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ListofApplications-I

❏Blindmultiuserdetection-estimationinDS-CDMA,usingRx

antennaarray

❏Multiple-invariancesensorarrayprocessing(MI-SAP)

❏Jointdetection-estimationinSIMO/MIMOOFDMsystemssubject

toCFO,usingreceivediversity

❏Multi-dimensionalharmonicretrievalw/applicationsinDOA

estimationandwirelesschannelsounding

❏Blinddecodingofaclassoflinearspace-timecodes

❏3-DRadarcluttermodelingandmitigation

❏Exploratorydataanalysis:clustering,scatterplots,multi-dimensional

scaling
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ListofApplications-II

❏Jointdiagonalizationproblems(symmetric):

i)Blindspatialsignatureestimationfromcovariancematrices,using

time-varyingpowerloading,spectralcolor/multiplelags

ii)Blindsourceseparationformulti-channelspeechsignals

iii)ACMA

❏HOS-basedparameterestimationandsignalseparation

(“super-symmetric”)

❏Analysisofindividualdifferences(Psychology)

❏Chromatography,spectroscopy,magneticresonance,...
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Three-WayArrays

❏Two-wayarrays,AKAmatrices:X:=[xi,j]:(I×J)

❏Three-wayarrays:[xi,j,k]:(I×J×K)

❏CDMAw/RxAntarray@baseband:chip×symbol×antenna

❏MISAP:subarray×element×snapshot

❏MultiuserMIMO-OFDM:antenna×FFTbin×symbol

❏Spectroscopy,NMR,Radar,analysisoffoodattributes(judge×

attribute×sample),personalitytraits...
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Three-WayvsTwo-WayArrays-Similarities

❏Rank:=smallestnumberofrank-one“factors”(“terms”isprobably

better)forexactadditivedecomposition(sameconceptforboth

2-wayand3-way)

❏Two-wayrank-onefactor:rank-oneMATRIXouterproductof2

vectors(containingalldoubleproducts)

❏Three-wayrank-onefactor:rank-one3-WAYARRAYouterproduct

of3vectors(containingalltripleproducts)-sameconcept
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Three-WayvsTwo-WayArrays-Differences

❏Two-way(I×J):row-rank=column-rank=rank≤min(I,J);

❏Three-way:row-rank6=column-rank6=“tube”-rank6=rank

❏Two-way:rank(randn(I,J))=min(I,J)w.p.1;

❏Three-way:rank(randn(2,2,2))isaRV(2w.p.0.3,3w.p.0.7)

❏2-way:rankinsensitivetowhetherornotunderlyingfieldisopenor

closed(IRversusC);3-way:ranksensitivetoIRversusC

❏3-way:Exceptforlooseboundsandspecialcases[Kruskal;J.M.F.

tenBerge],generalresultsformaximalrankandtypicalranksorely

missingfordecompositionoverIR;theorymoredevelopedfor

decompositionoverC[Burgisser,Clausen,Shokrollahi,Algebraic

complexitytheory,Springer,Berlin,1997]
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Khatri-RaoProduct

☞Column-wiseKroneckerProduct:

A=



12

34





,B=









510

1520

2530









,A�B=



























520

1540

2560

1540

4580

75120



























vec(ADB
T
)=(B�A)d(D)

A�(B�C)=(A�B)�C
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LRDofThree-WayArrays:Notation

•Scalar:

xi,j,k=
F

∑f=1

ai,fbj,fck,f,i=1,···,I,j=1,···,J,k=1,···,K

•Slabs:
Xk=ADk(C)B

T
,k=1,···,K

•Matrix:
X

(KJ×I)
=(B�C)A

T

•Vector:

x
(KJI)

:=vec
(

X
(KJ×I)

)

=(A�(B�C))1F×1=(A�B�C)1F×1
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LRDofN-WayArrays:Notation

•Scalar:

xi1,···,iN=
F

∑f=1

N

∏n=1
a

(n)
in,f

•Matrix:

X
(I1I2···IN−1×IN)

=
(

A
(N−1)

�A
(N−2)

�···�A
(1)

)(

A
(N)

)

T

•Vector:
x

(I1···IN)
:=vec

(

X
(I1I2···IN−1×IN)

)

=

(

A
(N)

�A
(N−1)

�A
(N−2)

�···�A
(1)

)

1F×1

11



TUC&UMNNikosSidiropoulos/SAM2004,July18-21,2004,Sitges,Barcelona,Spain
'

&

$

%

Closerlookatapplications:Datamodeling

❏CDMA:(i,j,k,f):(Rxantenna,symbolsnapshot,chip,user)

xi,j,k=
F

∑f=1

ai,fbj,fck,f,i=1,···,I,j=1,···,J,k=1,···,K

❏MI-SAP:Aisresponseofreferencesubarray,BTistemporalsignal

matrix(usuallydenotedS),Dk(C)holdsthephaseshiftsforthek-th

displacedbutotherwiseidenticalsubarray:

Xk=ADk(C)B
T
,k=1,···,K

❏Blindsignatureestimationfromcovariancedata:Symmetric

PARAFAC/CANDECOMP(INDSCAL):

Rk=ADk(P)A
H
,k=1,···,K

12



TUC&UMNNikosSidiropoulos/SAM2004,July18-21,2004,Sitges,Barcelona,Spain
'

&

$

%

EarlyTake-HomePoint

C
O

D
E

STEERING

SYMBOL

+ = X

X=+

☞Fact1:Low-rankmatrix(2-wayarray)decompositionnotunique

forrank>1

☞Fact2:Low-rank3-andhigher-wayarraydecomposition(PARAFAC)

isuniqueundercertainconditions
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LRDofMatrices:RotationalIndeterminacy

X=AB
T

=a1b
T
1+···+arXb

T
rX

xi,j=
rX

∑k=1

ai,kbj,k

= + + 

++ + = 

+ 
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Reverseengineeringofsoup?

☞Canonlyguessrecipe
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SamplefromtwoormoreCooks!

☞Sameingredients,differentproportions↪→recipe!
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SIMOOFDM/CFO

❏CollectKOFDMsymbolsnapshots

Yi=PF
H

Hi(QS)
T

+Wi=:ADiB
T

+Wi,i=1,···,I

❏PARAFACmodel(w/specialstructure)=⇒blindlyidentifiable

[Jiang&Sidiropoulos,’02]

❏Deterministicapproach,workswithsmallsamplesizes(channel

coherence),relaxedIDconditions,performancewithin2dBfrom

non-blindMMSEclairvoyantRx
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SIMO-OFDM/CFO-results
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Perfect CSI with known 2% CFO error
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Uniqueness

=+ X

☞[Kruskal,1977],N=3,IR:kA+kB+kC≥2F+2

k-rank=maximumrsuchthateveryrcolumnsarelinearlyindependent

(≤rank)

☞[Sidiropoulosetal,IEEETSP,2000]:N=3,C

☞[Sidiropoulos&Bro,J.Chem.,2000]:anyN,C:

∑
N
n=1k−ranks≥2F+(N−1)
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Key-I

☞Kruskal’sPermutationLemma[Kruskal,1977]:ConsiderA(I×F)

havingnozerocolumn,andĀ(I×F̄).Letw(·)betheweight(#of

nonzeroelements)ofitsargument.Ifforanyvectorxsuchthat

w(x
H

Ā)≤F−rĀ+1,

wehave

w(x
H

A)≤w(x
H

Ā),

thenF≤F̄;ifalsoF≥F̄,thenF=F̄,andthereexistapermutation

matrixPandanon-singulardiagonalmatrixDsuchthatA=ĀPD.

☞Easytoshowforapairofsquarenonsingularmatrices(userowsof

pinv);buttheresultisverydeepanddifficultforfatmatrices-see[Jiang

&Sidiropoulos,TSP:04]
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Key-II

☞Property:[Sidiropoulos&Liu,1999;Sidiropoulos&Bro,2000]

IfkA≥1andkB≥1,thenitholdsthat

kB�A≥min(kA+kB−1,F),

whereasifkA=0orkB=0

kB�A=0
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Steppingstone

☞AproofofKruskal’sresultisbeyondourscope.Thefollowingismore

palatable&conveysflavor(seeSAM2004paperforcompactproof):

Theorem:GivenX=(A,B,C),withA:I×F,B:J×F,and

C:K×F,itisnecessaryforuniquenessofA,B,Cthat

min(rA�B,rC�A,rB�C)=F.IfF>1,thenitisalsonecessarythat

min(kA,kB,kC)≥2.

If,inadditionrC=F,andkA+kB≥F+2,thenA,B,andCareunique

uptopermutationandscalingofcolumns,meaningthatifX=(Ā,B̄,C̄),

forsomeĀ:I×F,B̄:J×F,andC̄:K×F,thenthereexistsa

permutationmatrixΠanddiagonalscalingmatricesΛ1,Λ2,Λ3suchthat

Ā=AΠΛ1,B̄=BΠΛ2,C̄=CΠΛ3,Λ1Λ2Λ3=I.
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IsKruskal’sConditionNecessary?

❏Long-heldconjecture(Kruskal’89):Yes

❏tenBerge&Sidiropoulos,Psychometrika,2002:YesforF∈{2,3},

noforF>3

❏Jiang&Sidiropoulos’03:newinsightsthatexplainpartofthe

puzzle:E.g.,forrC=F,thefollowingconditionhasbeenprovento

benecessaryandsufficient:

NolinearcombinationoftwoormorecolumnsofA�B
canbewrittenasKRPoftwovectors
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WhyCare?

☞So,LRDfor3-orhigher-wayarraysunique,providedrankis
”lowenough”;oftenworksforrank>>1

❏InCDMAapplication,eachusercontributesarank-1factor

❏InMI-SAPapplication,eachsourcecontributesarank-1factor

❏InmultiuserMIMO-OFDM,eachTxantennacontributesrank-1

factor

❏Henceifthenumberofusers/sources/Txisnottoobig,completely

blindidentificationispossible

❏ResultingIDconditionsbeatanythingpublishedtodate
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Algorithms

❏SVD/EVDorTLS2-slabsolution(similartoESPRIT)insomecases

(butconditionsforthistoworkarerestrictive)

❏Workhorse:ALS[Harshman,1970]:LS-driven(MLforAWGN),

iterative,initializedusing2-slabsolutionormultiplerandomcold

starts

❏ALS−→monotoneconvergence,usuallytoglobalminimum

(uniqueness),closetoCRBforF<<IJK
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Algorithms

❏ALSisbasedonmatrixview:

X
(KJ×I)

=(B�C)A
T

❏GiveninterimestimatesofB,C,solveforconditionalLSupdateof

A:

ACLS=
(

(B�C)
†
X

(KJ×I)
)

T

❏SimilarlyfortheCLSupdatesofB,C(symmetry);repeatina

circularfashionuntilconvergenceinfit(guaranteed)
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Algorithms

❏ALSinitializationmatters,notcrucialforheavilyover-determined

problems

❏Alt:rank-1updatespossible[Kroonenberg],butinferior

❏COMFAC(Tucker3compression),G-N,Levenberg,ATLD,DTLD,

ESPRIT-like,...

❏G-NconvergesfasterthanALS,butitmayfail

❏Ingeneral,no”algebraic”solutionlikeSVD

❏Possibleife.g.,asubsetofcolumnsinAisknown[Jiang&

Sidiropoulos,JASP/SMART2003];orunderveryrestrictiverank

conditions
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RobustRegressionAlgorithms

❏Laplacian,Cauchy-distributederrors,outliers

❏LeastAbsoluteError(LAE)criterion:optimal(ML)forLaplacian,

robustacrossα-stable

❏SimilartoALS,eachconditionalmatrixupdatecanbeshown

equivalenttoaLPproblem−→alternatingLP[Vorobyov,Rong,

Sidiropoulos,Gershman,2003]

❏Alternatively,verysimpleelement-wiseupdatingusingweighted

medianfiltering[Vorobyov,Rong,Sidiropoulos,Gershman,2003]

❏RobustalgorithmsperformwellforLaplacian,Cauchy,andnotfar

fromoptimalintheGaussiancase
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CRBsforthePARAFACmodel

❏Dependentonhowscale-permutationambiguityisresolved

❏Reali.i.d.Gaussian,3-way,Complexcircularlysymmetrici.i.d.

Gaussian,3-way&4-way[Liu&Sidiropoulos,TSP2001]

❏Compactexpressionsforcomplex3-waycase&asymptoticCRB

whenonemodelengthgoestoinfinity[Jiang&Sidiropoulos,

JASP/SMART:04]

❏Laplacian,Cauchy[Vorobyov,Rong,Sidiropoulos,Gershman,

TSP:04]-scaledversionsoftheGaussianCRB;scalingparameter

onlydependentonnoisepdf
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Performance
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Figure1:RMSEsversusSNR:Gaussiannoise,8×8×20,F=2
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Performance
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Figure2:RMSEsversusSNR:Cauchynoise,8×8×20,F=2
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Performance

☞ALSworkswellinAWGNbecauseitisML-driven,andwith3-way

dataitiseasytogettothelarge-samplesregime:e.g.,

10×10×10=1000

☞Performanceisworse(andfurtherfromtheCRB)whenoperating

closetotheidentifiabilityboundary;butALSworksundermodel

identifiabilityconditionsonly,whichmeansthatathighSNRthe

parameterestimatesarestillaccurate

☞MainshortcomingofALSandrelatedalgorithmsisthehigh

computationalcost

☞Fordifficultdatasets,so-calledswampsarepossible:progresstowards

convergencebecomesextremelyslow

☞Stillworkhorse,afteralltheseyears...
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Learnmore-tutorials,bibliography,papers,software,...

❏Grouphomepage(NikosSidiropoulos):
www.telecom.tuc.gr/˜nikosand

www.ece.umn.edu/users/nikos

❏3-waygroupatKVL/DK(RasmusBro):
http://www.models.kvl.dk/users/rasmus/and

http://www.models.kvl.dk/courses/

❏3-ModeCompany(PeterKroonenburg):
http://www.leidenuniv.nl/fsw/three-mode/3modecy.htm

❏Hard-to-findoriginalpapers(RichardHarshman):
http://publish.uwo.ca/˜harshman/

❏3-wayworkshop:TRICAP2000:Faaborg,DK;2003,Kentucky,USA;

2006,Chania-CreteGreece.
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Whatliesahead&wrap-up

❏Takehomepoint:(N>3)-wayarraysaredifferent;low-rank

modelsunique,havemanyapplications

❏Majorchallenges:Uniqueness:i)Easytochecknecessary&

sufficientconditions;ii)Higher-waymodels;iii)Uniquenessunder

application-specificconstraints(e.g.,Toeplitz);iv)symmetric&

super-symmetricmodels(INDSCAL,JD,HOS)

❏Majorchallenges:Algorithms:Fasteratsmallperformanceloss;

incorporationofapplication-specificconstraints

❏Newexcitingapplications:Yours!
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PreachingtheGospelof3-WayAnalysis

☞Thankyou!
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