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Almost-Sure Identifiability of Multidimensional
Harmonic Retrieval

Tao Jiang, Sudent Member, IEEE, Nicholas D. Sidiropoulos, Senior Member, IEEE, and Jos M. F. ten Berge

Abstract—Two-dimensional (2-D) and, more generally, multi-
dimensional harmonic retrieval is of interest in a variety of ap-
plications, including transmitter localization and joint time and
frequency offset estimation in wireless communications. The asso-
ciated identifiability problem is key in understanding the funda-
mental limitations of parametric methodsin terms of the number
of harmonics that can be resolved for a given sample size. Con-
sider a mixture of 2-D exponentials, each parameterized by am-
plitude, phase, and decay rate plus frequency in each dimension.
Supposethat I equispaced samplesaretaken along one dimension
and, likewise, J along the other dimension. We prove that if the
number of exponentialsislessthan or equal toroughly 7.J/4, then,
assuming sampling at the Nyquist rate or above, the parameteri-
zation is almost surely identifiable. Thisis significant because the
best previously known achievable bound wasroughly (I + J)/2.
For example, consider I = J = 32; our result yields 256 ver sus
32 identifiable exponentials. We also generalize theresult to NV di-
mensions, proving that the number of exponentialsthat can bere-
solved is proportional to total sample size.

Index Terms—Array signal processing, frequency estimation,
harmonic analysis, multidimensional signal processing, spectral
analysis.

I. INTRODUCTION

HE PROBLEM of harmonic retrieval is commonly en-
countered under different disguises in diverse applications
in the sciences and engineering [24]. Although one-dimensional
(1-D) harmonic retrieval is most common, many applications of
multidimensional harmonic retrieval can be found in radar (e.g.,
[10], [23], and references therein), passive range-angle local-
ization [23], joint 2-D angle and carrier frequency estimation
[28], [29], and wireless channel sounding [6]-[9]. In wireless
channel sounding, for example, one is interested in jointly esti-
mating several multipath signal parameters like azimuth, eleva-
tion, delay, and Doppler, all of which can often be viewed as or
transformed into frequency parameters.
A plethora of 1-D as well as multidimensional harmonic re-
trieval techniques have been developed, ranging from nonpara-
metric Fourier-based methods to modern parametric methods
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that are not bound by the Fourier resolution limit. In the high
signal-to-noise ratio (SNR) regime, parametric methods work
well with only a limited number of samples.

One important issue with parametric methods is to determine
the maximum number of harmonics that can be resolved for a
given total sample size; another is to determine the sample size
needed to meet performance specifications.

Identifiability-imposed bounds on sample size are often not
the issue in time series analysis because samples are collected
along the temporal dimension (hence “inexpensive”), and per-
formance considerations dictate many more samples than what
is needed for identifiability. The maximum number of resolvable
harmonics comes back into play in situations where data sam-
ples along the harmonic mode come at a premium, e.g., in spa-
tial sampling for direction-of-arrival estimation using a uniform
linear array (ULA), in which case, one can meet performance
requirements with few spatial samples but many temporal sam-
ples [25].

Determining the maximum number of resolvable harmonics
is a parameter identifiability problem, whose solution for the
case of 1-D harmonics goes back to Carathéodory [2]; see also
[15] and [26]. In two or higher dimensions, the identifiability
problem is considerably harder but also more interesting. The
reason is that in many applications of higher dimensional har-
monic retrieval, one is constrained in the number of samples that
can be taken along certain dimensions, which is usually due to
hardware and/or cost limitations. Examples include ultrasound
imaging [4] and direction-of-arrival (spatial frequency) estima-
tion. The question that arises is whether the number of samples
taken along any particular dimension bounds the overall number
of resolvable harmonics or not.

Essentially, all of the work to date on identifiability of mul-
tidimensional harmonic retrieval deals with the 2-D case (e.g.,
[11], [13]) and provides sufficient identifiability conditions that
are constrained by min({, .J), where I denotes the number of
samples taken along one dimension, and .J denotes the number
of samples taken along the other dimension. To the best of our
knowledge, the most relaxed condition to date has been derived
in [17], which shows that identifiability is determined by the
sum I + .J. The result of [17] is deterministic in the sense that
no statistical assumptions are needed, aside from the require-
ment that the frequencies along each dimension are distinct.
Furthermore, it generalizes naturally to &V dimensions for arbi-
trary N and shows that identifiability improves with increasing
N, which is intuitively pleasing. However, the sufficient con-
dition in [17] improves with the sumof I, .J, K, ..., whereas
total sample size grows with the product of I, .J, K, .... This
indicates that significantly stronger results are possible.
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The contribution of this paper is the derivation of stochastic
identifiability results for multidimensional harmonic retrieval
that fulfill this potential. Our tools allow us to treat the gen-
eral case of multidimensional complex exponentials that incor-
porate real exponential components (e.g., decay rates). We thus
make no distinction between the terms harmonic and exponen-
tial. We show that if the number of 2-D harmonics is less than or
equal to roughly 1.J/4, then, assuming sampling at the Nyquist
rate or above, the parameterization (including the pairing of pa-
rameters) is Pz (C2F) almost-surely identifiable, where F' is the
number of harmonics, and P (C2F") is the distribution used to
draw the 2F complex decay/frequency parameters, that is as-
sumed continuous with respect to the Lebesgue measure in C2%".
In plain words, this means that if F' is under roughly 7.J/4,
then the model parameters (amplitudes, phases, decay rates, and
frequencies, including pairing thereof) that give rise to the ob-
served noiseless data are unique for almost every selection of
complex decay/frequency parameters, or, if one draws the com-
plex decay/frequency parameters from a continuous distribution
over C2¥', then the probability that one encounters a nonidenti-
fiable model is zero. This result is subsequently generalized to
N dimensions for arbitrary V.

A. Organization

The rest of this paper is structured as follows. We begin with
a discussion of notation and preliminaries. Section 1l summa-
rizes earlier deterministic identifiability results, whereas Sec-
tion 111 illuminates the rank properties of the Khatri-Rao matrix
product. Both are needed to prove the stochastic identifiability
results presented herein. In particular, Section I11 proves that the
Khatri—-Rao product is full rank almost surely.: Our main con-
tributions are presented in Sections IV and V. Section IV con-
tains the 2-D result, whereas Section V contains its generaliza-
tion to arbitrary number of dimensions. The proof of the latter
is highly technical and is therefore deferred to the Appendix,
along with other proofs of auxiliary results. Some comments
and extensions of the main results are collected in Section VI.
Conclusions are drawn in Section VII.

B. Notation and Some Preliminaries

C denotes the complex numbers, and U = {z € C||z| = 1}
denotes the unit circle

F
m——
CF=CxCx---xC
and
F

e e
UF=UxUx---xU.

Matrices (vectors) are denoted by boldface capital (lowercase)
letters. 7 stands for transpose. N denotes the number of dimen-
sions, whereas I,, denotes the number of (equispaced) samples
along the nth dimension. An N-dimensional (also known as
N-way) array is a dataset that is indexed by /V indices x;, i,
where4,, € {1, ..., I,},andn =1, ..., N. We do not follow
the usual convention of using ¢ or j to denote v/—1; instead, we

1This statement has to be interpreted properly; see Section I11.
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explicitly write v/—1 when needed and use i () as row (respec-
tively, column) index, in accordance with common practice in
matrix algebra. We also make extensive use of superscripts to
denote variables stemming from a given variable.

The rank of a matrix (two-way array) A is the smallest
number of rank-one matrices needed to decompose A into
a sum of rank-one factors. Each rank-one factor is the outer
product of two vectors. Matrix rank can be equivalently defined
as the maximum number of linearly independent columns (or
rows) that can be drawn from A. We will use o to denote
the rank of A. The rank of an N-way array is defined as
the smallest number of rank-one N-way factors needed to
decompose it [12]. Each rank-one IN-way factor is the “outer
product” of IV vectors, meaning that its (¢1, ..., iy )th element
isgivenby as 1 i, ---af, N, iy, Where f is a factor index. Thus,
an N-way array of rank F' can be written as

F N
Liy, i = § : cr H Af,n, i -
f=1 n=1

The Kruskal-rank or k-rank [12] of a matrix A (which is
denoted by k) is » if every » columns of A are linearly inde-
pendent and either A has » columns or A contains a set of »+1
linearly dependent columns. The k-rank of A is therefore the
maximum number of linearly independent columns that can be
drawn from A in an arbitrary fashion. Note that k-rank is gener-
ically asymmetric. The k-rank of a matrix need not be equal to
the k-rank of its transpose. k-rank is always less than or equal
to rank.

A constant-envelope 1-D discrete-time exponential is written
asx; = ceV=Dwl=1) ;=1 . I wherec € C accounts for
both amplitude and phase. A nonconstant-envelope 1-D expo-
nential is writtenas z; = ca’ *,¢ =1, ..., I, wherea € C ac-
counts for both decay (or growth) rate and frequency. A 2-D ex-
ponential is simply the product of two 1-D exponentials indexed
by different independent variables, i.e., z;, ;, = cal ‘a2,
i1=1,..., I1,io =1, ..., I, and likewise for higher dimen-
sions.

An m x p Vandermonde matrix with generators «1, ao, ...,
a, € Cis given by

%1 o . .. ap
2 2 2
Vi=| o1 @z X
m—1 m—1 m—1
al a2 . .. ap

If the generators are distinct, then V is full rank [24] as well as
full k-rank [22]: kv = rv = min(m, p).
Let

a, |
b, ]

[al F—_— a;

A
B=[b; - b;

be two matrices with common number of columns (r). The
Khatri—-Rao (column-wise Kronecker) matrix product of A and
B is defined as

A@B::[a1®b1 a; ®b; a,,®b,,]
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where a; ® b; denotes the Kronecker product of a; and b;.

Il. DETERMINISTIC IDENTIFIABILITY RESULTS

We will make use of the following results.

Theorem 1: (Identifiability of Low-Rank Decomposition
of N-Way Arrays [18], [19]): Consider the F-component
N-linear model

F
Lig,oyin = E cr H Af,n,in

fori, = 1,...,1, 2 2,n = 1,...,N,withe¢; € C,
afni, € C.Let A denote the I,, x F matrix with (i,,, f)
element ay , ;. If

N
> kaoy 2 2F + (N = 1)

n=1
then given the N-way array «;, iy, in = 1, ..., I, n =
1, ..., N,its I rank-one N-way factors
N
c‘fHaf7n7in’ f:].,’F
n=1
are unique.

Kruskal was the one who developed the backbone result
for N = 3 and array elements drawn from R [12]. See also
[20]-[22] for other related results.

Theorem 2: (Deterministic Identifiability of /V-Dimensional
Harmonic Retrieval [17]): Given a sum of F' exponentials in
N-dimensions

F N

— iy —1

v i =2 e [ agn
f=1 n=1

fori, =1,...,1, 22,n=1,...,N,withe; € C, and
ay ., € Csuchthatay, . #ap », V1 # foandall », if

N
Z I, >2F + (N —1)
n=1

then there exist unique (a; »n, n=1,..., N;¢cp), f=1, ...,
I that give rise to x;,, . ;. If an additional A/ nonexponential
dimensions are available

F N M
i, —1
v, insgi i = 2 ¢ LT afnt 11 bromoie @)
f=1 =1 m=1
for jo, =1,..., 00 2 2,m =1,..., M, with b ,, 1 =
1, ¥ f, m by convention, then uniqueness (including the as-
sociated component vectors along nonexponential dimensions)
holds, provided that

N M
ZInJFZ kg > 2F + (N + M — 1)

n=1 m=1

where B(™) denotes the J,,, x F matrix with (j,,, f) element
bf,m, g
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I1l. ON RANK AND k-RANK OF THE KHATRI-RAO PRODUCT
Consider two Vandermonde matrices

1 1 - 1
1 9 R

A=| o a3 o
al_l a2_1 aé_l
1 1 1
B B Br

B=| A& 5B - B @)
LBl gyt gt

where a1, as, ..., ap and By, B2, ..., B are complex gen-
erators. The Khatri-Rao product of A and B is

- 1 1 . 1 .
B1 P2 aE Br
g2 g
gt gyt Bt
1 (8%} Qg
AOB= o aaf3a apfr
a1 37 azf33 arf
o B b o3
_a{_lfji]_l ag_lfjg_l a;‘—l 3%—1_

One can show that full rank (even full %£-rank) of both A and
B does not necessarily guarantee that the Khatri-Rao product
AeBi isfull rank (let alone full &-rank). For example, let /' = 6.
The generators can be chosen as follows:

04121,062:2,06323,06424,04525,04626

Br=1,P=V2 Bs=V3 =4, 5 =5, s = V6.

With this choice of generators, A and B are full £-rank. When
I =3and J = 2, the 6 x 6 Khatri-Rao product A ® B is full
rank, hence, full k-rank: kacs = racs = 6. Now, set [ = 2
and J = 3; the Khatri-Rao product is still 6 x 6, but? its rank
is 5.

Irrespective of Vandermonde structure, it is simple to show
that

TAGB S TATB

e.g., by noting that the Khatri-Rao product of A and B is a
selection of columns drawn from the Kronecker product of A
and B. The rank of the Kronecker product is the product of ranks
of the constituent matrices [1].

21t will be shown that with proper random sampling, this phenomenon is a
measure-zero event; see Theorem 3 and Corollary 1.
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The following result provides a deterministic lower bound on
the &-rank of the Khatri-Rao product, irrespective of Vander-
monde structure. Note that since rank > k-rank, it also provides
a lower bound on rank.

Lemma 1 [22]: Given two matrices A € C/*F and B ¢
C/*F if ka > 1 and kg > 1, then it holds that

kaop > min(ka + kg — 1, F). 3)

Other researchers have noted that the Khatri—-Rao product ap-
pears to exhibit full rank in essentially all cases of practical in-
terest [27], but no rigorous argument has been given to justify
this observation to date. The following two results settle this
issue.3

Theorem3: For a pair of Vandermonde matrices A € C/<F
and B € C/*F

racB = kaos = min(lJ, F), P (C*)-as. (4
where P (C2%) is the distribution used to draw the 2 complex
generators for A and B, assumed continuous with respect to the
Lebesgue measure in C2F.

As an almost direct byproduct, we obtain the following corol-
lary.

Corollary 1: For a pair of matrices A € C/*¥ and B €
CJXF

racn = kaop = min(1J, F), P (CU“)F) as. (5)

where P, (CU+7F) is the distribution used to draw the (I +
J)F complex elements of A and B, which is assumed contin-
uous with respect to the Lebesgue measure in CU/+F,

Equipped with these results, we proceed to address the main
problem of interest herein.

IV. ALMOST-SURE IDENTIFIABILITY OF 2-D HARMONIC
RETRIEVAL

Proposition 14: Given a sum of F' 2-D exponentials

1
i—1pj—1
xi ;= Z cray 1b} (6)
F=1

fori =1,...,1 >4,andj = 1, ..., J > 4, the parameter
triples (ay, by, cs), f = 1, ..., I are Pc(C*") almost-sure
unique,s where P(C2%) is the distribution used to draw the
2F complex exponential parameters (as, by), f =1, ..., F,
which is assumed continuous with respect to the Lebesgue
measure in C2F, provided that there exist four integers
Iy, I, Jy, Jo such that

I -5 — L+min(LiJi, F)+min(ls.Js, ) >2F (7)

3Proofs can be found in the Appendix.
4The result holds true if we switch I and J.

5We assume throughout that sampling is at the Nyquist rate or higher to avoid
spectral folding. This allows us to restrict attention to discrete-time frequencies
in (—w, @.
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subject to

L+L<I
Ji+hh=J+1
min(Il, IQ, Jl, JQ) 22 (8)

Proof: We first define a five-way array with typical ele-
ment

Liy,ig, 3,41, 42 *— Liy+ia+is—2, j1+j2—1
F
i 1Ly e 11
:E :cfa}l+12+zs 1-1 1b.}1+]2
f=1

F
= Z Cfa? _la?_la?_lb}lillﬂfzil 9
=1

where i, = 1,..., I, 2 2,and jg = 1, ..., Jg = 2, for
a=1,2 3,4=1, 2 Since min({, .J) > 4 has been assumed
in the statement of the proposition, such extension to five ways
is always feasible. Define matrices

_ a1 I xF
A(y—(af )GC .

By = (b} 1) echxr. (10)

The next step is to nest the five-way array & into a three-way
array T by collapsing two pairs of dimensions as follows:

Tig, k1 = L0/ 07, [1) T2, 63, ke (TR L] 1)1, 1= (1) J2]—=1) o
F
_ Z cs (a)[ck/Jﬂ—laJ[CI/JQ]—la}g_1bl;—([k/J{|—1)J1 -1

f=1
1—([1/J2]—1)J2—1
X bf )

F
= Z cfaiczfl (ajfck/Jﬂ—lbfc‘—([k‘/Jl]—1)J1_1aj[cl/J2*|_1
f=1

I—([1)Jy]—1)J2—1
X bf )

F

= Z Cfaicg_ldk7 fel §
=1

(11)

fork=1,..., LiJ,l=1,..., IoJs,withdy rande; ¢ given
by

k/Ji -1 k—([k/J1]-1)J1—1
dk,f:za;/ 1 by (Tk/H1-1)
e g = aj[cz/m—1b;—([z/J21—1)J2—1' (12)
Define matrices
D=_(dy) € chixt g = (e, 7) € Clzlax (13)

D and E are nothing but

DIAl@Bl, E:A2®B2- (14)
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Since A ; is Vandermonde, Theorem 2 can be invoked to claim
uniqueness, provided

Is+kp+kg >2F+3—-1. (15)
Note that for any particular i3, k, and I, the product
crat " dy, e 5 is equal to cpa’TtbTH with the following
choice of ¢ and j:

=t (] (5]

As i3, k, and [ span their range, the corresponding ¢ and j
span their respective range. It follows that uniqueness of the I
rank-one 3-D factors cfa}g_ldk, rer, ¢ 1S equivalent to unique-
ness of the F' rank-one 2-D factors ca’ 04, f =1, ... F.
Therefore, the rank-one factors c;a’, ', and, hence, the
triples (ay, by, ¢;), f = 1, ..., F are unique, provided that
(15) holds true. Invoking Theorem 3, amost-sure uniqueness
holds, provided there exist integers 11, I», I5, J1, Jo > 2 such
that

Is+min(l1J1, F)+ min(lyJo, F) > 2F + 2 (16)
subject tos
Lh+L+13=1+2
J1+J2:J+1 (17)
Hlill(.[l, IQ, Ig, Jl, Jg) Z 2.

Setting I3 = I +2 — I; — I, weobtain

I -5 — L+min(l1J;,F)+min(lJs, F) > 2F

subject to
L+, <1
Ji+J=J+1
Inin(]l,IQ,Jl,Jg) Z 2
and the proof is compl ete. O

Theorem 47: Given asum of F' 2-D exponentials

F
Ty, 5 = Z Cfaicilbjc_l (18)
f=1

fore =1,..., 1 >4,andj =1, ..., .J > 4, the parameter
triples (ays, by, ¢f), f = 1, ..., F are P(C*") amost-sure
unique, where P;(C?F) is the distribution used to draw the
2F complex exponential parameters (ay, by), f =1, ..., F,
which isassumed continuous with respect to the L ebesgue mea-
surein C2¥, provided that

e<[3] 3]

6The first two conditions assure that we do not index beyond the available
data sample.

7The Theorem holds true if I and .J are switched.

(19)
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Proof: If both I and .J are even numbers, pick I; = I, =
1/2,J, = J/2,and J; = (J + 2)/2 [thereby satisfying (8)],
and (7) becomes

min <%, F) + min <@, F) > 2F

which is satisfied for any F' < I.J/4.1f I isevenand .J is odd,
pick Iy = I, = I/2,and J; = J, = (J + 1)/2 [thereby
satisfying (8)], and (7) becomes

I 1 I 1
min <%, F) + min <%, F) >2F (21)

which is satisfied for any /' < I(J + 1)/4. If both [ and J are
odd, pleIl = (I—l)/2,_[2 = (I+1)/2, Ji=Jy= (J+1)/2
[satisfying (8)], and (7) becomes

i (L2720 )

N ES RS R

satisfied for any F < (I — 1)(J 4+ 1)/4. Finaly, if I isodd and
Jiseven,pick I, = (I —1)/2, I, =(I+1)/2,J; = J/2,and
Jy = (J + 2)/2 [satisfying (8)], and (7) becomes

i (L2601 g (42 ) s

(20)

(22)

4
(23)
satisfied for any F' < (I — 1).J/4. Invoking Proposition 1 com-
pletes the proof. O

Remark 1: Some reflection reveals that the argument
behind the proof of Theorem 4 (and its N-D generaization:
Theorem 5) is in fact constructive, leading to an eigenvalue
solution that recovers everything exactly under only the model
identifiability condition in the Theorem, in the noiseless case.
Matlab code can be found at http://www.ece.umn.edu/users/
nikos/public_html/3SPICE/code.html.

Remark 2: It isinteresting to note that equations-versus-un-
knowns considerations indicate a bound of 1.J/3, without
taking the pairing issue into consideration. To see this, note that
each of the I’ 2-D exponential components is parameterized
by three complex parameters, and a total of 7.J complex data
points are given. If the equations-versus-unknowns bound is
violated, then, under certain conditions, the implicit function
theorem indicates that infinitely many ambiguous solutions
exist in the neighborhood of the true solution.

V. N-DIMENSIONAL CASE

Theresult can be generalized to the V-dimensional case. Al-
though the spirit of the associated proof is clear, the mathemat-
ical argument is highly technical. Thisis so primarily because
one is forced to use a recursive dimensionality-embedding ar-
gument to preserve generality. We therefore state the result and
defer the proof to the end of the Appendix, noting that Figs. 1
and 2 help convey the essence of the proof to the interested
reader.
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FIRST STEP

(3 = 1wy s

Fig. 1. First step in the proof of the NV -dimensional case.

Theorem58: Given a sum of F* N-D exponentials

F N
Zi e = o ep [ @it (24)

f=1 n=1
fori, = 1,...,L, > 4, n = 1,..., N, the parameter
(N + 1)-tuples (a1, ...,aprn,¢cp), f = 1,..., F are

P(CNF) almost-sure unique, where P;(CNF) is the distri-
bution used to draw the N F' complex exponential parameters
(af1, ..., a5 w~) for f =1,..., F, which is assumed con-
tinuous with respect to Lebesgue measure in CV¥', provided
that

(25)

VI. COMMENTS AND EXTENSIONS

The restriction of at least four samples per dimension is an ar-
tifact of the proof. In fact, we can also treat cases with less than
four samples in any dimension(s). However, in the 2-D case with
less than four samples per dimension, our approach does not
yield anything significant. Inthe N-D case, having less than four
samples along certain dimensions breaks the symmetry of the
problem, forcing us to separately consider cases, depending on
the number and sample size distribution of dimensions having
less than four samples. This prohibits a concise unifying treat-
ment. Nevertheless, individual cases can be easily dealt with,
given the tools developed herein.

A. Constant-Envel ope Exponentials

So far, we have considered multidimensional complex expo-
nentials that incorporate real exponential components. In many
applications, one deals with constant-envelope complex expo-
nentials. The proof of Theorem 4 carries through verbatim in
this case, except that one needs to ensure that Theorem 3 holds

8The Theorem holds true for any permutation of {I,,}_,.
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I|I - COLLAFSE —weary mrmay

COLLAPSE

&[0 ]

SECOND STEP

d M= Ty

| [M=321
Fig. 2. Second step in the proof of the /NV-dimensional case.

for generators drawn from the unit circle U. This is easy, be-
cause the generic example that shows that the determinant is
nontrivial in the proof of Theorem 3 was actually constructed
using generators drawn from the unit circle. We therefore have
the following Corollary.

Corollary 2: Given a sum of I 2-D constant-envelope com-
plex exponentials

F
Ti,j = Z CfC\/__lwf(i_l)C\/__l'”f(j—l)
f=1
for: = 17 ey I Z 4, andj = ]_7 . J 2 4’ the parameter

triples (¢V=1r, V=10 ¢p), f =1, ..., F are P.(U*F) al-
most-surely unique, provided that

r<[3f[3]

The same argument holds for Proposition 4 and Theorem 5 in
the case of constant-envelope complex exponentials; we skip the
corresponding statements for brevity.

B. Common Frequency Mode

In most applications, having two or more identical frequen-
cies along a certain dimension is a measure zero event. Having
two frequencies close to each other is very common, but this
affects performance, rather than identifiability. In certain ap-
plications, identical frequencies along one or two dimensions
are, in fact, a modeling assumption, motivated by proximity of
actual frequencies and compactness of model parameterization
[13]. For this reason, it is of interest to investigate identifiability
subject to common frequency constraints. This can be handled
using the tools developed herein, but one needs to check on a
case-by-case basis, depending on the “common mode configu-
ration.”

» How many distinct frequencies (“batches™) per dimen-
sion?

» How many components per batch?

» What is the pairing across dimensions?
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In general, the problem is combinatorial, and a unified treat-
ment does not seem to be possible. The reason is that one needs
to construct a “generic” example (cf. the proof of Theorem 3) to
demonstrate that the determinant of the associated Khatri-Rao
product is nontrivial for each common mode configuration. We
illustrate how this situation can be handled in the 2-D case with
a pair of 2-D exponentials having one frequency in common. In-
terestingly, we obtain exactly the same identifiability condition
as before. The proof of the following result can be found in the
Appendix.
Proposition 2:  Given a sum of F' 2-D exponentials

F
@iy =) erdy b
F=1

fori=1,...,I>4,andj =1, ..., J >4, withby = by, the
parameter triples (ay, by, cf), f = 1, ..., F are P (C?F—1)
almost-surely unique, where P.(C*~1) is the distribution
used to draw the (2F" — 1) complex exponential parameters
(a1, az, ..., ap, b1, bs, ..., bp), which is assumed contin-
uous with respect to the Lebesgue measure in C2F—1, provided

BT

C. Nonexponential Dimension(s)

In certain situations, the signals along one dimension are
not exponentials, e.g., in uniform rectangular sensor array
processing with two exponential (spatial) dimensions and
a nonexponential temporal dimension. Our results can be
extended to handle this case as well. As an example, we have
the following result.

Proposition 3: Consider

F
i—1,5—1
Ti gk = E craly 1b} Sk, f
=

fore =1,...,,andj =1, ..., J,wherek =1, ..., K is
a temporal index, and assume that the temporal signal matrix
S = (si, ) € CEXFis full column rank F. If max(Z, J) > 3
and

F < IJ—min(I, J)

then the parameterization in terms of (ay, by, ¢y, {si, 1)),

f = 1,..., F is P:(C?F) almost-surely unique, where
P.(C?F) is the distribution used to draw the 2F complex
exponential parameters (ay, by), f = 1,..., F, which is

assumed continuous with respect to the Lebesgue measure in
c3r,

9Note that, assuming sufficiently many temporal samples and persistence of
excitation, and taking M; = Lz = L = 1 in of [6, Eq. (22)], yields FF <
min(I(J — 1), J(I —1)) = IJ — max(I, J); this is worse but close to our
result in Proposition 3, albeit [6] contains no proof.

1855

VII. CONCLUSIONS

We have derived stochastic identifiability results for multi-
dimensional harmonic retrieval. The sufficient conditions pro-
vided are the most relaxed to date. The sufficient condition for
the 2-D case is not far from equations-versus-unknowns consid-
erations—hence additional improvements, if any, will be mar-
ginal. In the N-D case, the resolvability bound is proportional to
total sample size, but the proportionality factor is dependent on
N. Although this is not a serious limitation, it does indicate that
one moves further from the equations-versus-unknowns bound
in higher dimensions. It remains to be seen whether a signifi-
cantly tighter bound can be found in higher dimensions.

APPENDIX

We will need to invoke the following Lemma.

Lemma 2: Consider an analytic function h(x) of several
complex variables x = [z1, ..., z,]* € C™. If h is nontrivial
in the sense that there exists xo € C™ such that 2(xq) # 0,
then the zero set of h(x)

Z = {x € C"|h(x) = 0}

is of measure (Lebesgue measure in C™) zero.

This Lemma is known (e.g., [26]), but we have not been able
to find a satisfactory proof in the literature. We therefore include
a simple proof for completeness.

Proof of Lemma 2. If n = 1, it is well known that Z is
countable (e.g., see [3, Th. 3.7]). For n > 1, define g(x) = 1
if h(x) = 0, and g(x) = 0 otherwise. The measure of Z is the
integral of g(x) over C™. FixX xs, 3, ..., x,, and consider the
single-variable function i(x1, x2, ..., 2, ). This is analytic in
xz1; hence, its zero set is of measure zero. This means that for
any fixed z», ..., z,

/g(xlv L2y« ey xn) dz; = 0.

/...(/gda:1>da:2~~~d$n

Hence

/Od{L’Q"'d.’L’n

Note that the argument works, irrespective of order of integra-
tion—hence, the multidimensional integral is indeed zero by Fu-
bini’s theorem. This completes the proof. O

Proof of Theorem 3: We will show that

TacB = kaos = min(1J, F), P (C**)as.

The general case can be reducedtothe I.J = Fcase. IfIJ < F,
it suffices to prove that the result holds for an arbitrary selection
of 1.J columns; if I.J > F, then it suffices to prove that the result
holds for any row-reduced square submatrix.

10Any uncountable set in the complex plane must have at least one limit point
because any complex Cauchy sequence must have one and only one complex
limit.
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When I.J = F, full rank and full k-rank can be established
by showing that the determinant of A ® B is nonzero. Define

H(al, e, R, [31,
= det(A(al, .

7[3F)

OéF) ® B(ﬁl, ey /3F))

H is a polynomial in several variables and hence is analytic.
In order to establish the desired result, it suffices to show
that H is nontrivial. This requires a “generic” example that
works for any I, J, F. This can be constructed as follows.
Foranygiven I, J, Fwith2 < I < Fand2 < J < F,
IJ = F, define the generators a; = ¢V—1®/F)J(-1)
and B; = vV I@W/E)X-D for f = 1,..., F. It can be
verified that with this choice of generators for A and B,
A © B is itself a Vandermonde matrix with generators
(1, eV=1@/F) - oV=1Qr/F)F=1)y and, therefore, full
rank. This shows that H(ay, ..., ap, 1, ..., BF) is a
nontrivial polynomial in C2%. Invoking the analytic function
Lemma 2, H(wy, ..., aF, B1, ..., SF) is nonzero almost
everywhere, except for a measure zero subset of C2£, O

Remark 3: An alternative proof of Theorem 3 can be con-
structed by using the theory of Lagrange interpolation in several
variables [5], [14], [16]. The advantage of such an approach is
that it affords geometric insight that facilitates the construction
of full-rank examples and counter-examples. The disadvantage
is that the proof requires a long and delicate argument.

Proof of Corollary 1: It is again sufficient to consider the
case I.J = F. The generic example provided for a pair of Van-
dermonde matrices can also be used here to show that the de-
terminant of the square Khatri-Rao product of two matrices of
appropriate dimensions (but otherwise arbitrary) is a nontrivial
polynomial in (I + J)F complex variables; therefore, the ana-
lytic function Lemma 2 applies. O

We will need the following preparatory results to prove The-
orem 5.
Proposition 4: Given N Vandermonde matrices A,, €

chHh*Fforn=1,...,N>2
TA{GOOAN :kA1®"'®AN
~
= min <H I, F) . Pc(CVF)-as. (26)
n=1

where P(CNF) is the distribution used to draw the N F com-
plex generators for A,,, n =1, ..., N, which is assumed con-
tinuous with respect to the Lebesgue measure in CV ¥,

Proof: The general case can be reduced to the Hf:;l I, =
I’ case. When Hf:;l I, = F, the full rank and full k-rank of
(A1 ®---®Ap) isequivalent to its determinant being nonzero.
Define

H(Oélyl,...,Oélyp,...,OéN71,...,OéN7F)
Idet(Al(OéLl,...,OéLF)@---@A]\f(a]\f71,...,a]\f7p))
where «, 7 is the fth generator of A,,, » = 1,..., N, and

F. H isapolynomial in NV F variables and, hence,

f=1,...,

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 49, NO. 9, SEPTEMBER 2001

is analytic in CN¥', It therefore suffices to show that H is non-
trivial. The following generic example works for any £ and
I, >2,n=1,..., N,showing that H is nontrivial

—— exp((\/_ (27 /F) <H Ik> )

form = 1,...,N, f = 1,..., I. It can be verified that
with this choice of generators for A,,, n = 1,..., N,
A; ®--- ® Ay is a Vandermonde matrix with generators
(1, VD E) - (VEDER/F)E-1)Y and s, therefore,
full rank. O
Proposition 511:  Given a sum of ' N-D exponentials

. T, —1
le:“v TN T Cf a
n=

fori, = 1,...,1, > 4, n = 1,..., N, the parameter
(N + 1)-tuples (as1,...,azn,¢p), f = 1,..., F are
P (CNF) almost-surely unique, where P;(C™¥) is the distri-
bution used to draw the N F' complex exponential parameters
(ag1, ..., a5 n)for f=1,..., F, whichisassumed contin-
uous with respect to the Lebesgue measure in CN ¥, provided
that there exist 2.V integers I,, ;forn =1,..., N, j =1,2
such that

(@7)

N
Iy —I;1 —I;,2 +min <H I, 1, F)

n=1
N
+ min <H L, , F) > 2F (28)
n=1
subject to

La.o+6L.<1

In,1+In,2:In+17 71:2,...,N (29)

In,j 2 2, \V/TL, J

Proof: We first extend the given N-way array to a (2N +
1)-way array with typical element

Liy 1,01,2,01,3,82, 1,92, 2, - in, 1, N, 2

= iy, 1441, 2441, 3—2, 92, 1+, 2—17 ey

71 1421, 2+41,3—3 fo, 1 Fin, 2 —2
cr\ s “f,n

cf<713 1H f71+7 —)
1

N N
71 3—1 777, 1—1 777, 2—1 30
€y s &fn @fn (30)

in,1+in, 2—1

[
Nk

~
Il
—

I
Nk

~
Il

I
Nk

f=1 n=1 n=1
where
tn,j=1,..., [, ; 22
i1,3=1,..., 11322
n=1,...,N,5=1,2.

1The Proposition holds true for any permutation of {I,,}_,.
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Such extension is always possible under our working assump-
tion that 1,, > 4, Vn. We aso need the following constraints to
avoid indexing beyond the available data sample:

{?,1 +h2+hs=1+2 31)
wi+lno=I,+1,n=2 ..., N.
Define matrices

A= ( }75 ) e CliXF

A z= (a}l o 1) € CluaxF (32)

forn =1,..., N, j =1, 2. Next, we compress the (2N +
1)-way & array into athree-way array . We do thisin two steps
for clarity. Thefirst stepisto nest & intoa (2N — 1)-way array
#), This processisillustrated in Fig. 1.

~(1)

i1,3, KD, U g 4,43 0,0 1,0, 2
=D/ 111, M /121,015, kD = (KD /T2 11 2,1

D —([MW /I 51 —1)12, 2,43, 1, %3, 2, .-,

D

TN,1,TN, 2

< /1, 1 1-1 [l<1>/12 2]=1 in5—1

a1 Ay
f=1
% a O (Y 1111, 1 —1 z<1> ([ /I3, 51— 1)1z, 5 —1
ay,2 Ay, 2
N N
to,1—1 tn,2—1
x H A n af,n )
n= n=3
£ 1 W _(rp®
_ ?1, 371 [k /12 1] 1 k ([k /12 1] 1)[2 1— 1
—ZC <“f, a1 Ay 2
f=1
[ /1, 51—1 z<1> (MY /15, 5] —1) T2, 2 —1
Xy ag,2

N N
to,1—1 Zn 2—1
x [ oy
O n Ofn )

n=3 n=3
: CVNIICY S a
1 1 T, 1 zn 1
- Zcf = dk(U G f Ar'n - gy .
f=1 n=3 n=3
(33)
for £ = LD, IV = 1, L 5L 5, with
d(% s and e% f given by
db J[W/Iz -1 ;m (e /o, 1=1) I, 1 —1
JACON ' )
(1 Lo 1(1) (1 Lo Iy o—
65(1% e JE} /12,211 ay (ML 21 -1z, 2 =1 (34)
Define matrices
D(l) — (dil(Z) f) c C11,1[2,1><F
ED — ( ;(11)> f) € ChielzexF (35)
and note that
D = A1 OA, g, ED = A 2O Az . (36)
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The next step is to show that starting from m = 1, we can
recursively nest the (2(N — m) + 1)-way array 2™ into a
(2(N —(m+1))+1)-way aray 2™+t m =1, ..., (N -2).
This step isillustrated in Fig. 2.

~(m+1)
i1,y KOTED D G i gy 2y e i 1N,
. j(m)
T Vs, [RUED [T g0y 11, [T [Ty 2y 2]

k<m+1>_( [k(m'+1>/1(m,+2), 1]_1)I(m,+2>, 1
Ut D) — (MU A [ T2y, 2 1= 1) (et 2), 2

U(mt3), 15 2(m+3), 21 - EN, 1, IN, 2
F

= Z Cf
f_

k(m“) (TR0 /T2y, 1 1= 1) g2y, 1—1

Z1 3=

af : d(rn) (rn)

TR [ T(yay, 110 f [l(m+1>/T(m+2) 21, f

e, (m+2)
l(m“) ([ T y2y, 21— 1) g2y, 2 1
@, (m+2)
N N
in,1—1 in,2—1
< I e I o
n=(m+3) n=(m+3)

F
Sl

71 fk(m+1>/f(m+2),ﬂ:f
k“”*” (TR0 /T g2y 1 1= D g2y, 1 =1
@, (m+2)
(m)
[ [ T2y, 215 f
l(m+l>*(”(m+l>/f(m+2>,21*1)I(m+2>,2*1
f, (m+2)

N N
Zn 1—1 z,, 5—1

x I ey I e

n=(m+3) n=(m+3)
F
F=1
N N

to,1—1 tn,2—1
< I e I a7
Ofn Ofn

n=(rn—|—3) n=(rn+3)

X a

X e

X a

11 3— d(rn—l—l) (rn—l—l)
f 1 kimt1) f l(m+1) . f

(37)

for

Rt =1

[t =1

(m+1)

with 4\ ciomia),  diven by

gty @nd

d(rn-l—l)

_ gm)
pomity, g = d

TR0 [T g0y 115 F
k(m“) (TR / L0y, 1 1= 1) Imy2y, 1 =1
f (m+2)
(m+1) L (m)
L I St [ GRS )7 S [
l(’”” (MY T g0y, 01— Iy 2y, 2=l
@5, (m42)
(38)
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Define matrices

) p, U XF

n=1

DM+ — (d;:[fntll)nf) €¢

- 2y
E("H’l) — (e&yyj&if) c CHn:1 I : XF_ (39)
D+ and E(™+D can be written as
DD =D © A, p01
=A110 O AMt1),1 © A, 1
EM) —gM™ o A(m+2),2
= Al, 20--0 A(rn-l—l), 20© A(nl+2), 2- (4’0)

The recursion finaly terminates at (N —1, which we are
going to denote by =

Liy g, kN=1) [(N-1)

_ AN=1)
=T s, kD (V=)
F
_ i1s—1 (N-1) (N-1)
—Zcf(afl,f dk(N—m,fez(N—m,f) (41)
f=1
for k=D = 1 T Loy, 1YY =1

1, I,.. 2. We have

D(N_l) = (dl(cl(\j\f__ll))7f) = Al, 100 AN7 1
E(]\T_l) = (Cg(]?‘\r]ii))“f) = Al,? (ORRRNO] A]\T72- (42)

Since A 3 isVandermonde, Theorem 2 can beinvokedto claim
uniqueness, provided that

1173 +kpwv-1 + kpv—y > 2F+3 - 1. (43

Similar to the 2-D case, each product form
i1,3—1 J(N—1 N-1
°f (“ﬁf dgv(N*l)th;(H),f)
/ ip—1

can be put in one-to-one correspondence with ¢ Hf:‘zl ay.,
f =1,..., I'. Therefore, uniqueness of the I rank-one 3-D
factors cf(a}f’ffld,(cﬁ;ll)% fegé\‘vjzy f) is equivglent to unique-
ness of the /" rank-one N-D factors c; [, a’J’;’;l . It follows

that the rank-onefactors c; ]_,; ' and, hence, the param-
eter (N+ 1)-tup|es(af71, -y Gf N, Cf), f=1, ..., F ae
unique, provided that (43) holds true. Invoking Proposition 4,

almost-sure uniqueness holds, provided there exist 2N + 1 in-

tegersf; 3 > 2and [, ; > 2forn=1,...,Nandj =1,2
such that
N N
1173+1n111<H In, 1, F) —|—1nin<H I, 2, F) >2F +2
n=1 n=1
(44)
subject to

Lhi+h o+ s=1+2

In,1+In,2:In+1, 7’L:2,..

LN
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or, equivalently
N
Il — 1171 — ILQ —|— min<H In,la F)
n=1
N
+Inin<H L. o, F) > oF
n=1
subject to
L,+6L:<1
In,1+In,2:In+1, n:2,...,N
In;22 Vn, j
and the proof is complete. O

Proof of Theorem 5: If I; iseven, pick [; | = I; 2 =
I, /2; otherwise, pick [;, 1 = ([1 —1)/2and ;o = ({1 +1)/2
[thereby satisfying (29)].

If I,, iseven, pick I,, 1 = I,/2, I,, » = (I, + 2)/2; other-
wise let I,, 1 = I, » = (I,, + 1)/2 [hence satisfying (29)] for
aln=2,...,N.

Once we pick all 2N integers following the above rules, (25)
assures that inequality (28) holds. Invoking Proposition 5 com-
pletes the proof. O

Proof of Proposition 2: It sufficesto show that when I.J =
F

H(alv az, ..., OF, /317 /327 LN ﬁFfl)
= det(A(al, 2y ouuy OCF) ® B(ﬁl, /31, ey ﬁp_l))

isanontrivial analytic functionin C2£'—*, where both A and B
are Vandermonde matricesdefined by (2). For any giveni, J, F
with2 < I < F,2< J < F,and1J = F, define the gener-
aorsa; =0, af = eV =12/ (F=1))J(f=2) for f=2,..,F
and By = ¢V IR/ (F-I)S-Dfor f =1,..., F — 1. Itcan
be verified that with this choice of generatorsfor A and B

AcB
11 1 e 1 T
11 eV I/ (F1) oV —L(2n/(F-1)(F-2)
11 eV —Ier/(F1)2 o/ —L(2m/(F-1))(F-3)
=1 1 evVT@r/(F1))(J-1) eV=1@2n/(F-1))(F-J)
01 V/TI@m/(F0) L /TI2x/(F)(F-i-1)
1 eV -l@n/(F-L)(F-2) .. eV —1(2r/(F-1))
01 1 1 |
which isfull rank; hence, H isnontrivial in C2F—1, O

Proof of Proposition 3: Assume I < J, without loss of
generality. Spawntwo dimensionsoutof J: J; = J—1, J, = 2.
Collapse 7 and J—1.Wearenowin2x I(J—1) x K 3-D space,
with the dimension corresponding to I(J — 1) being full k-rank
amost surely. Theorem 2 then yields 2F" + 2 < min({.J —
I, F)+ kg + 2. Since ks = I has been assumed, the desired
result follows. O
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