of this per-dwell ap-
proach is that it does not exploit the possible correlation present
across adjacent dwells [cf. Section V-C].

Another approach to correct the bias in sparse regression is
to retain only the support of (10) and re-estimate the amplitudes
via, e.g., LS. Notice that this approach is not directly appli-
cable here because the number of non-zero entries ofin (10)
is generally in the order of , while the number of equa-
tions in (7) is ; that is, the resultant linear regression model
is still under-determined. However, one can take advantage of
the fact that the vector estimateis not only sparse but also
piecewise constant. To this end, summing the columns of
corresponding to the entries ofthat are equal, it is possible to
reduce the number of unknowns.
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Observe that the model in (15) coincides with (3) when ,
while for it includes also a linear-chirp hopping signal.
For simplicity in exposition, the case is detailed next.

Suppose that the parameters and in

(15) belong to Þnite sets and
, respectively. Again, if this is

not the case, and represent dense grids that ap-
proximate the true parameters and . If

this is the case, deÞne

, and ,
with . Upon properly deÞning , the
discrete-time signal in (15) can be written as

(16)

At the receiver, is corrupted by additive noise ,
and observed as . DeÞning

, and letting
and denote the observation and noise
vectors, the received vector becomes

(17)

where . Again,
is sparse and piecewise constant. Letting

, and

(18)

the proposed SLR-based estimator for PPH signals is

(19)

Clearly, by simply replacing the regression matrix with ,
the SLR estimator in (10) developed for FH signals carries over
to the wider class of PPH signals.

IV. EFFICIENT IMPLEMENTATION VIA ADMOM

A low-complexity algorithm is developed in this section to
obtain in (10). The crux of the advocated solver of the opti-
mization problem in (10) is to show how the alternating direc-
tion method of multipliers (ADMoM) [8, pp. 243Ð253] can be
applied to the problem at hand.

Consider re-writing the minimization in (10) with the use of
auxiliary variables and , as

(20)

Associating Lagrange multipliers with the equality con-
straints, the quadratically augmented Lagrangian of the problem
in (20) is

(21)

Selecting any positive numberas well as arbitrary initial
vectors , the ADMoM algorithm iterates
over the following steps:

(22)

(23)

(24)

(25)

With the auxiliary variables and the multipliers available from
the st iteration, the wanted vector at iteration is
obtained as in (22). Becausein (21) is linear-quadratic in ,
in Appendix B is shown that this convex minimization problem
accepts a closed-form solution, namely

(26)

Having found and with the multipliers Þxed from the
st iteration, the auxiliary variables at iteration

are subsequently obtained as in (23). After neglecting irrelevant
terms, the pertinent minimization problem reduces to

(27)

Clearly, the cost in (27) can be minimized separately inand
. Since the resulting minimizers w.r.t.and are found anal-

ogously, only the minimization over is detailed for brevity.
Noting that

, the min-
imization in (27) over can be solved coordinate-wise; that is,
for each coordinate , the problem to solve is

(28)
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Albeit non-differentiable, the scalar convex cost in (28) can be
solved in closed form. SpeciÞcally, we show in Appendix B that
the solution of (28) is given by

(29)

which corresponds to the complex version of the soft shrinkage
operator in, e.g., [17]. Collecting the coordinate minimizers in
a vector, the closed-form solution of (23) can be compactly ex-
pressed using the vector shrinkage operator with entries as in
(29), namely

(30)

(31)

Furthermore, note that the Lagrange multipliers are subse-
quently updated as in (24) and (25), which are Þrst-order, least
mean-square (LMS)-like iterations.

In a nutshell, the primal problem in (10) can be decoupled in
the minimization problems (22) and (23), which entail closed-
form solutions per iteration plus simple Lagrange multiplier up-
dates implemented as in (24) and (25). Apart from simplicity in
implementation, this iterative algorithm for SLR-based FH pa-
rameter estimation is provably convergent toin (10), since
the ADMoM is guaranteed to converge to a global minimizer
for convex functions [8, p. 253]. Summarizing, we have estab-
lished the following.

Proposition 3. For any and , the
iterates in (26), and in (30) and (31), as well as

and in (24) and (25), are all convergent. Specifically,
converges to the solution of (10); that is, .

It is worth stressing at this point that the ADMoM solver of
the SLR problem in (10) and the associated convergence result
in Proposition 3 are not conÞned to the FH/PPH signal estima-
tion problem dealt with here. In fact, they carry over to all prob-
lems that fused Lasso can be applied [19]. An extra attractive
feature of the ADMoM algorithm in (26)Ð(31) is that the ma-
trix to be inverted in (26) remains Þxed during the iterations;
hence, the matrix inversion in (26) can be performed off-line.
With obtained off-line, the com-
putational complexity per iteration is dominated by the multi-
plication in (26), that is . Furthermore, since the ma-
trix is very sparse [cf. (7) and (8)],
solving (26) for large and can be facilitated via computa-
tionally efÞcient solvers of sparse linear systems of equations,
such as the conjugate gradient algorithm [7, p. 130]. In addition,
the ADMoM can afford a convergentdistributed implementa-
tion which is also robust to noisy links [27]Ña useful attribute
when estimation is to be performed using wireless sensor net-
works, where observations are spatially distributed.

Fig. 1. Two hopping complex exponentials. (a) True time-frequency pattern;
(b) spectrogram; (c) sparse linear regression estimates; (d) entropy of the (nor-
malized) spectrogram estimates,� ; (e) sum of the difference of consecutive
columns of the spectrogram,�; (f) � � �� � � �
�� � ��.

A. Noiseless Case

Similar to (10), the estimator in (12) admits an efÞcient imple-
mentation via the ADMoM. Indeed, mimicking the steps used to
solve the minimization problem in (10), the following holds true.

Proposition 4. For any the
iterates

(32)

(33)

(34)

(35)

(36)

(37)

converge to the solution of (12); that is, .

V. SIMULATIONS

In this section, the developed algorithms are tested in several
scenarios.

A. Frequency Hopping and Hop Timing Estimation

The signal of interest in (3) and (6) consists of two hop-
ping tones, while the grid of carriers is chosen to be

with , and . The Þrst FH tone is
generated to be active on the 10th carrier in the interval [0, 9],
and then hops to the 20th carrier during the interval [10, 47]. The
second hopping tone occupies the 25th carrier in the interval [0,
29], and the 5th carrier in the interval [30, 47]. The two FH sig-
nals are in-phase and have equal amplitude.

The true time-frequency pattern of the signal of interest is de-
picted in Fig. 1(a). (Here and in what follows the squared mod-
ulus of the entries is plotted.) The spectrogram obtained with



ANGELOSANTEet al.: ESTIMATING MULTIPLE FH SIGNAL PARAMETERS VIA SLR 5051

Fig. 2. Two hopping complex exponentials. Probability of incorrect detection
versus SNR�� � ��.

, and using a rectangular window
is shown in Fig. 1(b) at
10 dB. In Fig. 1(c), the modulus of the estimate in (10) rear-
ranged in matrix form, i.e., , is depicted for

and , with as in Proposition 1
(correspondingly 2). Here and in what follows these scaling pa-
rameters are used unless speciÞed otherwise. ADMoM
updates in (22)Ð(25) are terminated either after a Þxed number
of (here ) iterations, or, by using the following stopping cri-
terion: . Observe that
is a far better estimate of the true time-frequency pattern than
the spectrogram.

Fig. 1(d) and (e) depicts, respectively, the entropy sequence
[22], and the gradient sequence [24] versus time.

Notice that the peaks of these statistics provide estimates of
the system-wise hopping instants. In Fig. 1(f), the statistic

for is
plotted. Clearly, represents a better statistic than
and to estimate the hopping instants.

Performance of the spectrogram- and SLR-based hop timing
estimators is next assessed via Monte Carlo simulations. The
signal of interest is the one in Fig. 1(a) and, for simplicity, the
number of system-wise hops is assumed known. The
hop timing estimates are obtained by picking thepeaks of

, and . To pick the peaks of those statistics, the
following steps are repeated times: i) The maximum value
of the statistic is found; ii) its index is stored; and iii) the value
of this entry and the adjacent entries are set to zero. Correct
acquisition (CA) corresponds to having each of theestimates
of the hopping instants less than samples away from the
associated true hopping instants. Fig. 2 depicts the probability
of incorrect acquisition versus SNR (aver-
aged over noise realizations) for the two spectrogram-based
estimators, and the novel estimator in (10) with and

. Observe that the entropy-based technique outperforms
the gradient-based one, and the SLR estimator achieves the best
overall performance.

Next, the tested signal of interest comprises FH tones:
the two of Fig. 1(a) plus a third one that occupies the 15th car-
rier in the interval [0, 19], and then hops to the 30th carrier in
the interval [20, 47]. With the parameters used in Fig. 1, the re-
sulting signal together with the spectrogram, the SLR estimates
and the decision statistics are depicted in Fig. 3. Fig. 4 shows the

Fig. 3. Three hopping complex exponentials. (a) True time-frequency pattern;
(b) spectrogram; (c) sparse linear regression estimates; (d) entropy of the (nor-
malized) spectrogram estimates,� ; (e) Sum of the difference of consecutive
columns of the spectrogram,�; (f) � � �� � � �
�� � ��.

Fig. 4. Three hopping complex exponentials. Probability of incorrect detection
versus SNR versus SNR�� � ��.

probability of incorrect acquisition versus SNR. Observe that
the performance of the entropy-based estimator degrades while
the SLR estimator achieves satisfactory performance.

So far, the true signal comprised a Þxed number of complex
exponentials hopping only once. Next, a case is tested where the
number of complex exponentials varies across dwells and more
hops occur. The Þrst complex exponential occupies the 10th car-
rier over the interval [0,9], then hops to the 20th carrier over [10,
34], and to the 30th carrier over [35, 47]. The second complex
exponential occupies the 15th carrier over [0,19] and then it dis-
appears, while the third complex exponential occupies the 25th
carrier over the interval [0, 29], and the 5th carrier over [30, 47].
With the parameters identical to those used in Fig. 1, the resulting
signal along with the spectrogram, the SLR estimates, and the
decision statistics are depicted in Fig. 5. The selection strategies
advocated in Section III-A are seen effective also in this case of
multiple hops and a varying number of tones per dwell.

B. Robustness to Sources of Model Mismatch

In Section V-A the signal of interest was a superposition of
ideal complex exponentials that hopped within a known fre-
quency grid. In this subsection, the estimator in (10) is tested in
the presence of various sources of mismatch between the model
in (3), (4), and (6) and the signal of interest. First, a carrier mis-
match is considered.
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Fig. 5. Time-varying number of hopping complex exponentials. (a) True
time-frequency pattern; (b) spectrogram; (c) sparse linear regression
estimates; (d) entropy of the (normalized) spectrogram estimates,� ;
(e) sum of the difference of consecutive columns of the spectrogram,�;
(f) � � �� � � � .

Fig. 6. Mismatch due to carrier shift: true frequencies are not within the grid.
Spectrogram (top) and SLR estimates (bottom).

It is Þrst assumed that each carrier in Fig. 3(a) is shifted by
so that none of the actual frequencies is within the grid; instead,
they lie in the middle of two grid carriers. As a consequence, (6)
is not exact but only an approximation. Fig. 6(a) and (b) shows

Fig. 7. Mismatch due to B-FSK modulation: signal frequencies not within the
grid. True frequencies (top) and SLR estimates (bottom).

the spectrogram and the SLR estimates for SNR = 10 dB, re-
spectively. Notice that the SLR estimator picks the two closest
carriers. While the time and frequency resolution of the SLR es-
timator is still better than the spectrogram, increasing the den-
sity of the frequency grid can further improve performance.

Next, a mismatch due to frequency modulation is considered.
Each exponential signal in Fig. 3(a) is the carrier of a binary fre-
quency shift keying (B-FSK) modulation, where each symbol
lasts sampling instants, and the two symbols undergo
a frequency shift of , which corresponds to of the
carrier spacing. Despite the fact that the estimator in (10) may
recover such a signal if a frequency grid 10 times denser than

was adopted, the question con-
sidered here is whether the SLR estimator withcan ÒÞlter outÓ
the modulation and recover the actual tones. Fig. 7(a) and (b)
shows the true time-frequency pattern along with the SLR esti-
mate for SNR = 10 dB, respectively. It is clear that the SLR es-
timator recovers the carrier hops only, because frequency varia-
tionsdue tomodulation are negligible relative to thegridspacing.

Next, anear–far scenario is considered. Wireless propaga-
tion may cause ßuctuations of the received signal amplitude due
to time- and frequency-selective fading. Frequency selectivity
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Fig. 8. Mismatch due to fading. The complex exponential amplitudes are time
varying. True signal (top) and SLR estimates (bottom).

means that different tones are subject to different attenuation
and phase shift; time selectivity means that the attenuation and
phase shift of a given tone vary with time. If this is the case, exact
reconstruction of the signals of interest is impossible, because
the number of unknowns is much larger than the number of ob-
servations. In many cases, however, fading only induces rela-
tively small ßuctuations around a nominal amplitude. Indeed,
Fig. 8(a) and (b) depicts the signal of interest affected by time-
varying fading, and its SLR estimate for SNR = 10 dB. The
nonzero time-varying amplitude coefÞcients in (6) are generated
as a Þrst-order GaussÐMarkov process, i.e.,

with , and .
Interestingly, the developed estimator is able to recover the true
time-localized frequency pattern, and Òaverage outÓ small am-
plitude variations due to fading.

C. Noiseless Case

In this subsection, the noiseless reconstruction algorithm of
(12) is tested. The signal of interest is the one in Fig. 3(a). Fig. 9
shows the squared error (SE), , versus the iteration
index of the algorithm in Proposition 4 for , and
various values of . Surprisingly, if properly tuned, the SLR
estimator in (12) can perfectly recover the signal.

Fig. 9. Evolution of the squared-error in the noise-free case.

Fig. 10. Evolution of the squared-error in the noise-free case (dwell-wise iden-
tiÞability is not met).

Once hop timing is acquired, one can solve a set of harmonic
retrieval problems on a per-dwell basis to obtain reÞned fre-
quency and complex amplitude estimates [22], [24]. This kind of
processing is clearly suboptimum, since it does not take into ac-
count observations of adjacent dwellsÑwhich contain informa-
tion about the frequency content in the dwell of interest. Param-
eter identiÞability for the per-dwell harmonic retrieval problem
goes back to Caratheodory [15]; see also [31]. Assuming dis-
tinct dwell frequencies, it turns out that identiÞability of this
nonlinear problem boils down to counting equations-versus-un-
knowns: for complex exponentials within the dwell, one
needs at least observations (length of the dwell).2

Next, a case similar to Fig. 3(a) is considered except that the
Þrst signal hops to the 20th carrier at time 18, so that only one
sample is taken during the second dwell. In this case, per-dwell
processing fails to recover the signal within the second dwell
even with perfect knowledge of the hop timing. Fig. 10 shows
the SE versus the iteration index (i) of the algorithm in Proposi-
tion 4 with . Observe that the SLR estimator is capable

2There are three real unknowns per complex exponential, and two real equa-
tions per complex measurement.
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of recovering the signal of interest perfectly. This is possible be-
cause the estimator in (12) exploits the frequency smoothness
along adjacent dwells. Clearly, this does not constitute an iden-
tiÞability claim; what it does demonstrate, however, is that the
SLR estimator is capable of perfect recovery in situations where
per-dwell processing unequivocally fails.

D. PPH Signal Estimation

In this subsection, the generalization of the SLR es-
timator to PPH signals is tested. A mixture of FH and
linear chirp hopping signals is considered. SpeciÞcally,
the chosen parameters are:

and
. The signal of interest is a super-

position of FH signals in , and hopping chirp signals in .
The particular choice of is not instrumental in any way
other than allowing for easy visualization: it guarantees that the
instantaneous frequency of the chirp signals at every sample
point belongs to .

The signal of interest was generated as the superposition of
two signals. The Þrst occupies the 7th carrier in the interval
[0,24], and then hops to the 12th carrier in the interval [25, 47].
The second signal occupies the 15th carrier in the interval [0,
14], and then turns into a linearly decreasing chirp starting from
the 18th carrier in the interval [15,31], and Þnally to a linearly
increasing chirp starting from the 5th carrier in the interval [32,
47]. Fig. 11(a) and (b) shows the true time-frequency pattern
along with the SLR estimate for SNR = 10 dB, ,
and . It is worth noting that since the
assumption of Proposition 2 is not met. As expected, the SLR
estimator correctly recovers the frequency content of the signal
of interest.

VI. CONCLUSION

A novel technique was introduced to estimate FH signal pa-
rameters based on sparse linear regression. Earlier approaches
rely upon the spectrogram of the received signal, at least for
coarse acquisition. The estimation task was formulated here as
an under-determined linear regression problem with a dual spar-
sity penalty. Its exact solution was obtained using the ADMoM.
Guidelines were provided to select the regularization parame-
ters, and the estimation approach was generalized to PPH sig-
nals. Simulations demonstrated that the novel technique out-
performs spectrogram-based estimators by a signiÞcant margin,
especially with regard to hop-timing estimation. A modiÞca-
tion of the novel estimator in the noiseless case revealed that
the SLR estimator can perfectly recover the signal of interest,
even when per-dwell identiÞability failsÑthus holding greater
promise than per-dwell processing approaches. The ADMoM-
based algorithm developed here for FH/PPH signal estimation
can be ported to other problems, such as applications of fused
Lasso [19]. Interesting extensions of this work can be pursued
in slowlytime-varying line spectrum estimation.3

3The views and conclusions contained in this document are those of the au-
thors and should not be interpreted as representing the ofÞcial policies, either
expressed or implied, of the Army Research Laboratory or the U. S. Govern-
ment.

Fig. 11. Estimation of polynomial-phase hopping signals. True signal (top) and
SLR estimates (bottom).

APPENDIX

A. Proof of Proposition 2

With , the problem in (10) simpliÞes to

(38)

Recall that , and let

(39)

DeÞning , it holds that

(40)

and

(41)






