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Figure 1. The principle behind majorization illustrated with a one-
parameter model. The loss function �ML is to be minimized as a
function of m. The current estimate of m is mc (abscissa) with a
corresponding loss (ordinate). This loss is improved by
minimizing a majorizing function �maj.
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Figure 2. The loss function in least squares fitting and weighted
least squares fitting. The residuals are given in the vector e,
which is equal to vec(X-M), where M is the PCA model (including
possible offsets). Thus, in weighted least squares fitting, one
specific weight is attached to each residual and hence to each
element in X. ML-PCA and MILES-PCA as given below also
handle non-diagonal W, but this is not introduced in the current
application.
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Table I. RMSECV values (M) for PCR model using three
components. The first column shows the result for a maximum
likelihood model including maximum likelihood centering. The
second column is an ordinary least squares PCR. The third and
fourth columns show the results using maximum likelihood
estimation but ordinary least squares centering with the Wentzell
and the MILES algorithm respectively. As expected, these two

are identical
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Figure 3. The loss function for the signal-processing data. The
residual variation is independent from antenna to antenna and
from symbol to symbol but is correlated within the third sample
mode. Thus for each combination of receive antenna (first mode)
and symbol snapshot (second mode) a characteristic error
covariance matrix is obtained.
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Figure 4. Signal-to-noise ratios (SNR) for 100 simulated models. The data are fitted by maximum likelihood
PARAFAC (solid line) and ordinary least squares PARAFAC (broken line). The ML results in the figure are
sorted in order of increasing SNR to allow easier visual comparison to the LS solution. As can be seen, the use
of MILES provides better results in general.

Table II. Concentrations of four fluorophores in 22 samples
(10�6M)
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Figure 5. Left: a typical excitation–emission landscape. Note the diagonal Rayleigh scatter peak to the right. In
the right plot, emission below excitation has been removed. Some scatter signal remains, but the bulk part of
the data that does not follow the PARAFAC model has been removed.
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Figure 6. Left: an idealized representation of first-order Rayleigh and Raman scatter. The large Rayleigh trace appears around the
diagonal where the excitation wavelength equals the emission wavelength, while the Raman scatter has a lower intensity and moves
along a different diagonal. To the right, the total error ‘standard deviation’ for one sample is given. It is the sum of the scatter error from the
left plot, the i.i.d. error (standard deviation one for every element) and a very high value (1000) for the non-chemical part of the data.

Figure 7. Four components estimated with least squares (top) and weighted least
squares (bottom) approaches. Component 3 (solid line) has a peculiar peak in the
low-emission part in the least squares approach. Component 2 (dotted line) has an
incorrect excitation maximum above the corresponding emission maximum in the
least squares model.
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Figure 8. The landscape of component 3 (outer product of
emission and excitation loading) for the least squares fitted
model. The emission wavelengths below excitation have been
set to missing and it is seen that the apparent high scatter peak in
the emission loading is almost absent from this landscape
because of the missing data.
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Figure 9. Histograms of 400 values of R2 � 100 obtained from the three different models.

Figure 10. Emission loadings obtained from a least squares model of raw data (top), a least
squares model handling missing data (middle) and a weighted least squares model
(bottom). For each type of model the results from the 100 refitted models are superimposed.
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Figure 11. Results from PARAFAC using three alternative scatter models. Leftmost, the model used so far; then a model where the
scatter ridges are (incorrectly) moved 10 nm away from the correct diagonal in the emission direction; and finally a model where the
Rayleigh trace is half the width. The resulting emission and excitation loadings are shown.
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