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Abstract—Direction-of-arrival (DOA) estimation is a problem
of significance in many applications. In practice, due to the oc-
currence of coherent signals and/or when the number of available
snapshots is small, it is a challenge to find DOAs accurately. This
problem is revisited here through a new enhanced principal-sin-
gular-vector utilization for modal analysis (EPUMA) DOA estima-
tion approach, which improves the threshold performance by first
generating (P + K) DOA candidates for K sources where P
> K, and then judiciously selecting K of them. The asymptotic
variance of EPUMA is theoretically derived, and numerical results
are provided to validate the asymptotic analysis and illustrate the
practical merits of EPUMA.

Index Terms—DOA estimation, weighted least squares, linear
prediction, subspace method, small sample size.

I. INTRODUCTION

UBSPACE based direction-of-arrival (DOA) estimation

algorithms offer a good compromise between estima-
tion accuracy and computational complexity. Due to their
competitive advantages, subspace algorithms such as MUSIC
[1]-[3] and ESPRIT [4]-[6] have been deeply studied during
the past three decades, towards improving their so-called
threshold performance and achieving high estimation accuracy,
especially under certain challenging scenarios, such as in the
sample-starved regime where relatively few snapshots are
available, and in the case of correlated or even fully coherent
signals.

The threshold effect refers to the severe and abrupt perfor-
mance degradation that happens when the signal-to-noise ratio
(SNR) and/or the sample size drops below a certain threshold,
and it is the characteristic of many subspace based algorithms.
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At low SNR, this phenomenon can be alleviated by collecting
a larger number of samples, but this is not always possible,
especially in rapidly time-varying scenarios. To improve the
threshold performance, pseudo-noise resampling (PR) strate-
gies have been developed for maximum likelihood (ML) [7],
unitary root-MUSIC [8], and unitary ESPRIT [9], where the re-
ceived data is resampled several times by directly adding man-
made noise. PR based algorithms use sectors determined via
conventional beamforming techniques, and if a source DOA
falls outside its presumed sector then they fall apart.

In recent work [10], the authors have studied the performance
breakdown at the threshold SNR, and concluded that it is mainly
due to the subspace leakage where the estimated signal subspace
is corrupted by a portion of its orthogonal projection space. In
order to improve the threshold performance, they proposed two
algorithms named root-swap root-MUSIC and two-step root-
MUSIC, where the former takes a different approach to deter-
mining the signal roots and the latter employs a modified sample
covariance matrix (SCM) to estimate DOAs. Specifically, un-
like conventional root-MUSIC, which picks the roots that are
closest to the unit circle, the two-step root-MUSIC picks the
roots that minimize the stochastic ML cost function (among
those inside the unit circle). Note that using the ML cost function
to determine final DOA estimates was first introduced in [11].
However, the performance of two-step root-MUSIC hinges on
the modified SCM which is estimated by a time consuming one-
dimensional search strategy. Furthermore, its high-SNR perfor-
mance is limited by that of root-MUSIC, since the modified
SCM is almost the same as the conventional SCM in this re-
gion. Therefore, in the presence of coherent signals (especially
for closely-spaced DOAs), the performance of both root-swap
and two-step root-MUSIC may not be satisfactory.

In the case of coherent signals, most of the subspace based
estimators can be modified by some decorrelation techniques,
e.g., spatial smoothing (SS) [12] and forward-backward spa-
tial smoothing (FBSS) [13] methods. However, both of them
have the drawback that decorrelation is achieved at the expense
of reducing the array aperture, resulting in reduced degrees-of-
freedom (DOF), which directly affects the DOA resolution per-
formance. Generally speaking, smaller DOF will cause worse
threshold performance. Thus, how to design DOA estimation
algorithms that are able to deal with coherent signals has been
an important problem in array signal processing.

Recently, an accurate and low-complexity algorithm
called principal-singular-vector utilization for modal analysis
(PUMA) has been proposed for frequency estimation [14]-[16].
However, in the low SNR and small sample (e.g., the sample
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size is smaller than the number of sources) regime, the PUMA
method suffers performance breakdown which is mainly due to
the outliers caused by the inaccurate estimation of the signal
subspace, and such a performance degradation will be further
aggravated if there are highly correlated or even coherent sig-
nals. To alleviate the aforementioned problems, motivated by
the PUMA method for multiple sinusoids [16] and also drawing
insights from the two-step root-MUSIC method in [10], we
propose an enhanced PUMA (EPUMA) algorithm which first
generates (P + K) DOA candidates where P > K, and then
selects K of them using the deterministic ML criterion, to
improve the threshold performance of PUMA. Using a uniform
linear array (ULA), the DOA estimation problem can be formu-
lated as a linear prediction (LP) problem [17]-[19] where the
LP coefficients are estimated via an iteratively weighted least
squares (WLS) technique. Furthermore, a detailed derivation of
the asymptotic performance analysis of the EPUMA technique
is presented. We theoretically prove that when there is only one
source, the asymptotic variance is identical to the Cramér-Rao
bound (CRB) in the high SNR case.

The rest of the paper is organized as follows. In Section II,
we introduce the data model. In Section III, the EPUMA
algorithm is derived. Section IV is devoted to analyze its
asymptotic performance. In Section V, numerical simulations
are provided to compare the performance of EPUMA with
that of the deterministic ML, root-swap root-MUSIC, two-step
root-MUSIC, and ESPRIT algorithms. Finally, conclusions are
drawn in Section VI.

II. SIGNAL MODEL

Consider a ULA with M isotropic sensors. There are K (K
< M) narrowband source signals impinging on the array from
distinct directions {6y, ..., Ok} in the far field. The M x 1
observation vector is

x(t) = As(t) +n(t), t=1,...,N. (D
Here, A = [a(61) --- a(fk)] is the steering matrix, s(t) =
[s1(t) -+ sk (t)]T is the source signal vector with ( - )7 being
the transpose, N is the number of snapshots, and the steering
vector due to the kth source is expressed as

a(fy) = [1 pi2msin(6)d/v ejz,n(Mq)sin(ek)d/u]T )
where v is the carrier wavelength and d = v/2 is the inter-
element spacing. It is assumed that the noise vector n(¢) is a
white Gaussian process with mean zero and covariance a,'fLI M
where o2 is the power and I/ is the M x M identity matrix.
Moreover, the noise is uncorrelated with s(¢). Our task is to
estimate the K DOAs from the observations {x(¢)};,. The
covariance matrix of x(¢) is

R = E[x(t)x(t)] = AR, AT 4+ 521y, 3)
where E[ -] denotes expectation, (- ) is the conjugate trans-
pose, and R, =E[x(¢)x# (¢)] denotes the signal covariance ma-
trix.

Note that, throughout the paper, the number of sources K
is assumed to be known. For detecting the number of sources,
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Akaike’s information criterion (AIC) [20] and minimum de-
scription length (MDL) [21] are the most widely studied algo-
rithms. Interested readers are referred to [22]-[24], where sce-
narios involving small number of samples and coherent sources
are considered.

III. EPUMA ALGORITHM

A. PUMA With Extra DOA Estimates
Define the eigenvalue decomposition (EVD) of R as

R =U,AUY + 52U, U (4)
where U, = -+ ug]| is the signal subspace,
U, = [ugq: uys] is the noise subspace and
A, = diag()\; - -+ Ak ) that contains the K largest eigenvalues
with Ay > -+ > Mg > o2, {u;}£, being its corresponding
signal eigenvectors and {u,}f‘i &1 being the noise eigenvec-
tors. Here, diag( - ) denotes a diagonal matrix.

In the ideal case where R is exactly known, U, and A span
the same column space

[w

span(Ug) = span(A). %)

Since A is a Vandermonde matrix, according to the LP theory,
each column of U, is a sum of P € [K, M — 1] sinusoids.
More precisely, each element in uy can be expressed as a linear
combination of its previous P samples [16]:

P
- Z &i[Welim—i;
i=1

k=1,...,K,m=P+1,...,M (6)

(g =

where [u],, is the mth element in uy, and {¢;}£_; are the LP
coefficients. Therefore, the DOAs 8, can be related to the fol-
lowing polynomial [25]

P
o+ ez =0 (7)
i=1
where zj, = ef?msin(@)d/v o — 1 K.
The matrix form of (6) is
Frc—gr =0y p 3
where 0ys _p isa (M — P) x 1 zero vector, and
[uelp  [uelp1 [ug)s
[uk]pi1 [ur]p [ugls
Fj = ) . ) )
Uglar—1 [ug)ar—2 [ugla—p
C = [61 CP]T (10)
g = —[[wlpyr - wlm]” (1n

Let ey, = Fjc — g Stacking {e;, }¥_; into a vector yields
T T1T
e= le] - eyl

= Fe-g=0u pr (12)
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where
F=[F] - Fgl© (13)
g=[g] - gxl" (14)

However, the covariance R is not available in practice. The
typical approach is to use the sample covariance matrix R in-
stead of R where

R= iXXH

1
N (15)
with X = [x(1) --- x(V)] being the data matrix!. Take the
EVD of R as
R =U,A U7 + U,A,U# (16)
where
U, = [0y - ug] (17)
U, = [Ug41 - Gy (18)
A, = diag(hy -+ Ag) (19)
A, = diag(Axi1 -+ Au)- (20)

In the presence of noise, we replace uy, by i in (12) and pro-
duce F and g. Thus, (12) becomes an approximate equality, i.¢.,

€2y

The straightforward way to estimate c is to utilize least squares
(LS). However, the LS technique is suboptimal since both sides
of (21) contain noise (due to the estimation errors). For this
reason, we employ WLS instead of LS to estimate ¢. The use
of WLS in this context is called weighted linear prediction, and
it has been successfully used in other signal processing applica-
tions, where it was shown to yield a significant improvement in
the estimation performance [26], [27]. The WLS technique tries
to minimize the following cost function

Fczg.

e"we (22)
where
é=Fc—¢ (23)
W= (E[es"]) . (24)
The solution to the unconstrained minimization of (22) is
¢ = (FEWFEF) 'FHiwg. (25)

However, we cannot directly use (25) to estimate & since
W is the true covariance matrix of & which is unavailable.
The calculation of W requires knowledge of ¢ and also both
the signal eigenvalues Ay, ..., Ak, and the noise power o2.

Despite all that it is still possible to calculate an approximate

!In order to circumvent the problem of degraded estimation performance in
case of closely-spaced DOAs in the same dimension, R. can be replaced by the
forward-backward (FB) smoothing covariance matrix:

Rrp = % <ﬁ‘+HMﬁ*HA/I)

where (- }* is the complex conjugate and IT ;s is the M x M exchange matrix
with ones on its anti-diagonal and zeros elsewhere.
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optimal weighting w by substituting consistent estimates of
¢, M\, Ak, and 2.
In the absence of noise, we find that
e, =B(c)up, =0 p, k=1,... . K (26)
where

B(c) = Toeplitz ([CP OIA;[_P—l]T’ [ep -
c C(M-P)xM

al 021(4—13—1})

27N

where Toeplitz(a, b) stands for a Toeplitz matrix having a as
its first column and b as its first row. Moreover, we have

vec([el ey - eK})
= vec(B(c)Us) = O(MfP)K

e =
(28)

where vec( - ) is the vectorization operator. By taking the noise
into consideration, (28) becomes

&= vec(B(c)U,)
vec(B(c)(U, + AUy))
= vec(B(c)AUy)

= (IK ® B(C))Aus

29

where & is the Kronecker product, Tjs = U, + AU,, and
Au, = vec(AU,). According to (24), W has the form of

W = E[ee”]
= [(Ix ® B(c))E [Au,Au?] (Tx @ B(c))#] ' (30)

It is shown in [28]-[31], that the errors between the signal
eigenvectors have the following property:

M

py Ak
E [AuiAuf] A 15 Z (/\F—k)\k_uhukH&j

s )?
ki

(€2))

where §;; is the delta function. It follows from (31) that

E [Au; Auf|
E [AuSAuf] R . .
{ E [AugAuf] J
(32)

Since (Ix @ B(c)) and E[Au,Au] are all block diagonal ma-
trices, W is also a block diagonal matrix where its sth diagonal
matrix is

B(c)E [Au;Auf ] BH (c)
Aiai HpH
r~ ————=B(c)U,U,/B"(c). (33)
N ()\, — O'TQL)
Noting that UnUf =I5 — USUf and utilizing the result in
(28), (33) yields

B(o)E [An;Au? | B (¢) o — 20
(OF [Swauf| B (o) = 52
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Combining (30), (32) and (34) yields

W T (B(c)BY(c)) . (35)

where

N (Mi-a2)’
2PN
(36)
N (x-oh)’
A v
It is seen in (35) that there are three unknown components,
namely, 0,,, Ay and ¢ in W. FOE Ak, one simple and straightfor-
ward way is to replace Ay by A. For o2, we replace it by its

consistent estimate which is given by [32]

1 ~
2 _
"o w A

a 37)
where tr(-) is the trace of a matrix. We note that when N
< K, An becomes a zero matrix. Thus, we have &,21 = 0. How-
ever, if 42 = 0, T in (36) will be infinity that makes W ill-con-
ditioned. Nevertheless, it is easily seen from (25) that N/o2 will
be canceled out and thus it can be ignored. Finally, we obtain the
approximate optimal weighting W as

W =T® (B(c)B¥(c)) ! (38)
where
Gu—63)?
5
I= (39)
(Ax—dn)
Sx

At this point, the original WLS problem in (22) is approximated
by

¢ = argmin e#We (40)
C

whose solution is

&= (FEWF) 'FHWg. (41)
We should point out that the DOA estimation accuracy depends
on how accurate ¢ is. However, note from (41) that ¢ is not
available at this time since B(¢) is unknown. Thus, our next
goal is to find a proper way to approximate B(c). Towards this
end, we suggest using the LS estimate from (21), namely
és = Flg (42)
where ()7 is the pseudo-inverse. This enables us to initialize
B(c) by substituting (42) into (27), leading to
Winit =T Y (B(éLs)BH(éLs))il. (43)
Then plugging (43) into (41) produces a new estimate of ¢. The
latter can also be exploited to update W and thus obtain an
improved estimate of ¢. Such an iterative estimation procedure
can be summarized as follows:
1) Initialize B(c) by using ¢ in (42);
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2) Utilize the obtained B(c) to construct W via (38);

3) Calculate ¢ via (41);

4) Repeat 2) to 3) until a stopping criterion is satisfied?.
After obtaining & and solving for the P roots, denoted by {2;},
we get a total of P DOA candidates, i.e.,

5 L% )
Hi:sin1<y2il>, i=1,...,P.
Y3

(44)

When there are P > K DOA candidates, the question that
naturally arises is what criterion should be used to reduce them
down to K final DOA estimates.

B. Two-Step DOA Selection Strategy

Contrary to ‘conventional wisdom’, we do not advocate de-
termining the K DOA estimates by choosing the K signal roots
that are closest to the unit circle. There are mainly two reasons
against this: 1) In low SNR cases, especially when the signal
power is smaller than the noise power, there is a high proba-
bility of subspace leakage [10], i.e., the noise perturbation oc-
cupies some portion in the signal subspace resulting in (P — K)
noise rooting, since signal roots have smaller amplitudes than
the noise roots; and 2) Through empirical and theoretical study,
we find that for the PUMA, a larger P, namely, P > K, usu-
ally produces better threshold performance than the case of P
= K but the latter possesses higher estimation accuracy than
the former when SNR is high or the sample size is large. For 1),
we follow [10] to make use of a larger sized LP system to pro-
duce P > K DOA candidates, and then determine the final K
DOA estimates from the P DOA candidates. For 2), since the
signal subspace contains a large portion of its null space for low
SNRs, the K signal roots of the PUMA with P = K are cor-
rupted by those from the null space. Unfortunately, the PUMA
algorithm will treat them as the signal roots, resulting in some
unreliable DOA estimates and thus leading to significant per-
formance degradation. However, for the case of P > K, the
PUMA will generate more than K signal root candidates. This
increases the probability of removing the outliers and finding
K DOA estimates associated with the true DOAs at the same
time. Nevertheless, P cannot be too large, because a larger P
produces a smaller dimension of F, and leads to smaller DOF.
In this way, the root mean square error (RMSE) curve of PUMA
will depart from the CRB as P increases.

This intuition will be confirmed by our theoretical perfor-
mance analysis, but before we get to that, it is instructive to illus-
trate this point by means of examples. We consider a 10-element
ULA receiving two correlated source signals from §; = —2°
and 85 = 4°. We choose P = K, K + 1, K + 2 and K + 3 for
comparison. In the first example, we set N = 2 and SNR = 0
dB. Fig. 1 plots the magnitude of the P estimated signal root
candidates versus their corresponding DOA estimates. It is seen
that the PUMA with P = K only has one DOA estimate close
to the true one while another one is far away from 2°. Moreover,
the criterion that chooses the K signal roots that are closest to

2Two or three iterations are enough in most cases for EPUMA to achieve
reliable performance, and further iterations do not bring any significant perfor-
mance improvement, in our experience. We therefore stop iterating after a fixed
number of iterations in our simulations.
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Fig. 1. Rootradii of PUMA with P = K, K+1,K+2, K+3when N =2
and two coherent signals with § = [—2°,4°].
- : - : - : : .
A PUMAP=K
15 O PUMAP=K+1 H
PUMA:P=K+2
? A O PUMAP=K+3
1 o - % - Eq.47):P=K
E A L EqUaT):P=Kst
1ol Eq.(47):P=K+2 ||
o - - = Eq(47):P=K+3
——CRB
e A
@
S
w
(%)
=
o

SNR (dB)

Fig. 2. RMSE performance of PUMA for different P versus SNR when N
= 40 and two coherent signals with § = [—2°,4°].

the unit circle is inappropriate. Taking P = K + 2 as an ex-
ample, the second and third roots are the correct ones, but, ac-
cording to that criterion, we should choose the second and fourth
roots as signal roots.

In the second example, we set the sample size as N = 40
and include the CRB [33] as a benchmark, and a preview of the
analytical variance expression in (47). A total of 2000 Monte
Carlo tests are carried out to compute the RMSE, where

K 2000
RMSE = 10log,, 2000K SN Ok — 01)?
k=

11=1

(45)

Note that the final DOA estimates are determined by the second
step. The only difference is that we generate ( ;’2) candidate sub-
sets of K DOAs each, and then employ the ML cost function in
(46) to determine the final K’ DOA estimates. It is shown in
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Fig. 2 that a larger P provides better threshold performance but
with a little bit larger variance in the high SNR regime.

From the above discussion and ‘sneak preview’, we find that
to improve the threshold performance, it is better to choose P >
K, while to decrease the variance in the high SNR region, it is
preferable to use P = K. This suggests the following two-step
idea, i.e., the EPUMA algorithm:

i) Employ the PUMA twice with P = K and P > K,
respectively, to generate (K + P) DOA candidates;

ii) Pick up K DOA estimates from the estimated (K + P)

DOA candidates.
For Step ii), in order to reliably choose K DOA estimates, we
follow [10], [11] to determine the final DOAs:

1) Divide all the (P + K) DOAs into G = (1;{4,'{;,) different
subsets with each subset having K different DOAs, de-
noted by @1, ..., 0, which corresponds to G different
Aie, A(©7),...,A(0g);

2) Substitute each A (@;) into the ML cost function3

L(0) = tr((In — A(©)(A#(©)A(0)) AT (O)R)
(46)

which yields L(©4), ..., L(@g).
3) The final DOAs are in the @,7 € {1,...
mizes L(©) among all those considered.

Remark 1: The implementation of the EPUMA algorithm re-
quires three major steps:

1) Calculation of R and its EVD;

2) Inversion of w;

3) Calculation of ¢.
The total flops to calculate R. is about O(M?N), while the com-
plexity for its EVD is O(M?3). Since Wi isa block diagonal ma-
trix, the computational complexity of W-Lis mainly caused
by the inverse of (B(éLs)B (éLs)) Wthh is about O((M —
P)?), and thus the computation of W1 is about O(K (M —
P)?). The complexity of calculating ¢ is about O(2P2K (M
— P) + 2PK(M — P)* + P®* 4+ PK(M — P)). Recalling
that the EPUMA is implemented twice to generate (P + K)
DOA candidates, in each iteration, ¢ and W are calculated two
times. Moreover, the complexity for the final DOA selection
is O(G(M? + 3MK? 4+ K?)). Since P is usually a little bit
larger than K, eg., P = K+ 1or P = K + 2, by con-
sidering P ~ K, the complexity of the EPUMA scheme is
about O(M?3 + M2N + I(M? — K3 —11MK? — 2M*K
+4K3M +4K?*M?*)+ G(M? + 3M K? + K3)) with I being
the number of iterations. As a matter of fact that I = 2 is enough
for the EPUMA to achieve comparable performance, thus, we
have G > I.If M > K, the complexity is reduced to O(M?2N
+ GM?).

, G} that mini-

3Although we employ the determined ML cost function as a criterion for final
DOA selection, the readers can also use the stochastic one. However, from nu-
merical simulations, we find that compared to the determined ML criterion, there
is little threshold performance improvement when we employ the stochastic
one, and sometimes the former is even better than the latter. Besides this, the
stochastic ML cost function has higher complexity than the determined one.
Therefore, we recommend to use the determined ML cost function to determine
the final DOA estimates.
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IV. PERFORMANCE ANALYSIS

A. Mean Square Error Analysis

It is often interesting and meaningful to know the quality of an
estimator. The asymptotic performance of PUMA methods for
one- and two-dimensional frequency estimation of a single-tone
has been recently studied in the literature [15], [16]. However,
the performance analysis of PUMA for multiple frequencies has
not yet been analyzed. In this section, under a high SNR as-
sumption and using first- and second-order approximations, a
closed-form variance expression for the EPUMA algorithm for
DOA estimation is derived. The main result is summarized in
the following proposition.

Proposition 1: The asymptotic variance of the PUMA algo-
rithm in Section III.A for DOA estimation is*

2
. 1 v .

E[(A6;)] ~ = [ ——— ] E[|Az]? 47
(8671 = 3 (Grggs ) EIARPL @)

where | - | is the absolute value and

T (FAWF) 'z
Eaxp~ 2L EWE) 2 (48)
i
with

2= [P0 )" (49)
;=P P+ (P Dzl 2+ +cep 1. (50
Proof: See Appendix A. ]

Remark 2: Tt should be pointed out here that when P > K,
Proposition 1 gives the asymptotic variance of PUMA for a
single P rather than the two-step idea in Section III.B, where
we combine two PUMA estimators with P = K and P > K
to determine the final DOA estimates. For the latter, since (47)
is established in the high SNR cases where the estimation ac-
curacy only depends on PUMA with P = K, the asymptotic
variance of EPUMA is exactly the variance of PUMA with P
= K which can be calculated via substituting P = K into
47).

B. Special Case: Asymptotic Variance of EPUMA for a Single
Source

In this case, there is only one vector in the signal subspace,
ie.,

U; = 1;. S
The F and g are reduced to
F= (52)
g= Vo (53)
c= ¢ (54)

“Note that the true LP coefficients {c;}#_; can be obtained by calculating
the LS solution of (12), i.e., ¢ = Ffg. When P = K, we can also compute ¢
by forming the following polynomial

-><((z

(Z _ ej27rdsin(91)/u) N _ ej2wdsin(91{)/u)) =0.

Thus, ¢; associates with the coefficient of 2% —%.
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where
(55)
(56)

From the rotational invariance property, assuming that the noise
is small, we have
Vo R 2V

(57)

According to the definition of B(¢) in (27), we find it can be
expressed as

B(c;) = Toeplitz ([Cl 0?\1/[72]117 [61 1 0%{72]) (58)

where ¢; = —z. Adopting the WLS approach for (57) produces
2= argmin (Vo — 29)HT(¥y — 2%1)
A~ HT A .
S AL (59)
Vi Tvy
where
N\ — o2)? _
) YO LT R
19p

It is worth mentioning that unlike the multiple source case where
it is inevitable to estimate both the signal eigenvalue and noise
power, her;)e, we do not need to do this because the constant term
N(r—0o? . . .
% will be canceled out in (59). Therefore, we rewrite
T by ignoring this term as

A

T = (B(c))B¥ (1)) " (61)

Using the results in Proposition 1, the variance of 8; is

E [|Az1\2]

1%

1 v S|
2 \2ndcos(61)) viHTv
)\10‘2 1

_ 1 ( v >2 n
2 \2mdcos(01)/) N (N — 0’%)2 viTv
MSNR+1 1 1
_ - (62)
2SNR® M*N vHTv,

where E [|Az|?] is simplified by using the fact that z; in (76)
and o; in (77) are all equivalent to 1, and the last equation in
(62) holds since SNR = ¢2/62 and \; = Mo? + o2 with
o2 = E[s(t)s*(t)] being the signal power.

The next step is to calculate vfl ’i‘vl. Re-
calling that vi = [l,z...2M 2]T/V/M, we have
Iy 1 = Mdiag(vy)diag(vy)¥. Then

viTv, = M?vH diag(v,)diag(vy)? Tdiag(v, )diag(vy) v,
1 H
= 17, diag (\/le) Tdiag (\/le) 1y .

M
= ﬁlippli‘l‘wfl (63)
where
T = diag(v Mv,)? Tdiag(vVMv,). (64)
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Since calculating T is not straightforward, instead, we first com-
pute its inverse which has the form of

T ! = diag(v'Mvy)(B(2)BY (2))diag(vV Mv,)

= Toeplitz([2 — 10y 3]7,[2 — 10 3]) (65)

where B(z) = Toeplitz([—z 03, ,]*, [~z 1 0%, _,]). Taking
the inverse of (65) yields T, whose (m, n) entry is

_ nM—m) e < M1
I (66)
man M) << <M - L.
After some algebraic steps, we obtain
< M2 -1
H
Tvy = .
viltv, = = (67)

Combining (62) and (67), the variance of 6, for N = oo be-
comes

2
21 v MSNR +1 6
[E[(Ael) ] -~ (2ﬂdC0S(01)> SNR?2 ]\/[2]\](1\12 — 1)
(68)

which is exactly the CRB [33].

V. SIMULATION RESULTS

To illustrate the performance of the EPUMA scheme and
to validate the analytical error expression in (47), simulation
examples are presented in this section for several representa-
tive cases. Meanwhile, the stochastic ML [33], root-swap root-
MUSIC [10], two-step root-MUSIC [10] and ESPRIT [4] algo-
rithms are employed for performance comparison. Note that the
EPUMA approach with P = K + 1 is initialized by Wiy
in (43) and then refined by two iterations. For the two-step
root-MUSIC method, the user-determined factor +y is estimated
by searching from 0 to 1 with step 0.1. In our simulations, the
signals are assumed to be Gaussian with equal power, impinging
upon a ULA consisting of M = 10 omnidirectional sensors
with interelement spacing d = 0.5r. The noise is assumed to be
a white Gaussian process with mean zero and variance o2. The
SNR is equal for all the sources.

In the first example, we consider a severely sample-starved
scenario where there are K = 6 uncorrelated sources from #; =
—500,92 = —300,‘93 = —100,‘94 = 100705 = 30° and 96 =
50° but only N = 2 snapshots are available, so that we have N
< K. The SNR is 20 dB. Fig. 3 plots the real and imaginary
parts of /™ *™(?9) under 200 independent tests. It is seen that
ESPRIT, root-swap root-MUSIC and two-step root-MUSIC fail
to resolve the six signals, while the EPUMA as well as the ML
method successfully determine all of them.

In the second example, we compare the RMSE performance
versus SNR. All the following results are averaged from 2000
independent runs using a computer with 2.6 GHz dual-core Intel
i5 processor and 8 GB RAM. We also examine performance in
terms of the probability of DOA resolution, where the DOAs
are considered to be resolved if the following is satisfied

A A8
66 < 5, =123 (69)
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Fig. 3. RMSE performance versus SNR when N = 2 and six uncorrelated
signals with 8 = [—50°, —30°, —10°, 10°, 30°, 50°]. The ‘% stands for the
estimates and [ stands for the true values.

where A8 = min {|8,,, — 8,|,1 < n < m < 3}. The analytical
variance of EPUMA is calculated through (47). Fig. 4 is plotted
under K' = 3 coherent signals with DOAs #; = 1°,6, = 8° and
63 = 35°. The number of samples is N = 50. Since the two-
swap root-MUSIC, two-step root-MUSIC and ESPRIT cannot
handle coherent signals, we adopt the well-known FBSS tech-
nique [13] to help them work properly. It is seen in Fig. 4 that the
performance of EPUMA is very close to the ML estimator, and it
outperforms the two-swap root-MUSIC, two-step root-MUSIC
and ESPRIT algorithms by a considerable margin. When SNR
> — 2 dB, the EPUMA and ML schemes almost attain the CRB.
We can also observe that the two-step root-MUSIC improves
the threshold performance a lot, while the ESPRIT suffers se-
vere performance degradation for SNR < — 2 dB. Although the
FBSS helps to remove the coherency, due to the loss of DOF,
the root-MUSIC and ESPRIT methods are still inferior to the
proposed one. Furthermore, it should be noted that although the
ML estimator provides the optimal performance, it is typically
computationally very intensive because of the need to solve
a hard nonconvex multidimensional optimization problem (in
fact obtaining the ML solution cannot be guaranteed). Among
the four competitors, the ML is the most computationally inten-
sive methodS, while the ESPRIT is the fastest one but with the
worst performance. The CPU times of the EPUMA, two-swap
and two-step root-MUSIC algorithms are 0.0042 s, 0.0022 s and
0.0061 s, respectively. It is obvious that the EPUMA is compu-
tationally simpler than the two-step root-MUSIC but a little bit
intensive than the two-swap root-MUSIC. In Fig. 5, we find that
the ML followed by the EPUMA feature the highest probability
of resolution when SNR is lower than —5 dB, and the four al-
gorithms can resolve all the DOAs with probability 100% when
SNR is higher than 0 dB. Although the estimation accuracy of
the two-step root-MUSIC is a little bit inferior to that of the

5The computational complexity of the ML estimator is about O((M? x
length of search region)¥), which is typically a multidimensional searching
procedure and thus is much more computationally intensive than most of the
subspace based algorithms.
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Fig. 4. RMSE performance versus SNR when N = 50 and three coherent
signals with § = [1°,8°, 35°].
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Fig. 5. Probability of resolution versus SNR when N = 50 and three coherent
signals with § = [1°, 8°, 35°].

two-swap root-MUSIC when SNR < — 5 dB, the former has a
higher probability of resolution than the latter.

We next study the performance as a function of V. Here, the
number of samples is varied from 10 to 1000. All the parameters
are the same as Fig. 4 except that the SNR is fixed at a relatively
low value of —5 dB. It is seen in Fig. 6 that when IV < 50, the
ML has the best threshold performance, while the EPUMA is
somewhat inferior to the ML method. With N increasing, our al-
gorithm converges to its theoretical performance. However, the
RMSEs of ESPRIT, root-swap and two-step root-MUSIC esti-
mators cannot reach the CRB even for N = 1000. Fig. 7 shows
the corresponding results as Fig. 6.

We now consider a special case where there is only one signal
with # = 0°. The sample size is N = 2. Since there is no co-
herent signal, for the two-step root-MUSIC and ESPRIT, we
employ the SCM for DOA estimation. As is shown in Fig. 8,
the EPUMA has better threshold performance than the root-
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Fig. 6. RMSE performance versus /N when SNR = —5 dB and three coherent
signals with = [1°, 8°,35°].
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Fig. 7. Probability of resolution versus N when SNR = —5 dB and three
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swap and two-step root-MUSIC, and its theoretical RMSE curve
aligns with the CRB, which verifies the correctness of our anal-
ysis in Section IV.B.

Finally, Fig. 9 shows the computational time of EPUMA,
root-swap root-MUSIC, two-step root-MUSIC and ESPRIT
as a function of M. It is seen that the ESPRIT is the com-
putationally simplest one among the four competitors. Note
that the CPU time of EPUMA is almost independent of M,
while the computational time of the two root-MUSIC al-
gorithms increases as M increasing. Specifically, when M
> 15, the EPUMA becomes much faster than the root-swap
root-MUSIC. This is because the latter determines final DOA
estimates by dividing (M — 1) DOA candidates into (A
— DI/(KYM — K — 1)!) different possible combinations and
then picking up one that minimizes the stochastic ML cost func-
tion. Thus, the complexity of root-swap root-MUSIC is about
O (M2N + M?® x (M — 1)I/(K\(M — K —1)!l)).  When
G(G > K) is large, we have (M —1)!/ (K!}(M — K — 1}!) >
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Fig. 8. RMSE performance versus SNR when N = 2 and one source with 8
= 0°.
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Fig. 9. Computational time versus M when N = 50 and K = 3.

G, which means that the computational complexity of root-swap
root-MUSIC is higher than that of the EPUMA.

VI. CONCLUSION

An EPUMA algorithm for DOA estimation has been devised
here, along with its asymptotic performance analysis leading to
closed-form mean square error expressions in the large sample
regime. The EPUMA technique provides reliable performance
when the number of samples is small, even for N < K. More-
over, the EPUMA can deal with coherent signals. Computer
simulations confirm our theoretical derivations, indicating that
the EPUMA approach outperforms many other subspace based
DOA estimators, especially for small sample scenarios.

APPENDIX A
PROOF OF PROPOSITION 1

As the quantity of interest is €;, we need to find the relation-
ship between the error in §; and the error in ;. Noticing that
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z; = ed?msin(0:)v/d gnd performing the first-order Taylor series
expansion, we have

v Az

Al ——————— —
b 2rdcos(;)  jzi (70)
To ensure Ag; a real quantity, we set
1

After some algebraic manipulations, we obtain

1 v 2
2 <2mlcos(0i)>

(E18zP - R (E(A2)Y (7)) . (72)
Expanding (7) yields

E[(A8;)?] =

e g ep=0. (73)

All the z; corresponding to the true DOAs should satisfy (73).
Thus, by using the first-order approximation, we have

2zl Ac+ oAz =0 (74)
where
Ac = [Acy --- Acp]” (75)
zi = [z 1T (76)
o; = PziIL1 + (P - l)clziIL2 4+ tepo1. (77)
Then we get
TA
Ay~ ZE2C (78)
o
The variance of z; can be expressed as
. TE[AcAcH)z*
[EHAZZ-IZ} e M (79)
ai?
Let
fle) = (Fc— g)"W(Fc - g). (80)

For sufficiently high SNR, we are able to approximate the
derivative of f(€&) using the first- and second-order terms in its
Taylor series expansion about the true value ¢ as [35]

0=f'(&)~ f'(c) + f'(c)Ac (81)

where Ac = & — c. The first and second derivatives of f(c)
with respective to ¢ are
f'(c) = 2HTW (Fe - g)
=2(F + AF)"W ((F + AF)c — (g + Ag))

~ FIW (15 @ B(c))Au, (82)
f"(c) = 2AFWF)
~ 2FIWF + FEWAF + AFEWF).  (83)

Thus, we have

[E[AcAC] [( ())’lf’(0)~((f”(C))’lf’(C))H]
[E[f’(C)(f’(C))H]([E[f”(C)]*l)H

(84)
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where
E[f'(c)(f'(c))"] ~ 4(F*WF) (85)
E[f"(c)] ~ 2(FEWF). (86)
Plugging (84) into (79) produces

zl (FYWF) lz}
2 '

E[|Az|?] ~ 87)

[

The next step is to compute E[(Az;)?]. It follows from (78)
that

zZE[AcAcTz;
PE[AcAc] )

o

where

E[AcAcT] ~ (FEWF) 'F¥W(Ix ® B(c))E [Au,Aul]
x(Ix @ B(e)TWTF*(FYWF) T (89)

With the results in [29]-[31], and we have

AQT] ~ NN Wl (1 5.
E [AuzAuj] = NOw - /\j)2u]ui (1—3;5) (90)
which results in
E [Au,Au]]
{ Oy E{Au;Aul} E [AuiAug] -|
E [Au,AuT] Onr E [Au;AuT]
E [AUI.(AU’{} E [Au;}Auﬂ OM

C2))

Utilizing B(c)u; = Op_p,7 = 1,..., P, again, we find that
(89) is reduced to be a X' x K zero matrix, such that

E[(Az)?] ~ 0. (92)
Therefore, (72) is then simplified as

1

E[(A#;)?] ~ 3 (

v

2
Z3 2 .
o7) Eldall o

2nd cos

Substituting (87) into (93) proves Proposition 1.
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