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Abstract— The selection of on-chip inductors is crucial to the
design of low phase noise voltage controlled oscillators (VCO’s).
In this paper, we study the effect of substrate on the inductor
selection criterion for the VCO circuit and resolve the long
lasting argument among circuit designers about whether large
or small inductors should be used to reduce the phase noise
of VCO’s. Several substrate types including CMOS, SOI, and
substrates with patterned ground shields (PGS’s) are compared,
and we demonstrate that the substrate resistivity plays a key
role in determining the selection criterion of the optimal on-chip
inductors for VCO design.

I. I NTRODUCTION

The voltage controlled oscillator is a key component in manymod-
ern communication circuits where up and down frequency conversion
is needed to effectively transmit the signal. Due to its goodphase
noise performance and relative ease of implementation, theLC-VCO
has attracted much research interest in the past few years. The most
basic form of an LC-VCO, as shown in Fig. 1, consists of an LC tank
with two pairs of cross-coupled MOS transistors used to replenish the
energy dissipated by the parasitic conductance of the tank.Despite the
simplicity of the architecture, the integration of the LC-VCO into Si
CMOS technology has posed many challenges to circuit designers due
to the semiconducting nature of the silicon substrate, which severely
limits the quality factorQ of the tank. Since the on-chip inductor
is usually the most lossy component in the circuit, and thus one of
the most significant determining factors of the phase noise,many
designers have chosen to take an inductor centered design strategy
where the best inductor is first selected within the design constraints
and then other circuit components are sized and optimized assuming
the design of the inductor does not change.
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Fig. 1. Schematic of an LC-VCO.

In the literature, we can find two conflicting arguments abouthow
inductors should be selected to effectively reduce the phase noise
of VCO’s. Some authors have proposed that the inductors in the LC
tank should be made as large as possible without violating the tuning
range constraints [1][2] while others believe that small inductors
should be used instead, provided that the tank amplitude constraint
and the startup condition are satisfied [3]. In this paper, weextend the

physical model of on-chip inductors proposed in [4] by incorporating
the well known proximity effect and demonstrate that the variation
of phase noise with inductanceL depends critically on the resistivity
of the substrate over which the inductor is fabricated. Thus, both pre-
vious arguments about how the optimal inductors should be selected
are valid butonly apply to some specific fabrication technologies.
We have studied the inductor selection criterion for a broadrange of
substrate types, including CMOS, SOI, and substrates with patterned
ground shields (PGS’s) [5], and we show that although for high
resistivity substrates, such as SOI, larger inductors are always better
to reducing the phase noise, the opposite may be true as the substrate
resistivity becomes smaller. To the best of our knowledge, this is the
first systematic study of the substrate effect on the inductor selection
criterion in LC-VCO design.

II. M ODELING OF THE ON-CHIP INDUCTOR
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Fig. 2. (a) Schematic of a 3 turn on-chip square spiral inductor. (b) Physical
model of the on-chip spiral inductor. (c) Inductor model with the parallel
equivalent substrate network. The circled sub-circuits are equivalent to each
other at the oscillation frequency of the VCO.

On-chip inductors are usually implemented by spiral structures
fabricated on top metal layers. They can have different shapes such as
square and octagonal; they can be either symmetric or nonsymmetric;
and they can be implemented using either a single metal layer
or multiple metal layers. The analysis of inductors with different
geometries are similar although the equations used to calculate the
inductance values may be different. To keep the computationsimple
and to be consistent with the structures studied in [3], which will be
used in the paper for comparison purposes, we have only considered
the square spiral inductors here. Fig. 2(a) and (b) show the schematic
of a square spiral inductor and its physical model as proposed in [4],
respectively. The spiral inductor is characterized by the number of
turns n, the outer lengthdout, the metal widthw, and the metal
spacings. The DC inductanceLs can be computed accurately using
Grover’s formula [6] and Greenhouse’s method [7]. However,in this
work, we adopt a well verified simple expression [8] to compute Ls
which gives Ls = �d�1outw�2d�3avgn�4s�5 (1)

wheredavg = 0:5(dout + din); � = 1:66 � 10�3; �1 = �1:33; �2 =�0:125; �3 = 2:50; �4 = 1:83 and�5 = �0:022. Here, the number
of turnsn is assumed to be an integer such that the inner diameter
of the spiraldin is well defined.
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The lumped circuit elementsCs; Cox; RSi and CSi model the
capacitance between the spiral and the underpass, the oxidecapac-
itance, and the parasitic resistance and capacitance of thesubstrate,
respectively. They can be computed usingCs = �oxnw2=tsu (2)Cox = �oxlw=tox (3)RSi = 2=(Gsublw) (4)CSi = (Csublw)=2 (5)

where �ox is the dielectric permitivity of the oxide,tsu is the
thickness of the oxide between the spiral and the underpass,tox is
the thickness of the oxide between the spiral and the substrate, l is
the total length of the spiral, andGsub andCsub are the conductance
and capacitance per unit area of the substrate, respectively [4].

The computation ofRs deserves some more consideration because
of the skin effect and proximity effect that occur at RF frequency
range. Both effects tend to re-distribute the current and result in
a reduction in the effective cross-sectional area through which the
current can flow. Thus,Rs will increase as the operating frequency
of the inductor increases. The following expression was used in [3]
and [4] Rs = l=(�wÆ(1� e�tmetal=Æ)) (6)

where� and tmetal are the conductivity and thickness of the metal
layer respectively, andÆ = p2=(!�0�). Here ! = 2�f wheref is the frequency, and�0 is the magnetic permeability of free
space. Equation (6) takes into account the skin effect only.However,
as shown in [9], the proximity effect comes into play even earlier
than the skin effect, becoming significant in increasing theeffective
resistance of the inductor at frequencies as low as a few hundred
MHz. As a result, it is crucial to incorporate the proximity effect into
the inductor model in order to correctly evaluate the performance of
the device.
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Fig. 3. Eddy current loop in a metal trace due to proximity effect.

LetB(i) be the magnetic field at theith turn of the spiral as shown
in Fig. 3. If we assume that the excitation currentIex passing through
the inductor is sinusoidal, then the induced eddy current density at
distancex from the center axis of theith turn due to proximity effect
is given by Jeddy(x) = �!B(i)x (7)

Thus, the power dissipated in theith turn due to eddy current can
be computed asPeddy(i) = Z w2�w2 R2 lidx (�!B(i)x � tmetaldx)2 (8)

whereR2 is the sheet resistance of the metal layer andli is the total
length of theith turn. The integral in (8) is obtained by meshing
the metal trace into filaments with widthdx each and summing the

power consumed by all the filaments due to eddy current. LetB(i) =K(i)Iex where the computation ofK(i) is given in [10], and recall
thatR2 = 1�tmetal . ThenPeddy(i) becomesPeddy(i) = li!2[K(i)℄2w312R2 I2ex (9)

This is equivalent to an added series resistance ofli!2[K(i)℄2w312R2 .
Thus, the totalRs including both skin effect and proximity effect
is given byRs = l�wÆ(1� e�tmetal=Æ) + nXi=1 li!2[K(i)℄2w312R2 (10)

Fig. 4. Series resistanceRs versus frequency.

The significance of including the proximity effect into the model
can be clearly seen in Fig. 4 where a3 turn inductor withdout =300�m, w = 20�m and s = 10�m is simulated. The sheet
resistance and the metal thickness are assumed to be20m
=2 and1:2�m, respectively. The inductor is5�m above the substrate and
the substrate resistivity is chosen to be10
�cm. The DC inductance
is found to beLs = 2.95nH, and the effective series resistanceRs,
measured in terms of the DC series resistanceRd, is plotted against
the operating frequency of the inductor. Without the proximity effect,Rs is approximately proportional to the square root of the frequency,
which is a characteristic of the skin effect. When the proximity effect
is included, however, it dominates the skin effect, and the growth
of Rs with frequency becomes almost quadratic. This is consistent
with the analysis and observation given in [9] and [10]. We also used
ASITIC [11] to find the self-resonant frequency of the inductor, which
is approximately 6GHz. Thus, we conclude that the proximityeffect
becomes much more significant than the skin effect well before the
self-resonance of the inductor is reached and it must be considered
in any RF circuit design.

III. M INIMIZATION OF THE PHASE NOISE

We assume that the VCO works in the current-limited regime
because a voltage limited VCO will either result in a waste of
inductance or a waste of power [3]. It is shown in [3] that in
the current-limited regime, the phase noiseLffoffg of the LC-
VCO shown in Fig. 1 is proportional toL2tankg2tank for a specificIbias, whereLtank andgtank are the equivalent tank inductance and
conductance, respectively.

To assist the circuit analysis, it is advantageous to transform the
substrate circuit in Fig. 2(b) to its equivalent parallel form in Fig. 2(c).
The shunt resistanceRp and the shunt capacitanceCp are given by



3Rp = 1+[!RSi(CSi+Cox)℄2!2RSiC2ox (11)Cp = Cox+!2R2Si(CSi+Cox)CSiCox1+[!RSi(CSi+Cox)℄2 (12)

Hence for the VCO circuit in Fig. 1, the tank inductance and
conductance can be computed usingLtank = 2Ls + (2Rs)22!2Ls (13)gtank � gL = 12Rp + 12Rs+!2(2Ls)2=(2Rs) (14)

where, as in [3], we have assumed that the tank loss is primarily due
to the inductor.

Since the phase noise is proportional toL2tankg2tank, we formulate
the following optimization problem

minimize Nvo(n; dout; w; s) = L2tankg2tank (15)

subject to 2nw + 2(n� 1)s < dout0 < dout � dmaxn;w; s > 0; n is an integer

wheredmax is the maximum allowed outer length of the inductor.
Here, the first constraint is to ensure that the sum of metal widths and
spacings does not exceed the outer length of the inductor. For each
inductance valueLs ranging from 1nH to 8nH with an increment of
0.25nH per step, we perform the optimization to obtain the minimumNvo. Then we plot the minimumNvo againstLs to see whether
larger inductors or smaller inductors are better to reducing the phase
noise. In this work, the minimumNvo at eachLs is obtained through
enumeration, where we loop throughn, dout, w, ands, pick out all
the designs whose DC inductance is within5% error of the expectedLs, and find the one that has the minimumNvo.

IV. EXPERIMENTAL RESULTS

The inductor is assumed to be fabricated using a metal layer with
sheet resistanceR2 = 20m
=2 and rests5�m above the substrate.
Three types of substrates with different resistivities arestudied in this
work:� 10
�cm (lightly doped CMOS and BiCMOS)� 200
�cm (SOI)� 10
�cm with PGS
The effect of the PGS is to eliminate the electric coupling from the
inductor to the substrate and it will makeRp go to infinity in the
ideal situation. According to [9], the eddy current loss in the substrate
can be safely ignored for resistivities above10
�cm.

Fig. 5(a) and (b) show the minimumL2tankg2tank, obtained from
solving the optimization problem, versus the series inductanceLs of
each spiral at the intended oscillation frequency of 2.4GHzand 5GHz,
respectively. Note that for any particularLs, the optimal design at
the 2.4GHz frequency may be different from that at the 5GHz one.
In the optimization loop,dmax is set to300�m, andn, D, w, s are
incremented by1 turn,1 1�m, 0:5�m, 0:5�m each step, respectively.
Recall thatL2tankg2tank is proportional to the phase noise, we can
see that when the substrate resistivity is10
�cm, the minimum phase
noise increases withLs as a general trend, which suggests that the use
of small inductors in the design provides the best solution.However,
when the substrate resistivity is200
�cm or when a PGS is inserted
between the inductor and the substrate with a resistivity of10
�cm,
the minimum phase noise decreases withLs, which makes the large
inductors the preferred choices. The minimumL2tankg2tank versusLs
curve is not very smooth because the number of turnsn of the spiral
is assumed to take only discrete values as pointed out above,and
whenever one more turn is needed to realize a specificLs value,

1This choice is made because thedavg term in the approximate inductance
formula shown in Equation (1) is well defined only for integernumber of
turns.

(a)

(b)

Fig. 5. L2tankg2tank versusLs with different substrate resistivities and
oscillation frequencies (a) 2.4GHz (b) 5GHz.

there is a discontinuous change in the effective series resistanceRs
of the spiral due to the proximity effect. However, these kinks are
relatively minor and the overall trend is easily visible on each curve.

An explanation of why the selection criterion of the optimal
inductors should depend on the substrate resistivity is as follows:� When a PGS is inserted between the inductor and the substrate,Rp goes to infinity in the ideal situation. Thus, for an inductor

with reasonableQ, we haveLtank � 2Ls and gtank �2Rs!2(2Ls)2 , which implies thatL2tankg2tank is proportional to(Rs=Ls)2. Although largerLs usually results in largerRs, Rs
does not increase as fast asLs. Hence, the overall phase noise
of the circuit will decrease asLs increases, which is shown by
the curves marked (3) in Fig. 5.� When the substrate is involved,1=(2Rp) will be added togtank. The substrate resistanceRp will generally decrease asLs increases because a larger inductor implies a larger overlap
area between the metal winding and the substrate. As a result,Rp tends to increasegtank asLs increases. When the substrate
resistivity is very high (200
�cm),Rp will be very large. This
can be seen from (11), whereRp tends to infinity asRSi
tends to infinity. In this case,gtank is completely dominated
by the term involvingRs and we will observe the same trend
as when the PGS is present, i.e., the phase noise decreases asLs increases (curves marked (2) in Fig. 5).� When the substrate resistivity is10
�cm, however, the effect
of Rp can no longer be ignored. Although the overallgtank
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still decreases asLs increases, it decreases at a slower rate.
Thus, the overall phase noise increases asLs increases (curves
marked (1) in Fig. 5).� The phase noise is lower when the VCO is designed to oscillate
at 5GHz rather then 2.4GHz becausegtank, which is approx-
imately given by 12Rp + 2Rs!2(2Ls)2 , decreases as the frequency
increases. This is in agreement with the result obtained in [11].

As a comparison, we also show in Fig. 5(a) the simulation result
using the model proposed in [4] and used by [3], which does
not include the proximity effect in the spiral. It can be clearly
seen that using this simplified model, the phase noise is severely
underestimated while the advantage of using small inductors is
significantly overestimated, i.e., a more than three times reduction in
phase noise whenLs changes from 8nH to 1nH. Both of these two
observations can be explained by the fact that the series resistanceRs
is underestimated if the proximity effect is ignored, whichleads to
an underestimation of the 12Rs+!2(2Ls)2=(2Rs) � 2Rs!2(2Ls)2 term in
the expression ofgtank. Since the significance of the proximity effect
has been well demonstrated in the literature, we believe that our work
provides a more accurate guidance for the selection of inductors in
an LC-VCO design.
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Fig. 6. 3D plot ofL2tankg2tank versusLs and dmax at 2.4GHz. The
substrate resistivity is10
�cm. (a) no PGS is used (b) PGS is inserted between
the inductor and the substrate.

Fig. 5 was obtained by settingdmax to 300�m in the optimization
problem, wheredmax is the maximum allowed outer length of the
inductor. In our experiment, we also varieddmax to see its effect on
phase noise. Fig. 6 shows a 3D plot ofL2tankg2tank versusLs anddmax for the substrate resistivity of10
�cm and oscillation frequency

of 2.4GHz. A slicing of Fig. 6 atdmax = 300�m and parallel to theLs axis will give the curves marked (1) and (3) in Fig. 5(a). It can be
seen that althoughdmax has some effect onL2tankg2tank, the basic
trend of the minimum phase noise versusLs is maintained regardless
of the choice ofdmax. Specifically, in Fig. 6(a), the general trend
of phase noise increases withLs for any particulardmax, while in
Fig. 6(b), it reduces asLs increases.

To summarize, the answer to the question of whether large or
small inductors should be used in VCO design depends on the sub-
strate property and many other factors in the design and fabrication
technology. A general rule of thumb is that whengtank is dominated
by Rs, large inductors are usually preferred, while when the effect
of Rp starts to become significant, small inductors may be used.
Thus, before a designer can select the inductors for the VCO,a
simulation/optimization run similar to that shown in this paper will
be very helpful.

V. CONCLUSION

In this paper, we first extended the physical model of on-chip
inductors proposed in [4] by including the important proximity effect.
Then we used the enhanced model to study the selection criterion of
on-chip inductors for the optimal LC-VCO design. We resolved the
long lasting question among circuit designers about whether large or
small inductors should be used to minimize the phase noise ofVCO
by showing that the selection of optimal inductors depends critically
on the substrate resistivity and whether a PGS is used in the design.

As a future work, we will study the optimal selection criterion for
inductors fabricated over low resistivity substrates, which typically
have a resistivity in the order of0:01
�cm to1
�cm. One complica-
tion that may arise in this situation is that the substrate eddy current
loss can no longer be ignored, which will affect both the effectiveLtank and gtank. The modeling of substrate eddy current has been
discussed in [11] and [12], and it will be used in our study of the
low resistivity substrates.
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